WASSERSTEIN A., Theaeletus and the history of the theory of numbers : CQ
LI 1958 165-179. | 11 apparalt que si Théététe, cf. Platon, Theaet. 1474,
examine, outre le probléme de lirrationalité, les questions arithmétiques
fondamentales, c’est pour répondre & une exigence de son maitre Théodore
qui, utilisant la preuve traditionnelle, avait refusé d’élaborer une théorie
générale sur des bases peu sfires. En appendice, remarques sur quelques
suggestions d’'un commentateur ancien sur le Théététe.

THEAETETUS AND THE HISTORY OF THE
THEORY OF NUMBERS
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mpoarpovpevos péxpr Tis émraxaidexdmodos: év 8¢ Tavty mws évéoyero. (Plato,
Theactetus, 147 d.)

This famous passage has given rise to much discussion and some perplexity.
Theodorus the mathematician is represented by Theaetetus as proving the
irrationality of the square roots of the (non-square) numbers from 3 to 17:

‘He took the separate cases up to the root of 17 square feet; and there,
for some reason, he stopped.’ (Transl. Cornford.)

The passage is of great importance in the history of Greek mathematics for
more than one reason. Theaetetus is said to have generalized the proof of the
irrationality of square roots of non-square integers; and thus his connexion
with this passage is important because Plato here obviously implies that Theo-
dorus was not giving a generalized proof—otherwise, why should he go up to
17? If Theodorus did not know the generalized proof, he clearly had to pro-
ceed by enumeration and proof of particular cases. But, if so, why stop at 17?
The simplest explanation seems to be that he had to stop somewhere, and
17 was as good a place as any.! However, more interesting questions remain :
what was Theodorus’ proof? And how was this generalized by Theaetetus?
And, perhaps most interesting of all, why did the generalization have to wait
for Theaetetus? Did the Pythagoreans, who seem to have been very excited®
about the discovery of the irrationality of the square root of 2, never try to
extend their inquiries into a field of such great interest to them? Did Theo-
dorus, who knew proofs applicable to particular cases, never try to formulate
the proof in a general way?

Theodorus (in Plato’s dialogue) started from /3, not from /2. Why? Ob-
viously, because that case had been dealt with before, by Pythagoras or the
Pythagoreans.’ By the time of Theodorus it was known. There is indeed no
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Theory of Numbers (3rd ed.), p. 43. See also
Appendix below.

* Their excitement was probably caused
not so much by joy at the great discovery,
as by its disturbing implications for their
metaphysical doctrine ; here was a case where
no number relationship could be established.
The legend invented by the Pythagoreans to
the effect that the man who first divulged the
discovery died in a shipwreck is a sufficient
indication of the disturbance that the ‘irra-
tional’ caused in the Pythagorean school,
See Schol. in Eucl. Elem. 10, p. 417 Heiberg:
Tav yap ITuBayopeiwv Adyos Tov mpoTov Ty
mept ToUTwy Bewplav els Todpdavés éfayaydvra
vavaylw mepimeoeiv’. The Scholiast’s sugges-
tion concerning the meaning of this story is
not without interest: {ows Hvirrovro S7¢ mav

kal €l Tis dv Yoy émdpdpor TG TorovTw €ider
Tiis {wijs mpoxetpav kal pavepdy ToiiTo morfonTas
els TOv Tiis yevéoews Umopéperar movrov xat
Tols dardrots TavTys xAvlerar pevpaow. (In-
stead of € . . . émSpdpot read perhaps édv
s ruxy €mdpapwr . . ..) Sce also Iambl.
de Vit. Pythag. 34. 2467, p. 132 Deub,

3 See Cantor, Vorlesungen z. Gesch. d. Ma-
them. i. 154-5. The claim made by K. von
Fritz (“The Discovery of Incommensurability
by Hippasus of Metapontum’, Annals of Ma-
thematics, xlvi [1945], 245) that ‘the tradition
is unanimous in attributing the discovery to
a Pythagorean philosopher by the name of
Hippasus of Metapontum’ seems to me to be
devoid of all foundation. So far from being
unanimous, the tradition is, I believe, non-
existent. I know of no single ancient author
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THEAETETUS AND THE HISTORY OF THE
THEORY OF NUMBERS
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mpoatpopevos uéxpt Tis émraradexdmodos év 8¢ Tavry mws évéayero. (Plato,
Theacetetus, 147 d.)

This famous passage has given rise to much discussion and some perplexity.
Theodorus the mathematician is represented by Theaetetus as proving the
irrationality of the square roots of the (non-square) numbers from g to 17:

‘He took the separate cases up to the root of 17 square feet; and there,
for some reason, he stopped.’ (Transl. Cornford.)

The passage is of great importance in the history of Greek mathematics for
more than one reason. Theaetetus is said to have generalized the proof of the
irrationality of square roots of non-square integers; and thus his connexion
with this passage is important because Plato here obviously implies that Theo-
dorus was not giving a generalized proof—otherwise, why should he go up to
17? If Theodorus did not know the generalized proof, he clearly had to pro-
ceed by enumeration and proof of particular cases. But, if so, why stop at 17?
The simplest explanation seems to be that he had to stop somewhere, and
17 was as good a place as any.! However, more interesting questions remain :
what was Theodorus’ proof? And how was this generalized by Theaetetus?
And, perhaps most interesting of all, why did the generalization have to wait
for Theaetetus? Did the Pythagoreans, who seem to have been very excited?
about the discovery of the irrationality of the square root of 2, never try to
extend their inquiries into a field of such great interest to them? Did Theo-
dorus, who knew proofs applicable to particular cases, never try to formulate
the proof in a general way?

Theodorus (in Plato’s dialogue) started from /3, not from 4/2. Why? Ob-
viously, because that case had been dealt with before, by Pythagoras or the
Pythagoreans.® By the time of Theodorus it was known. There is indeed no

1 See Hardy and Wright, Introduction to the
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Theory of Numbers (3rd ed.), p. 43. See also
Appendix below.

2 Their excitement was probably caused
not so much by joy at the great discovery,
as by its disturbing implications for their
metaphysical doctrine : here was a case where
no number relationship could be established.
The legend invented by the Pythagoreans to
the effect that the man who first divulged the
discovery died in a shipwreck is a sufficient
indication of the disturbance that the ‘irra-
tional’ caused in the Pythagorean school.
See Schol. in Eucl. Elem. 10, p. 417 Heiberg:
T@v yap ITvBayopelwv Adyos Tov mpdTov Tiv
mepl TodTwy Bewplav els Todupavés éfayaydvra
vavaylw mepimeceiv’. The Scholiast’s sugges-
tion concerning the meaning of this story is
not without interest: {ows gvirrovro v mav
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stead of el . . . émdpduot read perhaps édv
s TUx) €mdpapawv . . ..) See also Iambl.
de Vit. Pythag. 34. 246—7, p. 132 Deub.

3 See Cantor, Vorlesungen z. Gesch. d. Ma-
them. i. 154-5. The claim made by K. von
Fritz (‘The Discovery of Incommensurability
by Hippasus of Metapontum’, Annals of Ma-
thematics, xIvi [1945], 245) that ‘the tradition
is unanimous in attributing the discovery to
a Pythagorean philosopher by the name of
Hippasus of Metapontum’ seems to me to be
devoid of all foundation. So far from being
unanimous, the tradition is, I believe, non-
existent. I know of no single ancient author
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need to insist that this was all that was known. It could be argued (see, e.g.,
Allman, Greek Geometry from Thales to Euclid, pp. 213-14, and Zeuthen, Oversigt
over det Kongelige Danske Videnskabernes Selskabs Forhandlinger, 1910, p. 418, and
1915, p. 339) that the Pythagoreans knew more than the irrationality of /2;
that if they knew the case of /2 they must have seen or at least suspected that
there were other cases of irrational square roots; that perhaps even the proofs
given by Theodorus of the particular instances up to /17 may have been
Pythagorean doctrines rather than his own personal contributions. On the
other hand (as is pointed out by Zeuthen, loc. cit.), the Pythagoreans were
perhaps content with /2 : it was enough to establish the existence of irrationals.
Or perhaps we should rather say that they were shocked ; and that that shock
may have inhibited further inquiry. However that may be, we need not decide
this question. For, as I shall try to show, the originality of Theodorus may have
consisted not in the extension of the theory of irrationality from /2 to other
particular cases (even if that is to be ascribed to him), but in the realization
that the traditional method did not lend itself to automatic generalization, and
in the determination of the preconditions for a generalized proof on the basis
of the traditional method.

Itis, then, tolerably certain that at least /2 and the proof of its irrationality
was known. And if the Pythagoreans knew or suspected the existence of more
than that single case, such extensions may not have been so well known out-
side the Pythagorean school. There is this further point to be noted : scholars!
have argued as if Plato represented Theodorus as having made a new and very
exciting discovery ; but an unprejudiced reader of the dialogue will not, I think,
be immediately convinced of the truth of that impression. It is at least con-
ceivable that Plato means no more than that Theodorus was demonstrating not
a new discovery of his own, but something which though known to professional
mathematicians might be new and interesting to his young hearers.

From a passage in Aristotle we know what the traditional proof was (Prior
Analytics 1. 23. 41223—30) wdvres yap ol did 7ol dduvdrov mepaivovres TO pév

attributing the discovery to Hippasus. We
have indeed the legend mentioned by Iam-
blichus (Vit. Pyth. 18. 88, p. 52 Deubner; cf.
De comm. math. sc. 25, p. 77 Festa) to the effect
that Hippasus was drowned at sea as a
punishment for divulging the Pythagorean
secret of how to inscribe a dodecahedron in
a sphere; and this legend is obviously con-
fused with the similar legend connected with
the divulgation of the discovery of irrational-
ity (see preceding note). But that confusion
does not afford any reason for suggesting that
Hippasus, because he is said to have suffered
the same fate as the man who published the
secret of irrational numbers, must have been
identical with that man. And, of course,
there is even less justification for identifying
Hippasus not only with the divulger but also
with the discoverer of irrationals. It may be
of interest that this confusion is one of which
Iamblichus already knew: see Vit. Pyth. 34.
247, p. 132 Deubner, where we are told the
story of the punishment of the man who had
divulged the secret of the dodecahedron in-

scribed in the sphere. It is followed by the
remark that ‘some say that it was the man
who divulged the secret of irrationality and
incommensurability who suffered this (pun-
ishment)’. It may perhaps be useful to men-
tion here that what v. Fritz calls an ‘obviously

. corrupt reading in some manuscripts’,
namely dAdywv in the Eudemian Summary,
in Proclus, in Eucl., p. 65, seems in fact to
be not only the right reading but also the
unanimous tradition ofall manuscripts. There
does not seem to be any manuscript evidence
at all for dvaAdywv or dvadoy:dv which are
apparently based on no more than a note in
August’s Euclid (i. 290) : ‘alii dvaddywy’. See
Heath, The Thirteen Books of Euclid’s Elements,
1. 351.

! e.g. Zeuthen, ‘Sur la constitution des
livres arithmétiques des Eléments d’Euclide
etleur rapport a la question de I’irrationalité’,
in Ouersigt over det Kgl. Danske Videnska-
bernes Selskabs Forhandlinger, 1915. See also
Heath, Greek Mathematics, 1. 206.
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alluded to is given in Euclid 10. 117 (which may be an interpolation). See
Heiberg, Euclid. iii. 408, app. 27." It may be represented as follows:

Theorem: \J2 is not a rational number.

Proof: Suppose 4/2 is rational. Then it must be of the form m/n, this fraction
being in its lowest terms. Then, if m/n = /2,

2

mw_ 2, and so m? = 2n2,
)
Therefore m? is divisible by 2.

If m? is divisible by 2, m is also divisible by 2. Take

m=2p;
then m? = 4p?;

but m? = 2n?, therefore 44® = 2n2, and 2p? = n2. Therefore n? is divisible by 2,
and, if so, 7 is also divisible by 2.

Butif bothmand n are divisible by 2, then this contradicts our initial assump-
tion that the fraction m/n is in its lowest terms, or, in other words, that the
numerator and the denominator have no factor other than 1 in common. (It
will be observed that where Aristotle speaks of odd and even, we, while using
what is basically, in this case, the same criterion, call it divisibility or indi-
visibility by 2.)

Now, it is clear that the proof of the irrationality of the square root of g is
practically the same as that of the irrationality of the square root of 2, and that
it can be used without any change whatsoever in method for the proof of the
irrationality of the square root of any prime number. It can also be used in
the same way for proving the irrationality of the square root of a composite
number that is not a multiple of a square number, or, in other words, that
does not contain any prime factor more than once.

But it is equally obvious that the proof will have to be modified in the case
of numbers that, though not square numbers themselves, are multiples of square
numbers. It is easy to show, for example, that the proof employed for 2 and 3
will do for 5, 7, 11, 13, 17, and so on; that it will also do for 6, 10, 14, 15, and
so on, that is to say, composite numbers not being multiples of square numbers ;
but that it will not do, in its unchanged form, for non-square composite num-
bers that are multiples of square numbers, such as, for example, the numbers
8, 12, or 18. To show that this is so one need point out only that one of the
essential steps in the proof, namely the inference that if m? is divisible by a given
number, then m must be divisible by that number too, is not a valid inference
in the case of numbers that are multiples of square numbers. Thus, for instance,
if m? is divisible by any of the numbers 2, 3, 5, 7, or for that matter, by 6, 10,

' See also the note by Alexander Aphro- 30, of the Berlin edition] uses the verb molv-
disiensis on An. Pr. 1. 41226. (It is to be ob-  mlacwdlewv = to square, a sense which is
served that Alexander in this note [p. 260, unknown to L.S.J.)
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14, then it is obvious that m is also divisible by that number. But if m? is divisible
by a number like 8 or 12 or 18, then it does not at all follow that m must also
be divisible by that number. To take only one example: take m? = 6% = 36.
This is divisible by 18 (i.e. 2 3%) and also by 12 (i.e. 3X 22). But m = 6 is
not divisible by either of these two numbers.

The proof employed hitherto can of course be very easily adapted to numbers
that are multiples of square numbers ; but the fact that it has to be so adapted
vitiates the attempt at generalization of the proof suggested by Heath (Gk.
Mathematics, i. 205). It is there argued that Theodorus is not likely to have
employed the traditional proof, because that is capable of very easy generaliza-
tion, that is to say, the generality of the proof would have become apparent
long before in the enumeration of cases 4/17 had been reached. Since he did
go on to 4/17, that, so argues Heath, suggests that his proof was not the tradi-
tional one, but a proof that was not capable of such easy and almost self-
evident generalization. Unfortunately Heath’s argument is weakened not only
by the obvious objection that it would be hard to believe that Theodorus was
not conversant with the traditional proof,* but by the graver difficulty that
what Heath represents as a very simple generalization is not a valid generaliza-
tion at all. He writes:

‘We can put the proof quite generally thus. Suppose that N is a non-
square number such as 3, 5, ..., and, if possible, let \/V' = m[n, where m, n,
are integers prime to one another. Therefore m? = N. n?; therefore m? is
divisible by N, so that m also s a multiple of N’ (my italics).

After this the proof proceeds in the traditional way so that the matter is disposed
of in a few more steps. But everything that comes after this is of no immediate
interest to us. For the words italicized above represent an invalid step in the
argument. The divisibility of a square number m? by a number JV implies the
divisibility of m by that number /N only where N is not itself the multiple of
a square number. Where /N is e.g. 8 or 12 or 18 or any such number that
contains the same prime factor more than once, the inference ‘if m? is divisible

! That the traditional proof is indeed ‘tra-
ditional’ (i.e. known before Theaetetus) is
accepted by most scholars ; see, e.g., Cantor,
Vorlesungen zur Gesch. der Mathematik, i. 155
Heiberg, ‘Mathematisches zu Aristoteles’,
Abhandl. Gesch. Math. Wiss., 1904, p. 24:
‘dieser alte pythagoriische Beweis’. And the
case is well argued by Zeuthen (1915, pp.
357-62). The arithmetical character of the
proof and its reliance on the distinction be-
tween odd and even (in the case of the square
root of 2) seem to stamp the proof as Pytha-
gorean. A further argument in favour of its
Pythagorean origin is its obvious relationship
with the so-called Pythagorean theorem (Eu-
clid 1. 47) which is attested as Pythagorean
by many, though admittedly late, authorities.
For reference see Heath, The Thirteen Books
of Euclid’s Elements, i. 351. He also quotes
Heron, who ascribes to Pythagoras a general
rule for the formation of right-angled tri-
angles with rational integers as sides. And
the well-known Eudemian Summary in

Proclus (ed. Friedlein, p. 65) attributes the
discovery of the theory of irrationals to Pytha-
goras ; the scholiast on Euclid ro. 1, Heiberg,
vol. v, pp. 415-16, attributes the discovery
of incommensurability to the Pythagoreans.
See Heath, op. cit., p. 353: ‘The investiga-
tion (of 1. 47) from the arithmetical point of
view would ultimately lead Pythagoras to the
other momentous discovery of the irrational-
ity of the length of the diagonal of a square
expressed in terms of its side.’

The use of éypade in the Platonic dialogue
does not, of course, refer to the geometrical
character of the proof. At most it means that
Theodorus drew a figure to demonstrate the
existence of such lengths; that they were irra-
tional needed a further, arithmetical, proof
with which the ‘Existenzbeweis’ to which
éypage in that case refers, had nothing to do.
Heath in fact gives good reasons for thinking
that éypage means no more than ‘he was
proving’. See Gk. Math. i. 303.
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by N, then m also is divisible by N’ is invalid. Thus the possibility of generaliza-
tion assumed by Heath does not really exist in that very simple form.! And
this seriously diminishes the cogency of his conclusion that because Theodorus
apparently did not hit upon the generalization he is unlikely to have used the
traditional proof.

In fact the valid generalization is slightly more complicated than that
assumed by Heath. It could be put as follows:

N not being a square number has no rational square root. For, suppose it

has: then it must be of the form m/n, this fraction being in its lowest terms.
Then, if

m m? o,
;= ,\/‘N, ;IE:N, m2=N.n',
therefore m? is divisible by N.

Now, although it does not follow that m too is divisible by N (that would
follow only if V is a square-free number) we can at any rate say that if m? is
divisible by WV then m is divisible by the square-free factors of ¥. Call them a.
Then

m=ar

2 2,2 2.2
m a¥r a¥r
and —=N="", ar* = N.n?, —— = n2,
2
n N

But N is either (1) = a or (2) a multiple of g, say ap (where p is of course a
square number).
Then either (1) where N =a

2,2
asr
_ar2_n2;

therefore a divides n2 and since a is square-free (by hypothesis) it must also
divide 7.
Or (2) where V= ap (a being square-free, p being square)

atr®  a¥® ar? . r? .
— = ——_= Nt = a— = Nn°.

Therefore n? is divisible by a, and since a is square-free, n also is divisible by a.
But if g divides both m and =, this contradicts the initial assumption that m/n
was in its lowest terms.

It will be seen at once that this generalization of the traditional proof is
somewhat more complicated than one might think at first sight and that it is
necessarily more complicated than that assumed by Heath. But of course the
complication would have presented no difficulty to a mathematician like
Theodorus, and we must still ask ourselves why he and others before him did
not hit upon the almost self-evident generality of a method that they already
applied in particular cases.

We have seen that the generalization presents a few more complications
than the particular cases. It is here, I think, that we must still look for an answer

I Zeuthen (1915, p. 341) makes the same  racines ne présenterait que cette seule différ-
mistake as Heath: ‘. . . 'application de la  ence qui résulte de la substitution d’un
démonstration en question a ces différentes nouveau nombre a celui dont on part.’
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to our question. For while the complications would not in themselves present
any great difficulty to a mathematician (though even here we must not under-
estimate the difficulty of reasoning that proceeds from step to step with
algebraic symbols, or rather, with their equivalent verbal expressions, a pro-
cedure not as intimately familiar and easy to Greek as to modern mathemati-
cians), yet the presence of these particular complications may have made clear
to the rigorous mathematician a difficulty so fundamental and so elementary
that it might remain unnoticed in the application of the method to particular
cases as long as no attempt at generalization was made. I refer to the doubt
that a rigorous mathematician must have felt when, or if, he tried to generalize
the traditional proof in the manner indicated above, about the cogency of an
argument like : if m? is divisible by a then m also is divisible by a. Obviously
the necessity for this step in the argument would make the mathematician
consider the different possible cases. And as we have done above he would find
that the argument does not hold in the case where a is the multiple of a square
number. But even when the possibilities are narrowed down to a = any prime
number, the statement though apparently true would still seem to the rigorous
mathematician to require proof. Needless to say he would also think about
cases where a is neither prime nor a multiple of square numbers, i.e. where a
is a non-square, square-free, composite number. In brief the rigorous mathe-
matician who tried to generalize the traditional proof would have thought hard
about such matters as prime numbers, composite numbers of various forms,
and in particular, about the cogency of the step in our argument that we have
discussed above; in other words, he would see that the above proof really
depends on something else that has to be proved first.

Now, such a preliminary proof does indeed exist: Euclid, 7. 30, proves that
if ¢ divides ab, and ¢ is prime, then ¢ must divide either a or 5.

Our case, that of a square number, is no more than a special example of
this; that is to say: the product ab is such that a = b; and thus, the prime
that divides a or 4 in Euclid’s theorem will divide both a and 4; i.e. where
we are dealing with a number that is not just a product of two numbers, but
a product of two equal numbers, in other words: a square number, Euclid’s
theorem can be read like this: if ¢ is a prime and divides a square number it
will also divide the square root of that number. And that is what is needed
for the generalization above discussed.

The connexion between Theaetetus and the arithmetical books of Euclid
seems well established. It is suggested by the evidence and the matter is
examined by Zeuthen who comes to the conclusion that the mathematics of
Book 7 of Euclid must be attributed in its essentials to Theaetetus.! Yet in the
same article Zeuthen argues (as does Heath after him) that the particular

T Zeuthen, 1910, p. 421 ; he gives examples
of terminological parallels between Euclid
(7, Def. 16 and 18) and the passage in the

Elem., ed. Friedlein, p. 68) that Ed«x)eldns o
Td oTOLXela oUvayaywy . . . WOANG . . . TGV
OcarriTov Tedewodpuevos . . .: ‘Euclid put to-

Theaetetus. As regards Book 10 we have the
statement of the scholiast on 10. g who ex-
pressly says that that theorem was the dis-
covery of Theaetetus (see Heiberg, Euclid, v.
450). On 13. 1 the scholiast tells us (Heiberg,
op. cit. v. 654) that part of the subject-matter
of that book was derived from Theaetetus.
Generally, we are told by Proclus (in Eucl.

gether the Elements and perfected many of
the theorems of Theaetetus’. The practically
certain case for pre-Euclidean provenance of
part at any rate of the contents of the arith-
metical books is supported by a letter of
Eratosthenes given by Eutocius (Archimedes,
ed. Heiberg, iii. 102 ff.).
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proofs employed by Theodorus cannot have been adaptations of the traditional
proof: for, he argues, these would have led to the generalization; and also
there would have been no need for Plato to single out Theodorus’ discovery
for special praise. However, we have seen that the generalized formulation of
the proof requires rather more than a mechanical substitution of algebraical
symbols for particular numbers : that the attempt to generalize leads to compli-
cations which suggest a preoccupation with the fundamentals of the theory of
numbers. On the other hand, contrary to what one might expect, the funda-
mental difficulty, namely the need first to prove what we now have in Euclid
7. 30,! does not necessarily enter into the proof for particular cases like the
square roots of 2, g, 5, 6, etc., since for each particular number we can substitute
for the preliminary general proof of the critical inference ‘¢ dividing a2 implies
¢ dividing &’ a special proof by enumeration of cases, without relying on Euclid
7. 30.2

I think therefore that the most economical use of the evidence will still make
it possible to assume that Theodorus’ proof was in fact the traditional proof;
that Theodorus did not proceed to the generalization, because he was well
aware of the need (in the generalization) of a more fundamental treatment of
such subjects as prime and composite numbers, factorization, etc.; and that it
was precisely this refusal of the rigorous mathematician to enunciate a general theory based
on doubtful foundations that led his pupil Theaetetus to investigate not only the problem
of irrationality but also the more fundamental arithmetical questions ; thus the generalized
theory of irrationality will not only depend on fundamental number-theory:
it will be seen to have led directly to a preoccupation with the latter. We should
in this way have (1) a logical sequence : preoccupation with irrationality leading
to work on fundamental arithmetic of the kind found in Euclid 7-9; and (2)
we could fix Aistorically the point where this kind of arithmetic was systematized.
In saying that Theodorus did not and could not generalize a proof of which
he used the particular applications, one need not of course assume that he
could not enunciate conjecturally the general theorem whose general proof
he did not know. In fact he may have wanted by the enumeration of the cases
up to 17 to suggest the general theorem; that may be the reason why he went
so far as 17. But there is a limit to everything, even a mathematics lesson ; and
that is why he went no farther.

Thus we may disagree with Heath and Zeuthen on both counts. First, we
need not account for anything particularly original in Theodorus’ proof to
make it worthy of Plato’s mention ; indeed, there is nothing in Plato’s text to
suggest that Theodorus had made a new discovery; and so we can, on that
count at any rate, assume that his was the traditional proof. Yet though his
proof was not original, we may still think of him as an original mathematician :

T It is of course 7. 30, not as v. Fritz (in
P.W. s.v. Theodorus, c. 1821) says, 7. 27.
The latter is the enunciation of the theorem
that if two numbers are prime to one another,
then their squares will be prime to one an-
other; and so also with their cubes. But it is
clear that what we need for our proofiis 7. 30,
that is to say, the theorem ‘if ¢ divides ab,
and ¢ is prime, then ¢ divides either a or #’,
with a simple substitution of a square num-
ber for ab, that is to say, taking a = b. Else-

where v. Fritz (s.v. Theaetetus, cc. 1356 and
1359) derives what we need here from 7. 25.
But that, too, is unnecessary: for there we
are told that if two numbers are prime to one
another the square of one of them will be
prime to the other: what we need does not
follow from it. Whereas at 7. 30 the enuncia-
tion of ¢|ab — c|a or ¢|b obviously includes, as
a special case, ¢|a? — c|a.

2 See on this Hardy and Wright, Introduc-
tion to the Theory of Numbers, p. 41.
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there must have been originality in him if he had an inkling of the insufficiency
of a mechanical generalization of the traditional proof without previously
proving what we now have in Euclid 7. 30.

Secondly : nor yet is the generalization of the traditional proof quite so easy
as Heath and Zeuthen thought. If it is easy enough to become apparent by
a mere enumeration of cases, it yet brings in its train complications that lead
to the realization of fundamental difficulties without the solution of which the
generalized proof, as distinct from the conjectural enunciation, of the theorem
is impossible.

We conclude therefore :

1. The proof employed by Theodorus may well have been, indeed is ex-

tremely likely to have been, the traditional proof.

2. The fact that this was not generalized, so far from leading us to think
that the traditional proof could not have been used, fits exactly into the
picture of the rigorous mathematician who refuses to jump his fences
before he has come to them.

3. The intimate connexion of Theodorus’ pupil Theaetetus with the theory
of irrationality and with fundamental arithmetical theory suggests that it was
the realization of difficulties inherent in the former that led to a pre-
occupation with parts at least of the latter.

APPENDIX

An ancient commentator on the Theaetetus (Anonymer Kommentar zu Platons
Theactet, ed. H. Diels and W. Schubart, Berliner Klassikertexte, ii, 1905) mentions
some interesting suggestions concerning the two questions: (¢) Why did Theo-
dorus start with /3, not with 4/2? () Is there anything about 4/17 that made
it appropriate for Theodorus to stop there?

On the first question he says inter alia that it had been suggested that Plato
made Theodorus begin with /3 because he had already shown in the Meno
that the square on the diagonal (of a square) was twice as great as the original
square ; see col. 28, 37 to col. 29, 1:

. éorw 8¢ kal 76 Simovy Terpdywvov dovuuerpov TG modielw (sic) kard TV
mwAevpdy, dAAd mapHrev, daciv, adTd Sidte év TH Mévwn édefev 6L 76 dmo Tis
Siaywriov TeTpdywvov Sumddoidy éoTw Tod dmo Tis TAevpds TeTpaydivou.

On the second point we read that the question had been asked why Theodorus
stopped when he reached 17. One suggested answer,! he says, was that
Ocddwpos yewpérpns v kal povolkos épelfer YewUeTpLkov Kal HLOVGLKOV
fecdpnpas yewperpucdv pév odv 76 kard Tds Suvdpets, povoukov 8é 70 Tijs énTakat-
8exdmodos. Ofros yap 6 Spos évéyer (évioxer?) S7u oD Srarpelrar 6 Tdvos els loa

Huirovia. "Emel yap 6 mévos éorww év émoyddw Ayw, éav Sumdaoidans Tov Skrd

kal Tov éwéa, yelvovrar (sic) ékkaidexa kai dxTwraldexa, dv uéoos éorw &

é’n’TaKal{SGKa GZS &'woa SLG.LP(:(‘JV TOl‘JS C’I.IKPOUS, UQ)S SE,SELKT(IL E’V TO:S Ezs T&V Tl:lLaLOV

Smopmjuacty.

I The commentator does not seem to ac- square in which the number denoting the
cept this answer. He himself suggests, 35, 21—  sum of the sides is equal to the number de-
36, 35, that 17 may have been an appropriate  noting the area of the square, since
place to stop because it is the first number = 4%a4.
after 16; and 16 is the number of the only 4tatate =4x4e
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“Theodorus was both a geometer and a musician.! He therefore combined
here a geometrical with a musical theorem. The geometrical one was con-
cerned with the roots (or squares), the musical with the number 17. For
this term . . .2,% because the tone cannot be divided into equal semitones.
The tone interval has the ratio 9/8. Now if one doubles the number 8, and
also the number g, one obtains the results 16 and 18, between which the
number 17 is the (arithmetic) mean dividing the extremes into (geo-
metrically) unequal ratios, as has been shown in the commentary to the
Timaeus.

What does this mean? The musical interval of a full tone cannot be exactly
divided into two semitones. The reason for that is that the ratio of the tone is
9/8. To find the semitone we would have to find the geometric mean between
g and 8, or, what essentially comes to the same, between g/8 and 1. The geo-
metric mean between g/8 and 1 would be a number such that its square = g/8.
It would therefore be |/(9/8). But there is no such rational number ; the square
root of a fraction of the form a4-1/a is irrational ; there are no adjacent squares
in the series of integers.> Now, since a geometric mean representing the interval-
ratio of the semitone cannot be found, what is one to do? Perhaps the next
best thing to do is to take the arithmetic mean instead, knowing that it will not
give an exact division into equal semitones. That clearly is the meaning of éav
durdaoidoys . . . Tods drpovs. In doing so we find the number 17 (which suggests
17/16, the arithmetic mean between 1 and 9/8); and thus, the commentator
reasons, the number 17 may have had a special significance for Theodorus.
For if we use it once as the denominator and once as the numerator, we obtain
two ratios, 18/17 and 17/16, both of which are approximations to the geo-
metric mean ; and they have the additional virtue of resulting, when multiplied
with each other, exactly in g/8, the ratio of the full tone.

But what our author gives us here is clearly a garbled, or at any rate a
shortened, version of an explanation that must have been clearer and more
explicit than this. And indeed he goes on to refer to an explanation to be found
elsewhere : s 3é8ewkrar év Tols els Tov Tipatoy dmowrjpacw. I can indeed not
be certain that this refers to a commentary of his own (so Diels and Schubart
in their Index, s.v. ‘Kommentare’); one might in that case perhaps have
expected the explanation here to have been a little clearer. On the other hand,
two other references in this commentary, at 48. 10 and 70. 12, quite clearly
refer to commentaries of his own on the Phaedo and the Symposium, so that it
is at least possible that here too he means a commentary of his own. However
that may be, there certainly was a fuller treatment elsewhere of the matter
adumbrated in this short passage.

Now, we read the following passage in Proclus, Comm. in Tim. 195a (on
Plato, Tim. 35b):

\ -~ 13 y /’ o 3 ’ 3y \ 3 ’ Y ’
... epl . . . ToD Aelpparos loTéov, ST, émadiimep oddels émudpios els Adyouvs
” /7 ’ \ (4 /’ b] 3 -~ 3 ¥ -~ 3 \ \
toovs Téuveolar Svvatar, 70 Huurdviov év dplbuois odk Eori AaBeiv, dAa Tods

I j.e. concerned with musical theory. Cf. 3 Cf. Euclid, Sectio Canonis, Mus. scr. gr.
Plato, Theaet. 145 d. ed. Jan, prop. 3, p. 152; also Archytas ap.
2 T do not know what évéyer means here. Boeth. de mus. iii. 11 = Vorsokratiker®, 47
It has been suggested to me that it may A 19, p. 429. See Heath, The Thirteen Books
perhaps mean ‘comes in’, ‘enters into the  of Euclid’s Elements, ii. 295.
argument’.
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oveyyvs dAMAwv AaPdvres Tov épemtakaidéxatov Adyov kal Tov édexkai-
8éxarov kal Selfavres Tov épemTaradéxaTov peilova Tob kalovpévou Aeippatos,
ds fv é\doowv Tob dkpiBds fuiToviov, cuvdyovow, STi Kkal ToD ruiToviov
é\doowy €€ dvdyxnys éotw 6 Tob Aelppatos Adyos. 67t & odv éddoowy éoTw 7
épemrraxaidéraros, odros 8¢ éddoowy (édacoov MSS.) % suirdviov, Selkvvrar
obrws. éxxelclw yap S is, Kal TovTov émdySoos O i TovTwWY 87 perald Tebels
S ol els dvigovs Soupel TOv émdydoov Adyovs ovveyyvs évras Toi nuiToviov
Staomiuaros, povdde Siadépwy TGV drpwy. kai Sfidov 6T TOV wpds TG éddogovt
peilw moujoeL Adyov- v wdoy yap dplfunrich peodrnT peilwv éoriv 6 Adyos év
Tois éAdTToow Jpots, WoTe O épemTaraidékaTtos éddoowy éoTiv NuiToviov. dAAG
piv kai 70 Xeippa élacoov dotiv 1) édemraxaidékarov, ds dmd TAV mapd
IDdrwve keyévav Spwv 8jdov. & yap GUs Tpos Tov Gpy Tov Tob Aelpparos éxwv
Adyov, s kai Tobro Seifopev mubpevikdv dmodeifavres Tov év TovTOLS TOlS
dptBuois Tob Aelpparos Adyov, éddocwv éori Tob épemtaxardexdrov [mpos Tov
Gy mepéye pév yap adTod iy povdaw, 76 8¢ énTakaidékaTov Tod Gy mAELVWY
éoriv %) vy povddwv. moA& dpa pdldov 6 Tod AeiupaTos Adyos édoowy éoTi ToD
Nroviov StaoTiparos, dore kal 6 Aoumds els Tov Tévov, 8s éoTi Ths dmoTouds
/\O’)’OS, 6’5 dvaf‘yl(‘qg ﬁ#LTOVl:OU ILE[Z(UV G,UT[V.

‘About the leimma one must know this: since no superparticular ratio can
be cut (divided) into equal ratios it is impossible to comprehend (i.e. to
express) the semitone in numbers (i.e. as numerical ratios). Instead one takes
the ratios that are proximate to each other, viz. 18/17 and 17/16 and, show-
ing that 18/17 is greater than the so-called leimma (18/17 being smaller than
the exact semitone) one infers that the ratio of the leimma is therefore also
necessarily smaller than the semitone (i.e. the exact semitone). Now, that
it (i.e. the ratio of the lesmma) is smaller than 18/17, and that this (i.e. the
ratio 18/17) is smaller than the semitone, is shown in the following way:
take the number 16, and take the number that stands to 16 in the ratio of
9/8, namely 18. Now the number 17 if put between these divides the ratio 9/8
into unequal ratios that are near to the semitone ratio, and it differs by a
unit from the extreme terms.

‘Now it is clear that it will make the ratio to the smaller term greater.
For in every arithmetical mean the ratio is greater in the smaller terms,
so that 18/17 is smaller than the semitone. But the letmma is smaller than
18/17 as is clear from Plato’s terms: for 256 /243, the ratio of the leimma (that
this ratio is in its lowest terms I shall demonstrate when I have shown that
the lesmma-ratio is in fact the ratio of these numbers, i.e. 256/243) is smaller
than 18/17 [to 243]: for it exceeds by 13 units: while 1/17 of 243 consists
of more than 13 units. All the more therefore the ratio of the leimma is smaller
than the semitone interval, so that what is left to (make up) the full tone,
i.e. the ratio of the apotome, is necessarily greater than the semitone.’

wept . . . Tol AeippaTos:

The leimma is the ‘residue’ that is ‘left’ when two full tones (each of the ratio
9/8) are cut off from the fourth (8.4 resodpwr). For example, the ratio of the
tone C (for the sake of simplicity I am assuming here the ordinary modern
major scale moving upwards) to the tone F, i.e. §ua recodpewv, is 4/3; the ratio
CtoDisg/8;D to E is 9/8; what is the ratio of E to F? This ratio is obtained
by dividing 4/3 twice by 9/8, or, what comes to the same, once by 81/64. The
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result is 256/243. To make this clearer: we know

G:D =g9:8
D:E =g9:8
therefore C:E = 81:64.

Now, if the ratio of C to E is known and likewise the ratio of C to F, then
there is a ratio E to F which we must find : call it X. Then

81/64 multiplied by X = 4/3,
81X = 256/3
and X = 256/243.
See Plato, Tim. 36 b; Theon Sm. p. 86 H.; Gaudentius 12. 342. 7 ff. Jan:

70 0 NuuTdviov kadoUpevoy odk €oTw dkpBdis fNuTvov. AéyeTow 8¢ kowds pév
Nperdviov i8lws 8¢ Aetppa, rai éyer Adyov 6v Ta gy mpds Td ovs. See also Ptol.
Harm. i. 10. The name leimma is said by Proclus (p. 211 c) to have been used
by Plato.

éwadfmep 0l8els émpodpios eis Aoyous loous TépveaBar Sdvarat, T6 fHpirdviov
év apBpots olk éomi Aafeiv:
The émudpiosis a ratio of the form atr(_ I —i—i). No such (superparticular)
a a
ratio can be ‘cut’ into equal ratios, i.e. one cannot find a (rational) geometric
mean between a and a--1. To find the exact semitone ratio one would have
to find the length of a chord such that the length of the chord producing the
lower tone has to the semitone chord the same ratio as the latter has to the
length of the chord producing the higher tone. For instance, C:D = 9:8;
what length of chord will produce the exact semitone between C and D?
Obviously the length of C will be to its length (i.e. to the length of the chord
producing C sharp) as the latter is to the length of D. But, if C equals 9, D
equals 8; therefore 9:C sharp = C sharp:8,
i.e. C sharp is the geometric mean between g and 8. But there is no rational
geometric mean?! between a and a1, or, in this case, between 8 and g. For if

9:X = X:8
then X2 = 72, X = /72 = 64/2, which is irrational.
That is why it is impossible to express the exact semitone in numbers, i.e. as
a numerical ratio. Though, of course, physically, and geometrically, there is

no such difficulty; think only of the progression of semitones on the tempered
pianoforte.

\ ’ 3 ’ .
ToUs oUveyyus . . . épexkaidékarov:

To find a rational geometric mean between g and 8 is impossible. By doubling
the two terms one obtains 18 and 16. The arithmetic mean between these is 17.
This number is then used to obtain two new ratios viz. 18/17 and 17/16; these
are rational approximations to the square root of 9/8. 1817 < |/(9/8);
17/16 > 4/(9/8). And multiplied by each other they produce exactly 9/8.

T See p. 172, n. 3.
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Scifavres Tov épemrakaidékatov peifova 100 kaloupévou Aeippatos:

This, i.e. that 18/17 is greater than 256/243, will be shown below.

8s fiv éAdoowv 1o drpifds Npitoviou:
The antecedent of Js is, of course, 7ov épemraxaidéxarov. That this is smaller
than the semitone will also be shown below.

ouvéyouow . . . Aoyos:

If the leimma is smaller than 18/17 (3elfavres Tov ébemraxaidéxarov pellova
70D . . . Aelpparos), and if 18/17 is smaller than the semitone (Ss v é\doowy
700 . . . fuuroviov), then, a fortiori, the leimma is smaller than the semitone.

In what follows Proclus establishes the premisses of this conclusion one by
one: (1) That 18/17 is smaller than the semitone. (2) That the leimma is
smaller than 18/17.

811 & olv ENdoowv éoTiv 7| ébemTakaidékartos:

Scil. 6 Tod Aetpparos Adyos.

éxkelobw yap 6 s

16 = twice the denominator of the fraction g/8.

kai TodTou éwdydoos 6 in:
18:16 = 9:8 (18 = twice the numerator of the fraction ¢/8).

Todrwv 87 peratl Tebels 6 1f eis dvioous Siaipel Tov EmdySoov Aéyous alveyyus
8vras 10l fpiroviou SiaoTiparos povad Siadépwv TéV dxpwv:

‘The number 17 if put between these (i.e. between 16 and 18) divides the
ratio 9/8 into unequal ratios that are near approximations to the semitone
ratio; it differs by a unit from the extreme terms.’

The two ratios 18/17 and 17/16 are near approximations to the ratio of the
semitone, being respectively just smaller and just larger than the geometric
mean between 1 and 9/8. On the whole procedure adopted here see also
Aristid. Quintil. iii. 114 Meibom; Plut. Moral. I1epi t7is év Tipaiw Yvyoyovias
1021 c-¢; Boethius, de Mus. cap. 16; Exc. Neap. § 19 (Jan, p. 416); Ptol.
Harm. i. 10; Theon Sm. p. 69 H.; Gaud. 14. 343. 1 fI. J.

xai 8fAov 6TL TOV wpods TP éNdogowt Spw peifw momaer Adyov' év waon yap
aplpnrici pecdmm peilwv éoriv 6 Adyos év Tols éNdtToawv Spois, Hate &
épemrakaidékaros éNacowy éoTiv fpiToviou:

‘Now it is clear that it will make the ratio to the smaller term greater. For
in every arithmetical mean the ratio is greater in the smaller terms, so that
18/17 is smaller than the semitone.’

Three terms are involved: 16, 18, and, the arithmetic mean, 17. It is clear
that the ratio of 17 to the smaller term, 16, viz. 17/16 is greater than the ratio
of the larger term to the middle term, that is to say than 18/17. Compare, for
this, Archytas, Fragment 2 Diels—Kranz, pp. 4356 (from Porph. in Ptol.
Harm. p. 92) : uéoar 8¢ évri 7pis 78 povoud . . . dpilbuyrica pév, Skxa Ewvre Tpeis
dpor kard Tav Tolay Pmepoxdv dva Adyov: & mpdros Sevrépov Tmepéye, Tovram
Sevrepos Tpitov Imepéxer. kai év Tavra 74 dvadoyia cupminrer fuev 0 TGV peldvwy
Spwy Sudornua pelov, 7o 8¢ TdV pedvwy weilov.
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BoTe 6 épemrakaidéxaros éNdocwv éoti fpitoviou:

‘so that 18/17 is smaller than the semitone’. The ratio of the semitone is
/(9/8) ; multiplied by itself that gives 9/8. But 9/8 is also the product of 18/17
and 17/16. These are not equal to each other, and therefore one of them must
be greater than the semitone, and one smaller. But 18/17 is smaller than 17/16.
Therefore 18/17 is smaller than the semitone (and, of course, 17/16 is greater
than the semitone). A simple test:

18 324 17 289 9.
(1 7) 289 <3 8’ (16) 256 >3
70 Aelppa ENacodv éomv 1) épemtakardékaTov:
Having established the first premiss, viz. that 18/17 is smaller than the

semitone, he now proceeds to establish the second premiss: that the leimma is
smaller than 18/17.

6 yap ovs wpods Tov opy TOv 7ol AelppaTos Exwv Aéyov . . . éENdoowv éaTi Tod
épemraxaidexdrou [wpos Tov opyl:

“The ratio of 256 to 243, which is the ratio of the leimma, is smaller than
18/17.” (MSS. ‘smaller than 18/17 to 243’.) This is proved in the next sentence
dmepéyet, etc.

mpos Tov opy must be deleted. It makes no sense at all; and it is in fact
omitted in one of the good manuscripts; see ed. Diehl (Teubner).

s kal To0To Selfopev TuBpevikov dmodeifavres TOV év TolToLs TOls dpBpols
7ol )\eip,pu.fos Aoyov:

. that this ratio (i.e. 256:243) is in its lowest terms I shall demonstrate
whcn I have shown that the leimma ratio is in fact the ratio of these numbers
(i.e. 256:243)’. (The order of the words here is a little odd ; I have translated
as if 7rv0,u.evu<ov came first and 8€L§O‘IL€V second. )

ubpevikov:

This, like the noun wvfuaj, is the technical term for the lowest terms of a
ratio or a fraction. ITvfusv is found in this sense at least as early as Plato; cf.
Rep. 546 c.

Seifopev . . . dmodeifavres:

(a) That the leimma has theratio 256/243 is demonstrated on pp. 195 e~196 a
(pp- 181—2 Diehl).
() That this ratio is in its lowest terms: p. 196 a (p. 182 Diehl).

Ummepéxer pev yap . .

‘(256/243 is smaller than 18/17;) for it exceeds by 19 units while 1/17 of
243 consists of more than 13 units’.

The reasoning here is as follows:

It is required to prove that 256/243 << 18/17.

256/243 can be expressed as 1+13/243 (as exceeding 1 by 13/243, dwepéyer
. . . ty povdow) ; similarly 18/17 can be expressed as 1+41/17.

It is therefore now only required to prove that 13/243 << 1/17. This is true if

243 times 13/243 << 243 times 1/17
4599.3/4 N
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that is, if 13 < 244/17, or, as the Greek has it, 70 énraxadéxarov 700 Ty
mAetdvwr éoTiv 7 Ty povddwv.

7oA\ &pa paMlov 6 7ol Aeipparos Adyos éNdoowv éori Tol Tpitoviou
Siaomiparos:

We have established

(a) 18/17 < semitone.
(b) leimma = 256/243 < 18/17.

From this it follows that the leimma ratio is smaller than the exact ratio of
the semitone.

HoTe kai 6 Aourods eis Tov Tévov, 8s éoTi Tiis dwoTopfis Aoyos, é§ dvaykns
fproviou peifwv éotiv:

The leimma would be the (near) semitone interval between, say, the Third
and the Fourth of a (modern upward-moving) major scale, e.g. E:F = 256:243.
Since this is not an exact semitone, another question now arises: what is the
ratio of F to F sharp? Suppose F sharp is a full tone above E, that is, E:F
sharp = 9:8. Then, if F had been the exact semitone between E and F sharp,
the ratio of F to F sharp would have been the same as that of E to F. But F
is not the exact semitone. And so F:F sharp is not equal to the ratio E:F.
Since the leimma (E:F) is smaller than the semitone, the apotome (i.e. what
is needed to make up the full tone, 6 douwds els Tov Tévov) must be greater. It
will in fact be obtained very simply by dividing 9/8 by 256/243 = 2187/2048;
see Proclus, in Tim. p. 195d (181 Diehl).

Clearly there is a connexion between the explanation given by the Theaetetus
commentator, and referred by him to a Timaeus commentary, and the Proclus
passage discussed above. The Theaetetus commentator not only explicitly says
that his explanation is based on a Timaeus commentary but he obviously gives
a version, though perhaps a garbled version, of something very much like the
passage we have just examined. Here at once an interesting observation occurs:
Proclus, of course, wrote much later than the author of the Theaetetus com-
mentary (the latter is dated by Diels—Schubart in the second century A.p. or
at any rate not later; this dating is confirmed, in a letter, by Professor E. G.
Turner). Thus we can take this coincidence as valuable evidence for Proclus’
practice of using older commentaries in writing his own.!

More importantly the connexion which the Theaetetus commentator wishes
to establish between musical work and work on irrational numbers leads to
other interesting reflections: the coincidence of Pythagorean interest in ir-
rational numbers and in scale formation was certainly not accidental. It is, for
instance, easy to show that a first attempt at a mathematical description of
the exact mid-point of the scale would result in the discovery of the irrationality
of the square root of 2. For if the ratio of the octave is 2: 1, then the mid-point,
the geometric mean between 2 and 1, would be 2. And it would soon be
discovered that no matter what lengths are originally ascribed to the two chords

t It is well known that Greek commenta- agreed with them. See, e.g., L. Minio-
tors were in the habit of literally repeating  Paluello in 7.H.S. Ixxvii (1957), 100.
the views of their predecessors when they
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producing the octave! there are no numbers which could express the ratio of]
say, lower C:mid-scale = mid-scale:upper C. Thus musical theory, as much
as geometry, may have led to the discovery of the irrationality of /2. But
whether this was in fact so is not really important: the musical consideration
would at any rate have provided confirmation of the geometrical and arith-
metical considerations that had dealt such a shattering blow to the edifice of
Pythagorean metaphysics.

But here a comforting thought may have occurred to the Pythagorean: true,
the exact mid-point of the scale, or, for that matter, the exact semitone between
the two extremes of a full tone interval, cannot be described mathematically
in rational numerical expressions. But then there does not seem to be any need
for such description. For in the natural scale the exact semitone and the exact
mid-point of the scale simply do not occur. And not only do they not occur
but if we introduced them that would at once destroy the basis of our scale
formation. (For instance, if F were an exact semitone above E, the ratio
C:F = 4:3 would disappear.) Thus the Pythagorean may have comforted
himself by the thought that nature, in informing our ear, has shunned the
irrational.

University of Glasgow

! The numerical ratios of the Octave, the
Fourth, the Fifth, and the full tone, i.e. the
difference between the Fourth and the Fifth,
were, of course known very early as being
respectively 2:1; 4:3; 3:2; 9:8. The last
ratio is obtained simply by taking the length
of the chord producing the fundamental note

A. WASSERSTEIN

as 12 the octave will then be 6, the Fourth
9, the Fifth 8, and the ratio of the Fourth to
the Fifth, 9:8; this was then defined as the
typical full tone. (See on this also Aristides
Quintil. iii. 113 Meibom; Nicom. Harm. i.
12 Meibom; Theon Smyrn. p. 66 H.; Ptol.
Harm. i. 5.)
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