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The Pythagorean Table

The Background ps

In 1868 AND1876, two big volumes of a book by Albert Freiherr von Thimus

were published in Cologne under the title Die harmonikale Symbolik des Alter-

thums (““Harmonical Symbolism of Antiquity”).' The manuscript of a third

volume never went to print and seems to have been lost. Thimus, who was born

in Aachen in 1806, studied law in Bonn and Heidelberg and was called to the

bar in Koblenz, where he later became a counselor. In 1862 he was appointed

to the Court of Appeals in Cologne. He served as a member of the Prussian

House of Representatives and of the Reichstag. In 1874 he retired from office:

four years later, at the age of seventy-two, he died in Cologne.

An intimate friend, Dr. August Reichensperger—who played an important

role in the process of writing and publishing the book—-described Thimus as

“an absss of modesty and a wonder of intellect.""* The erudition of Thimus

was extraordinary. He was a practical amateur musician who knew all there

was to be learned in his time about music theory and history. As an orthodox

Catholic. he had studied theology. He thoroughly understood philosophy.

mathematics, and archeology. He could read Latin, Greek, Hebrew, Arabic.

and Chinese; he could interpret hierogly phic and cuneiform writing. His book

demonstrates that the thoroughness of his scholarship had not suffered from

the immense scope of his learning.

Die harmonikale Symbolik des Alterthums was received by a handful of con-

temporaries with enthusiasm and admiration. A friend, Richard Hasenclever.

published a fifty-page abstract of the first volume.’ Soon after Thimus's death.

the stock was sold by the publisher to a second-hand bookdealer, and the

remainder was destroyed. For several generations, the book was ignored

equally by philologists and musicologists, historians and philosophers. Al-

though Thimus offered, for the first time in modern history, a meaningful

explanation of the Timaeus numbers, no Plato scholar of the late nineteenth

and early twentieth centuries was aware of it. But the seed sown by Thimus at

last brought ample harvest in the works of the German-Swiss philosopher Hans

Kayser. who first called it to attention in the years following the First World

War. Since then, the influence of Thimus has spread, and plans for an offset

reprint of the two volumes have been announced.

Thimus's investigations were essentially historical. He was trying to relate

the esoteric mathematics and harmonics of the Pythagoreans to older Greek

and Oriental sources, in particular to ancient Semitic-Hebrew traditions. Build
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ing on Thimus’s findings, Kayser explored the theoretic

and scientific possibilities of the Pythagorean tradition.

His work serves the rehabilitation of hearing as a tool

of cognition and understanding. In an article on the Ur-

Geräusch (‘‘Archisound’’), Rainer Maria Rilke, with the

prophetic intuition of a true poet, had regretted that the

poet is generally only open visually and neglects the other

senses, although they probably flow out of a common

source that lies behind all.‘ Rilke's biographer Katharina

Kippenberg comments with specific reference to Hans

Kayser that “Rilke would have enthusiastically embraced

certain modern thoughts based on ancient knowledge:

harmonical research. . .. Whereas modern science relies

mainly on sight and touch, harmonics proceeds from ear

and tone and develops from acoustical laws an interpreta-

tion of the world that includes value. Kayser seems to have

answered Rilke’s question ‘whether research can signifi-

cantly enhance the dimensions of the sensual world in the

field accepted by us.’ Of microscope and telescope Rilke

expected little. . . . Harmonics would have shown him the

possibility of such an enhancement.”*

The starting point for Kayser’s work was Thimus’s

reconstruction of the Pythagorean Table. We shall follow

Thimus’s own description without entering the argument

concerning the historic age of the particular form he

outlined.®

The Form of the Pythagorean Table

The general shape of the Table was known to Plato, who in

turn probably employed much older symbolism, Egyptian

or Babylonian. Crantor, Plato’s successor at the Academy

in Athens, knew that the numbers of the world soul men-

tioned in the Timaeus were arranged in the form of the

Greek letter /ambda, that is, an angle with the apex at the

top. Nicomachus, writing important treatises on arith-

metic in the second century A.D., also refers to the lamb-

doma, but his major work which contained an explicit

diagram has been lost. Fortunately Thimus found a sketch

of the diagram in a commentary on Nicomachus written

in the early fourth century A. D. by- the philosopher,

mathematician and musician lamblichus (who exercised a

profound influence on the Emperor Julian Apostata).

Iamblichus drew the Table as shown in Fig. 1.

To avoid any misunderstanding, Iamblichus added a

lengthy explanation, the wordiness of which can be excused

both by the unavailability at the time of an adequate

mathematical notation and his concern for the importance

of the Table. Translated into modern language, his instruc-

tions offer on one arm of the angle an arithmetic progres-

sion from 1 to 10 which moves toward the infinitely large;

on the other arm, a harmonic progression from 1 to 1/10

which moves toward the infinitely small. Every horizontal

line shows the “reciprocity of [things] equalizing each

other.’ The product of any two corresponding items

yields the monas, the One. Thimus criticizes the scribe of

the lamblichus manuscript for having forgotten to add the
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apex to the letters on one of the arms, a kind of apostrophe

that indicated the reciprocal value of any integer (if ¥

stood for 3, then Y” indicated 1/3).
Thimus calls the form of the diagram transmitted by

lamblichus kenoma, a hollow skeleton. It lacks, to use an

ancient harmonical expression, pleroma, an appropriate

filling. Thimus first added the diagonal consisting of 1/1,

2/2,...n/n, and then interpolated the resulting ratios for

each crossing of the two rows—numbers called in classical

terms artioperisson and perissartion® In Pythagorean

tradition, the quantity expressed by a number corresponds

to the quality expressed by a musical tone. The modern

physical definition of pitch by either frequency or wave

length recognizes reciprocity in their rates of change: the

product of their ratios in every case is always 1. The com-

pleted Table, as conveniently drawn for the modern reader.

appears in Fig. 2. ı

The horizontal .arm projects a harmonic progression
from 1 to 1/0, corresponding (in terms of wavelength) 19
the musical unfolding of the harmonic series above C, of
which the first six partials form the major triad. The vert”

cal arm projects an arithmetic progression from | to -/ I,
corresponding (again in terms of wavelength) to the mus"

cal unfolding of the reciprocal series below C or, as !
first six partials are more commonly called, the F mino?
triad. Lines connecting identical pitches all meet iN a
point behind the monas 1/1. Thimus correctly identifies
this point as 0/0. He gives no evidence for the awareness

ancient theorists of this 0/0 point; but he offers numerous
mainly philological, speculations for the antiquity of nis
“star of the pleroma,” drawing examples from Chinese»

Hebrew, Gnostic, and orthodox Catholic sources.” =
Seeing that the frequency with which any ratio er

in the Table sets up a hierarchy of consonance an ; is
nance in relation to the reference tone 1/1, Thimu#



tempted to write: “The main branches of a tree are thicker

and stronger than secondary shoots growing out of these

branches. . . . With every annual ring the development

becomes more manifold and formally complex. If we let

the organism of the Table grow, we see in the new rows

first the dissonant diatonic intervals, then the chromat-

ically altered steps between them, then the even finer

distinctions of comma differences and gradations between

the intervals. In this process, these ever smaller intervals

and shadings get closer to the middle line (in terms of

musical distance) the farther the two roots of the respective

rows move away from the generating first monas 1/1 C

and from the middle line. Thus gradually unfolds graphi-

cally before the eye, like a sound figure formed from

numbers, the entire unlimited realm of tones. . . . In this

play of positive and negative powers, to which correspond
musically the opposition and mixture of the major and

minor modes, there emerges unmistakably the musical

image of a more general dualistic law that permeates all

nature and its creations.”***

Before turning from the description of the Table, as

reconstructed by Thimus, to applications in various fields,

as developed by Kayser, we should like to insert a general

comment. The Table is not a sacred mystery handed to

man by God, like the Tables of the Law to Moses. It is

rather a man-made arrangement of numbers and pitches—

tone-numbers, as Kayser calls them. Now arrangements

can be morphologically very revealing. Dmitri Mendelé-

eff’s periodic table, for instance, is also a man-made

arrangement.'' Chemical elements appear nowhere in

nature in the order determined by the table, yet the par-

ticular arrangement identifies properties that give deep

insights, otherwise hidden, into chemical groups and

families. In both the musical and chemical tables, a known
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series of numbers yields significant laws because of a

particular and artificial arrangement. In this sense, both

tables are basically projections of the structure of the

human mind and thus may be thought of as true “icons.”

They convey an inner form concept which, first, has an

intrinsic value; second, proves to be applicable and thereby

demonstrates an attunement between the inner and outer

worlds; and, third, shows the existence of a higher kind of

order that remains invisible under ordinary circumstances.

All of Hans Kayser's work was devoted to the develop-

ment and interpretation of the Pythagorean Table. He was

born in Wiirttemberg as the son of a successful apothecary.

When he was twenty, he went to Berlin to study music. He

took lessons in composition with Schönberg and remained

a passionate chamber-music player all his life, but he

earned his doctorate in the history of art. After World

War I he was active as editor and publisher while begin-

ning his creative work in harmonics. In 1933 he received

an offer from a reader of his first book to move with his

family to Switzerland. Here the generosity of private ad-

mirers made it possible for him to devote the rest of his

life to research and writing. Kayser settled near Bern and

died in 1964. A recently published biography lists among

his work fifteen books and forty-five articles, apart from

lectures, editions, and musical compositions.'?

Harmonics, as defined by Kayser, is based on scientif-

ically treatable facts, on a sequence of correspondences,

and on a system of value forms. The facts are the harmoni-

cal theorems of the tone-numbers. They are psycho-

physical realities demonstrable in nature and in our soul.

In this regard, harmonics is a science. The correspond-

ences, not just vague analogies, refer back to the harmoni-

cal theorems by which they are verified. This kind of

thought and research, in addition to being scientific,

operates with relationships between material, psychic,

and spiritual forms which would seem unconnected were

it not for the common harmonical theorem behind all of

them. In this regard, harmonics is a knowledge of corre-

spondences. The value forms, understood as being autono-

mous yet secured by harmonical theorems and achieving

general significance by correspondences, may assume the

character of symbols. Here the concern is with meta-

physical, religious, and mythological forms. In this regard,

harmonics is a symbolism.

The Pythagorean Table can be considered a visual aid

of harmonics. Because the Table is a particular arrange-

ment of tone-numbers, the immediate lessons to be learned

from it are morphological. The importance of this potential

is underlined by the conviction of some modern scientists,

such as L. L. Whyte, that any future synthesis of our cur-

rently splintered knowledge will have to come from mor-

phology."

Harmonics in Various Fields

We shall now examine the Pythagorean Table by relating

it to samples drawn from the following areas: mathematics
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and music, philosophy and theology, architecture, physical

sciénce, and organic science.

Mathematics and Music

Mathematicians and musicians were the first to draw the
Table and give it meaningful shape, for to them it was a

practical tool. The two disciplines supplement each other.

Plato wrote repeatedly that training in music and mathe.

matics was a prerequisite for higher thought. The quad-

rivium in the curriculum of the medieval university was

filled by music and mathematics. The Table provided a

simple visual aid. Ernest McClain has brilliantly suggested

in some recent writings that Plato, while composing his

baffling description of the soul in Timaeus, was not study-

ing an unworkable metal model of the heavens, a kind of

armillary sphere, but rather drawing a form of the Pytha-

gorean Table in the sand at his feet.!*

In its simplest aspect, the Table shows basic multiplica-

tions and divisions. To this day, tavola Pitagorica is every

Italian schoolboy’s designation of the multiplication table

up to 10 x 10. Seen by modern eyes; the Table perfectly

demonstrates concepts of group theory. The Table can be

thought of as being generated from the monas via multi-

plication and division by the natural numbers. Multiplica-

tion by | provides identity operation. Each item of the set

has its inverse. Each product with the pleroma has associa-

tive and commutative properties. Transformations are

easily performed without damaging the invariant properties

of any ratio. The system is closed, because the result of the

combination of any two of its members is itself a member

within the system, not out of it.

Each number corresponds to a tone. Each ratio corre-

sponds to a musical interval. The quantities expressed by

the mathematical symbols can thus precisely, spontane-

ously, and directly be experienced also as musical, aes-

thetic qualities. The idea of reciprocity that governs the

morphology of the Table becomes phenomenalized by

specific musical behavior. The pitch of a tone is physically
determined by either frequency or wavelength, the product

of their ratios always yielding 1. The arithmetic row On

one arm of the Table indicates frequency relationships

while the harmonic row on the other arm indicates the
corresponding wavelengths. Pitch goes up the higher the

frequency or the shorter the vibrating string. A string 3!
1/2 of the generator, for instance, will produce a pitch of
the frequency 2/1. .

Reciprocity further explains the relation of the majof

and minor modes, Whatever the generator, one mode Is
the inverse of the other. Taking the point 1/1 C as center.

we notice two chords emanating from it: the major tr

C-E-G in one direction, the minor triad C-Ab-F in the
other. These two chords constitute the unfolding of the
generator C. This unfolding, viewed as an entity, is motion”
less, ontic; but activity on only one side of the whole brings
about a rupture of balance. The active chord will ten



rd its complement. The ear confirms this behavior,
sows chain of alternating F minor and C major chords
pa ‘ds endless: whichever chord one has reached demands
tion toward the other. The Table thus makes appar-
y the most fundamental rule of functional harmony:

every major chord has the tendency to resolve to the minor

chord one fifth below, or, every minor chord has the tend-
ency to resolve to the major chord one fifth above. In

technical terms, the musician says that every major chord

has a dominant function, every minor chord a subdominant
function. All other rules of traditional harmony derive
from this polarity.

Any row in the Table read from left to right also shows

the overtone series. They were scientifically described for

the first time in the early years of the eighteenth century

by Joseph Sauveur (who was born deaf-mute), but their

ratios had always been visible in the Pythagorean Table
for all to see. No secret was involved, merely an interpreta-

tion by uncovering, by dis-covery. A vibrating string

‘ divides naturally into a theoretically infinite number of

constituent forces. It vibrates simultaneously as a whole

and in sections of 1/2, 1/3, 1/4, etc. of the entire length.
Pitch relations, finally, establish: a hierarchy among

intervals in regard to consonance and dissonance. One

arrives at a definite order by reading off the Table, as a

continuum from left to right, all tone values of our system

(that is, ratios based on the first six numbers and their

products) without repeating identical pitches. The intervals

thus gained appear in the order 1/1, 1/2, 1/3, 2/3, 1/4,
3/4, 1/5, etc.—in musical terms: unison, octave, fifth,

fourth, major third, et cetera. Various consonance-disso-

nance theories starting from other premises have reached

the same results."

Philosophy and Theology

The concept of polarity as the main generative force

pervading the universe has a long tradition. The Ancient

Greeks were highly articulate about it. ‘Necessarily the

principles of being are Two,” said Plato’s friend Archy-

tas.!* In the Symposium, Plato lets Zeus create male and

female by cutting a unified “round primeval man” in half.

The idea of the monas had come from Egypt. Revealing is

the central Jewish prayer admonishing the people to “hear

that God is One.” The emphasis is aural, unlike compara-

ble admonitions in the New Testament to “see” and

“behold.” In the third century B. C., Diogenes Laértius

wrote: “The Oneness was considered by the Pythagoreans

the beginning of everything. They say that out of the One-

ness sprang the indefinite Twoness. The first, they say, is

Cause and motivation; the latter, effect and matter. Out of

the Oneness and Twoness sprang the numbers.” .

This statement, which recurs in many versions, is well

illustrated by the Table. The One at the apex C is indeed

the origin of everything, for all number-quantities and

hence all tone-qualities of the Table derive from division

and multiplication of One. The two arms of the Table

spring from One and move toward infinity. If the monas

is thus cause and motivation, the items of the pleroma are

subsequent phenomenalizations—“effect or matter.” Six

centuries later, Sextus Empiricus expressed the same idea

and the same image: “To the Oneness belongs the predicate

of active motivation, to the Twoness that of passive

matter.”

The dialectic nature of the Table found verbal expression

by many authors: Philolaos, who influenced Plato, wrote,

“The similar and the like would not need harmony. The

dissimilar and unlike, however, had necessarily to be united

by harmony if it were to endure in the cosmos.” Aristotle

wrote, “According to the Pythagoreans, oppositions are

the elements of that which exists.” And, “Harmony is a

mixture and union of opposites.” The literal meaning of

the Greek word harmony is a “joining together,” originally

a carpenter’s term. Harmony always implies a synthesis out

of thesis and antithesis, a joining of the dissimilar elements

produced by the two rows of the lambdoma. For every

number, there is an inverse. The product of both is always

again the One. The Table as a symbol of the cosmos is

created by the splitting of the One, and held together by

the unifying force of the One. -

Reconciliation of old Greek wisdom with the new Chris-

tian religion characterizes Gnostic thought. Bishop Hip-

polytus, writing in the third century A. D., attributes the

following ideas to Valentinus and his followers: “The com-

mencement of all things was the monas—unbegotten,

incorruptible, inconceivable, incomprehensible, generative,

and the cause of the origin of all existencies. They call this

monas the Father. . . . But since [the Father] was genera-

tive, he resolved that whatever was most beautiful and

perfect in himself should produce and bring forth... . He

was altogether Love, and love is not love unless there is

something beloved, The Father himself, therefore, pro-

duced and brought forth Mind and Truth ( Nes and

Are ), that is a dyad, which is the Mistress, and
Sovereign, and Mother of all the Aeons.”'? The relation

to the Table is clear, but one discerns a new attitude and

interpretation. The two primary series are called male and

female—an identification not by number alone but by

quality. Hippolytus himself, who refuted the Valentinian

choice, yet upheld the Father-Mother image by character-

izing the orthodox Logos as female. The dyad was also

described as light and dark, ascent and descent—meta-

phors to which anyone can add others from his own

experience of polarity. In the Table, the reciprocity of

male and female, or light and dark, can be heard as that

of major and minor. The German musical terminology,

derived from Latin, is dur and moll, hard and soft.

The question of monas and dyas tore the new Church

apart in the century following Hippolytus. Was God “One”

or “Two in One”? The Table showed how to reconcile this

apparent dilemma, for the One is actually 1/1, unique yet

_ containing the Two. By the fourth century, the concept of

a Divine Trinity had permeated all Christian thought, and
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‚the various systems accused one another of heresy and

error. The seriousness of the issue can be measured by the

intensity of emotions behind excommunications and

bloodshed.

A statement by Iamblichus throws light on the implica-

tions: “But above the limited and unlimited, as prime cause

of these two prime causes of the things that have come into

being, as cause not come into being, stands God. He has

set the limited and the unlimited. Before God, the limited

and the unlimited, the One and the many, the monas and

the indefinite dyas, appear as the same. . . . But through

this, that the things have been limited and shaped by the

One, they have become apprehensible to the soul, by virtue

of the immanent number, and have become an object of

intellectual comprehension. For the same is known by the

same, and the soul is itself number as to its form, or at

least is made according to a law of number.” Here the

concepts illustrated by the Table have been significantly

widened. The text states that the One, the creator of the

cosmos, is not the highest God; for above the two series of

the lambdoma, above the monas, above these prime causes

of the phenomenal world and its creator stands the un-

known God who has not come into being, the real prime

mover. We remember from the description of the Table the

rays connecting identical pitches which all meet in a 0/0

point behind the monas. There is some doubt that pre-

Christian thought knew how to operate with zero. Thimus

brings philological proof that neither Greek nor Latin

‘ has an original word for zero; the etymological roots for

this concept in all modern languages are Semitic. Discovery

of the zero seems to coincide, as a cataclysmic psychic

event, with the discovery of the Holy Spirit. The 0/0 and

1/1 points are One but they are also Three. As the Table

shows symbolically, the world is created by the unknown

God (0/0) through the demiourgos (1/1) who thus becomes

the immediate creator of the material universe.'* The

points of individuation—that is, the entities represented

by tone-numbers—are part of that physical universe and

thus under the authority of the One. At the same time,

however, they are directly connected with the unknown

spirit. In modern terms: we are part of the physical world,

generated by the One, but at the same time psychic indi-

vidualities directly connected with the ineffable spirit. The

Table visually symbolized this complex theological theo-

rem and thereby made it comprehensible. The image is

stronger than one may at first concede. Painters trying to

depict the Holy Spirit—throughout the Middle Ages and

Renaissance into the Baroque—have instinctively resorted

to a bundle of rays radiating across the painting from an

idealized 0/0 point.

Architecture

The Renaissance architect Leo Battista Alberti wrote:

“I confirm the saying of Pythagoras that Nature resembles

itself in all things. . . . For it is obviously the same numbers

by which the harmony of the voices pleases the ears of men
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that also fill the eyes and soul with wonderful pleasure. We

shall therefore take from musicians the entire rule of for-

mation, because they know those numbers best. . . . Archi.

tects use all these numbers in the most comfortable manner
by taking two measures for drawing a market or open

place . . . and three for drawing an assembly hall or council

room ...in measured proportion.”'?

Throughout history, builders have used various devices

for determining precise proportions and modules. For this

purpose, the mensa Pythagorea (as Boethius called it) was

one of the most common tools. The line to be divided ex-

tends at a right angle from the horizontal 0/0 axis to any

intersection with the diagonal of the Table, that is, with the

1/1 identity ray. Each intersection of the line with an

identity ray now corresponds (in accordance with an ele-

mentary Euclidian theorem) exactly to the division indi-

cated by that ray. A musician knowing the interval corre-

sponding to a certain fraction can actually perform this

division by ear, provided the line to be divided can be

represented by a vibrating string. For finding 3/5 of the

total length, for instance, he listens for the musical interval

of a major sixth; for 4/5, for that ofa major third; et cetera.

Vitruvius, fifteen hundred years before Alberti, suggested

that the necessary equal tension of the two ropes operating

a catapult be tested by bringing them to the same pitch.”

Hans Kayser has devoted a special monograph to a

harmonical dividing canon found in a sketchbook of the

thirteenth-century French architect, Villard de Honne-

court.?! The basic figure drawn by Villard solves in an

elegant manner the problem of dividing simply and exact!

a given line into any number of equal parts (Figure 3).
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a. Villard's basic sketch. b. Kayser's elaboration.



Gothic architects saw more in such a canon t
han a 

|

; etric trick; they rather looked upon it as a harmonical 
_

© age. Number and form are to us a means to intellectual-
ime fic knowledge; to Villard’s contemporaries they were

“bols for spiritual experiences. Practical application and
symculative interpretation of Villard’s dividing canon both

e developed in Kayser's monograph. We give one small

yl ple. Kayser draws Villard’s canon in three modifica-
1:1/2, 1:1, and 1:2 (Figures 4-6.)

geum

exam

tions:

Figure4. The ‘'aegyptian" aspect of the harmonical dividing canon. Figure 5. The "romanesque" aspect of the harmonical dividing canon.

Figure 6. The “gothic” aspect of the harmonical dividing canon.
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He writes: “By way of three octave operations, that is,

by raising the ‘space’ of the monochord to three successive

octave powers, we arrive, merely by emphasizing signifi-

cant lines, at three different stylistic types: aegyptian,

romanesque, and gothic. Each successive type contains

within itself the preceding one. The derivation of the three

styles from the successive raising to octave powers of the

harmonical dividing canon might prove the fruitfulness of

this canon regarding a synthetic morphology of architec-

tural styles. . . . Harmonically the interpretation of these

three styles presents a successive enlargement of the

psychic space. . . . In the pyramid, the tone lines adhere

throughout to the earth. In the romanesque style, the first

octave operation offers the possibility of freer development

of psychic drives; the ‘tower’ comes into being. In the

gothic style, because of one more octave increase, the

psychic energies reach a maximum potency; the tower here

receives its central meaning as symbol of the relation of

man to God.”??

There is ample evidence that medieval architects thought

of proportions for their buildings, particularly cathedrals,

in terms of musical values. Otto von Simson has rightly

commented that “the musical harmony that the Platonists

of Chartres discovered in the universe was primarily not a

physical but a metaphysical! principle.”?? Abelard, who had

strong ties with the School of Chartres, transposed Pla-

tonic and biblical musical images to architectural ones.

He insisted that “the proportions of the [Solomonic] Tem-

ple were those of the musical consonances and that it
was this ‘symphonic’ perfection that made it an image of

heaven.” The leader of the Cistercian movement, Bernard

of Clairvaux, recognized St. Augustine as his spiritual

guide. To both, the octave, the musical expression of the

ratio 1/2, symbolized the meaning of the mystery of re-

demption. In the Cistercian abbey of Fontenay, this octave

ratio determines the elevation, the ground plan, and many

other relations.

The “symphonic perfection” projected by the mensa

Pythagorea contributes to good acoustical properties of a

hall—a relation almost completely ignored by modern

architects (who have generally paid the price for this ne-

glect by a helpless struggle with acoustics). The measure-

ments of older concert halls famous for good acoustics are

almost always harmonical: 12:6:5 for Symphony Hall in

Boston (emphasis on the fifth); 10:5:3 for Severance Hall

in Cleveland (emphasis on the major third); 8:4:3 for the

Gewandhaus in Leipzig (emphasis on octaves of the funda-

mental), As Goethe wrote: “A noble philosopher has

spoken of architecture as ‘frozen music’ and has thereby

caused much raising of eyebrows. We know of no better

way to reintroduce this beautiful thought than by calling

architecture ‘music grown silent.’ ’"?*

Physical Science

In 1901, the crystallographer Victor Goldschmidt estab-

lished a congruence of crystal formation and musical
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Figure 7.

a. Growing crystal. b. Surface development.

Let M (in Figure 7b above) be the center of the crystal,

and A and B the directions of two primary surfaces. If a

new surface is to grow between them, the forces of M-A

and M-B produce the resultant M-C. There appears the

new surface C (see Fig. 7a). The continuation of the growth

process (for example, D between A and C) can now be easi-

ly imagined. Goldschmidt had the idea of presenting the

numerical progression as shown in Fig. 8.

Shell

0 | 1 HI IV

Step 0 (?) 0 0 0 0

i — : 1 1/2 | 173 | 174
è c

2| 2 1 2/3 | 1/2 [E

i Li E

: : : OU
3} æ ia : 392: 1 3/4

4 | + 4 2 | 4/3

Figure 8. Goldschmidt's crystallographic table.

His commentary runs as follows: “This quadratic af-

rangement shows remarkable qualities in the diagonals.
horizontals, and verticals. Each preceding series is CON

tained in the following series as a square. The new members

of the following series envelop the old square like a shell.

Development continues by the addition of such shells. We
may consider these series and their quadratic projection as
a function of number theory, and call them a combination

function. It would be worthwhile to study the diagram
from a viewpoint of number theory and to investigate !N®
meaning of the function. Maybe this group has alread)

I.



en developed by theoretical mathematicians.''* The
bee tity of Goldschmidt's diagram and the Pythagorean

able is obvious. Here as there, the formations can be
explained by group theory. Ml |

Hans Kayser, who pursued Goldschmidt s suggestions,

eculated on harmonical laws also in geology, 
although

SE mittediy the evidence is much scantier. Proceeding from

he generally accepted hypothesis that the globe of the
earth is organized into shell-like layers, Kayser raised the

question of a possible coincidence of these shell
s with

harmonical divisions.?? A first suggestion was provided by

the work of the geologist Hans Cloos, who set a critical

shell limit at approximately 3200 km in awareness of the

average measure of the earth radius of 6366.5 km.” Th
e

implied octave relationship made Kayser
 wonder whether
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Fig.9 Shell-like layers of the globe of the earth.

a. Recent estimates of the shells af the earth as derived from seismology

fin kilometers). A. Crust; B. Upper Mantle (normal gradients}: C, Up-

per Mantle (greater than normal gradients); D', Lower Manile (nor-

mal gradients); D", Lower Mantle (gradients near zero): E, Outer

Core; F, Transition Region; G, Inner Core.

b. Harmonic division of the radius of the earth at nearest normative

points.

further shell differentiation upward from the center would

become elucidated by the concept of harmonical division,

but he was quick to recognize that he needed more data.

The results of recent research concerning the shell-like

layers of the earth, that have since become available, should

permit a new examination of Kayser’s original idea (sce

Figure 9 )”.

Kayser felt more strongly about another, related specu-

lation. Geologists generally assign to the center of the earth

a rather simple, uniform substance which becomes increas-

ingly differentiated toward the surface of the earth and

finally reaches a maximum of differentiation in the miner-

als of the outer shell. The gradual individuation of an

originally homogeneous substance corresponds in exact

analogy to the quantum-like development of discrete tones

from an archetypal beginning in the Pythagorean Table.

The wealth of stones and minerals, the ninety-two elements,

derives from the homogeneous substance in the center of

the earth, as the wealth of musical tones derives from the

One. From the viewpoint of harmonics, built on the prime

phenomenon of tone-number and thus welding the domains

of being and value into a unified epistemological method,

Kayser summarizes: “It does not appear impossible that,

in consequence of the harmonica] structure of the globe

and its constituent matter, there may have been first

formed a prime substance, and out of it the elements and

their combinations according to the apriority of the har-

monical value-forms. This would have to be understood,

not as a haphazard development of stray differentiations,

but as one strictly bound to the spatial harmonics of the

globe."

The most famous application of Pythagorean thinking

to physical science concerns Johannes Kepler’s formulation

of his Third Law. In his Harmonices mundi, published in

1619, in which he announced his astronomical discovery,

he writes: “To discover a suitable proportion in the phe-

‘nomena means to reveal and perceive it, and to bring to

light the similarity between this proportion and a certain

archetype of harmony present within the soul... . That a

certain proportion is harmonic is due to an act of the soul

comparing the proportion with its archetype residing in the

soul. The proportion could not be called harmonic, and it

would not possess any power to move the soul, were there

no archetype.’’?!

This is a genuine Pythagorean position. Francis Warrain

has summed up Kepler’s doctrine by reducing it to the

following syllogism: “Major premise: the world, being

divine creation, must be a manifestation of intelligence

and beauty. Minor premise: beauty is founded upon mathe-

matical harmony, and the latter must be sought in the

regular figures, for distances as well as for speeds. Conclu-

sicn: therefore the world is built on the geometric harmony

of the regular polygons, wherefrom proceed, on one hand,

the regular polyhedra and, on the other hand, the musical

consonances.”*??
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For the formulation of his Third Law, Kepler used a

typically harmonical technique of thinking, namely, trans-

position by octaves, fifths, and so forth. The outcome,

musically speaking, is the theorem that the time of revolu-

tion of any planet is the middle tone in a series of three

tones with equal intervals, of which the lowest tone repre-

sents the mean distance from the sun, and the highest tone

the cube of that distance and simultaneously also the

square of the middle tone. To Kepler, light and tone were

the two things that reveal to us the harmonies in nature.

He transposed the distances of the planets from the sun,

that is, he raised them to the 2nd, 3rd, and 4th powers, and

compared the results of these calculations with parallel

octave transpositions of the average speeds of the planets.
We see in Fig. 10 that the second octave of the time of .

revolution produces the same ratio as the third octave of

the distance. The Third Law states that the square of the

period of any planet is proportional to the cube of the

planet’s mean distance from the sun.

Mean Cubes Period Squares | Relation

distance ofthe in of the of

Planet fromthe | mean earth periods

; sun distance years

a a' b b* a':b

Saturn 9.510 860,085 | 29.3272 | 860,085 |

Jupiter 5.200 140,608 11,8578 140,608 l

Mars 1,524. 3,539 1,8812 3,539 I

Earth 1,000 1.000 1.000 1.000 |

Venus 0,724 0.379 0,6156 0,379 |

Mercury 0.388 0,058 0,2408 0,058 l

Figure 10. Data for Kepler's Third Law.

Organic Science

Except for isolated though valuable contributions, such

as D’Arcy Thompson’s Cartesian Transformations and

investigations of the growth of shells and horns, and Julian

Huxley’s formulation of the allometric laws of growth, the

work of Hans Kayser offers the first systematic attempt to

apply harmonical analysis to the living world.” His book

Harmonia Plantarum (the title taken from Goethe, who

had originally intended it for Die Metamorphose der

Pflanzen) deals in detail with forms, functions, harmonical

value forms, and the “essence” of plants.’*

Morphology would remain merely descriptive unless it

explained the individuation of a particular morphé as the

result of an accentuation, a selection, of a particular degree

in a development.

The flower shown in Fig. 11 shows organization by the

ratios 3 and 5. The numbers 3 and 5 are distinct values

heard by the musician as, respectively, intervals of the

perfect fifth and major third. They have been selected, to

the exclusion of all other intervals, in the version of the

Pythagorean Table shown in Fig. 12. Many different for-

mal variations are possible.
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The receptacle is hollowed into a cup bearing on its margin 5 sepals (the

calyx), 5 petals (the corolla), a dense mass of thread-like bodies (the cor-

onal); 5 stameus spring from the base of the ovary, and there are 3 sepa-

rate siyles. (J. C. Willis, A Dictionary of Flowering Plants and Ferns

(Camb. Univ. Press. 1957).)

Hans Kayser called this optical aspect of the acoustical

constellation Hôrbild, acoustical image. Such a diagram

is not a portrait but a scheme implying a form tendency.

Kayser suggests that the acoustical image provides a tool

for the psycho-physical analysis of biological facts and

forms. 1/3 1/5 1/6

[ (if

3/1 TN

XL

sil Te /

4

1/6) om

Figure 12. Pythagorean Table with Selection of 3 and 5.

An example of the morphological polarity of growth

and limitation is provided by the diagram in Fig. 13. It

is an acoustical image of an idealized archetypal plant

(Goethe’s Urpflanze), showing schematically plant growth

above and below ground. The ratios, familiar to students

of the mensa Pythagorea, are developed within a double

logarithmic system of coordinates. The double horizontal

line indicates the earth surface; a perpendicular to it, the

middle axis of the plant. From the center 1/1, upward and

downward, two “Tables” are developed in unidirectional

logarithmic division. The upper shows the tendency t0



roach a limit at its end, whereas the lower, revealing a

a ones ad infinitum at its periphery, has the greatest
m sity near the beginning at the central point. The dia-
i offers an exact plan of the inner growth dynamism of
ant. The system 1:10 is in balance at the index 10, that
a at the development of the partial tones of the Table up
= the ratio 10. Any reduction of this ratio enlarges the part
above ground while diminishing the part below ground
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Figure 13. Acoustical Image of the Archetypal Plant. Figure 14. Acoustical Images of Plants.



(witness the dotted lines at the index 6). Inversely, any
augmentation of the ratio 10 would enlarge the system of

roots while diminishing that of stem and branches. Kayser

summarizes: “In the course of its existence, every plant

goes through a process of growth which passes through

various harmonical indices, yet within any index always

remaining a *form.’””

In this spirit, Johannes Kepler writes, “If one inquires

. + + why most fruit trees and berry bushes develop a blos-

som precisely according to a pentamerous system, . . . then

I say that these things are accounted for by a contempla-

tion of the beauty and particularly of the number 5 which

characterizes the soul of these plants. . . . The fruit from a

pentamerous blossom becomes fleshy, as in apples and

pears, or pulpy, as in roses and cucumbers, the seed con-

cealed inside the flesh or pulp. But nothing is born from a

hexamerous blossom except seed in a dry cavity.”?*

Harmonical analysis of plants makes possible a mean-

ingful interpretation of the different participating value

forms. Most significant is the morphological basis supplied

by the tone-numbers of the Pythagorean Table for the

generation and formation of branching, leaf, fiower, and

fruit. Fig. 14 shows two examples of plant structure, each

with a corresponding blossom arrived at by a logarithmic

“translation” of diagram a into diagram 6. The exact

analysis, too complex for the scope of this article, can be

found in Kayser's Harmonia Plantarum."

We have stipulated all along that the Pythagorean Table,

a man-made arrangement of tone-numbers, must corre-

spond to some structural quality of our psyche in order to
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Figure 15. Mandala.
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explain satisfactorily events of the outside world. We are

tempted to suggest a connection, yet to be studied, between

the symbolism of the mensa Pythagorea and that of the

mandala. C. G. Jung’s thorough investigations of the

latter, by analysis of dreams and of artistic representations,

convinced him that he was looking at a symbolic expression

of a psychic state.? A mandala usually takes the form of a

flower, or cross, or wheel, with clear quaternary organiza-

tion. Many of the forms reveal a harmonjcal basis. To

Jung, reconciliation of opposites on a higher level was not

a rational or willful affair but a process of psychic develop-

ment expressed by symbols. “The psychic phenomenon

cannot be grasped in its totality by the intellect, for it con-

sists not only of meaning but also of value, and this depends

on the intensity of the accompanying feeling-tones. Hence

at least two ‘rational’ functions are needed in order to map

out anything like a complete diagram of a given psychic

content,

“if, therefore, in dealing with psychic contents one

makes allowance not only for intellectual judgments but

for value judgments as well, not only is the result a more

complete picture of the content in question, but one also

gets a better idea of the particular position it holds in the

hierarchy of psychic contents in general. . .. The affective

value gives the measure of the intensity of an idea, and the

intensity in its turn expresses that idea’s energic tension,

its effective potential.” If Jung defines mandala as a

“symbol presenting an autonomous psychic fact, and

marked by an ever recurring and everywhere identical

phenomenology,” we may well apply the identical terms

to the Pythagorean Table.
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