
— The constants of nature. A study in the early history of natural law :
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utilise cette théorie pour sa propre astronomie fragmentaire. [1441
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THE CONSTANTS OF NATURE

A STUDY IN THE EARLY HISTORY OF NATURAL LAW*

The concept of scientific progress is often characterized by saying that

«what was previously considered a constant of nature, in later analysis turns

out to be a variable» (cf. Ketonen [6], pp. 477-480). Although ambiguous,

this maxim nevertheless points towards a number of relevant factors worthy

of a closer examination in the history of science. First of all, it refers to the

Greek idea of knowledge that is based on invariances discovered in nature

and arranged into rational (or, at times, speculative) patterns. Secondly, it

refers implicitly to the perpetual oscillation between permanent features in
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the world-order and permanent features in the formulae that are supposed

to express the natural laws, in the search for such invariances. And finaliy it

brings into the concept of a scientific paradigm the important methodologi-

cal aspect. For although the history of science is often done in the narrow

sense of recording only the results of science, these to my mind should be

contrasted with the contemporary world-view, scientific terminology, episte-

mological ideal, and analytical means.

While the quest of the cosmological and epistemological context of the

superseded results justifies the philosophical investigations of a past sci-

ence, terminological studies undertaken even in complete linguistic isolation

do not seem to need any justification. But the modern historian of science

still seems to be obliged to give reasons for investigations of past scientific

methods, perhaps due to ancient doxographical traditions, which recorded

the results but omitted the methods of science. Witness the history of the

theory of homocentric spheres, to the beginnings of which this case-study is

devoted.

But since the bearing force behind the ever renewed historical interpre-

tations of past events is the accruing knowledge of the interdependence of the

historical facts and the (improving) historical methods, 1 do not see any jus-

tification for the separation of the results from the methods in the discus-

sion of other sciences cither. True, this combines the interests of the histo-

rian of science with those of the philosopher of science, but I believe that both

parties will gain from this combination.

l The semination of the scientific law of nature.

Supposing there is a clear distinction between an invariable world-order

and an invariable formula that is meant to describe this world-order, what

would the first explicit formulation of a natural law look like?

We need not be concerned here with certain modern schools which tend

to eliminate the whole distinction in favour of an entirely formal approach

to all questions of order, for this was not the Greek way of thinking. Nor do

we need to restrict ourselves to the extreme Parmenidean concept of strict

immutability of the world-order even at the expense of explaining all change

as illusory, although such a view (in a modified form not alien to some mod-

erns) might be expressed by one invariable formula or diagram. Nor do we

need to look for such doctrines alone which assume that the search for truth

presupposes a structural isomorphism between the natural processes and the

method of investigation (like the dialectics of nature and the dialectical

method), or a functional isomorphism between the knower and the known
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(expressed e.g. in the maxim «like knows like» or any such phrase of the Soc-

ratic and Atomist schools).

Nay, we may start with the admission of changes in nature and never-

theless look for invariances in these changes, expressible in clear-cut formu-

lae. Hence not even Zeno (nor Plato in the Parmenides) has fathered the con-

cept of natural Jaw. although he certainly has done much for the growth of

the axiomatic method, What about the Atomists, then? Certainly the Vortex

might have implied a distinction between the concepts of a period (T), an-

gular speed (0 = 1 /T) and linear speed (v= rq), although this perhaps nev-

er can be documented. Likewise the concept of the resistance of the inter-

mediary substance was capable of explaining a number of natural phenome-

na, including the Sun’s longitudinal anomaly, the seasonal Mediterranean

North-East winds and the brightness of the celestial objects (excluding the

Moon). And we happen to know that the mathematician Hippocrates tried

to axiomatize the Atomists’ doctrines. But even if we take all these ingredients

together, they do not amount to what might be called a natural law. At best,

the conglomerate could be called a qualitative description; the descriptive

element is simply too strong for the explicit formulation of a natural law, al-

though it might have been judged adequate for the contemporary concept of

world-order. For we can suggest a likely set of axioms which Hippocrates

probably pondered: they have included references to the dualism of void and

matter; a very great, or even infinite number of atoms: a finite number of

kinds of atoms; a very great, or even infinitely great space; a very long, or

even infinitely long duration of time; and so forth. We cannot be very far

from the birth-place of the concept of natural law, however, for Democritus’

auxiliary concepts include the celestial sphere, and there is the suggestion

(VS 2, p. 141) that one of Democritus’ works dealt with «projections of the

armillary sphere on a plane».

It is the last point mentioned, the rational element and geometrical de-

sign exhibited in the world-order, that makes it futile, in my opinicn, to try

to extract any natural laws (in the modern sense of the term) from the Baby-

lonian mathematical astronomy. True, there is an element of prediction and

skilful arithmetical techniques, and the practical results are at times even bet-

ter than the Greek ones. But, as Neugebauer has pointed out ([13]. cf. p.

156), the Babylonian methods «nowhere point to an interpretation through a

combination of circular motions or any other mechanical model». And the

Mesopotamian mathematical tools, the zigzag and step functions, practical-

1. Neugebauer has also shown that Egyptian mathematics simply was not adequate

for astronomical calculations of any complexity.
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ly exclude such models. I am willing to admit, though, that this is a matter

of taste. One can well consider such revisions of the concept of natural law

as do not presuppose any underlying geometrical models. The idea of star-

ting from «pure facts» might even appeal strongly to a bold spirit, although

in that case the principles of the economy of thought and of the axiomatic

system, and the concept of Protophysik, which have already shown their

fruitfulness in the interpretation of Greek science, perhaps must be jettisoned.

It is not unthinkable, however, that a discovery of one single clay-tablet may

drastically change our views on Babylonian science in these respects.

For the reasons given above, I would suggest that the first «natural

laws» are to be found in Greek science, and in the period after Democritus.

This implies Pythagorean astronomy and mathematics as their conceptual
environment — not Pythagoras’ own teaching and not eve nthe Philolaic sys-

tem, but rather the Platonic—Eudoxan research programme of «saving the

phenomena». The postulates of uniform circular motion and constant angu-

lar velocities, where the diurnal rotation of the sphere of the fixed stars is

the swiftest of all (for these assumptions see Mittelstrass, [10], [11}), adumbra-

te the axiomatic element. The celestial sphere accounts for the geometrical

model. And Plato’s insight into the role of mathematics (for which see Hare,

[3]), together with the Academicians' and Eudoxus' contributions to, and re-

finements of, the contemporary (Pythagorean) mathematics, will provide the

mathematical techniques and the formulae for the expression of a «natural

law»?. I would like to add that although Plato on many grounds can be dis-

cussed separately from Eudoxus, the Timaeus fragmentary astronomy can,

and should, be discussed with reference to Eudoxus’ cosmology. Indeed it was

2. I would like to remind the reader here that J am using the terms «natural law», «laws

of nature» and «law» in rather a modern sense, without claiming that Plato or Eudoxus ever

used these terms to denote the concept of natural law. On the other hand, I am inclined

to think that, no matter which terms were used, e.g. desmos as in Plato, the concept of the

laws of nature was properly understood by Plato and Eudoxus. Perhaps I may quote from

a letter of Professor Johathan Hodge, University of Pittsburgh. «My only reservation is

about your phraseology, and concerns the use of the word «law». It may well be that the

Greeks believed, enunciated and used many propositions that would meet any reasonable

criteria for the application of the term «law». However, this would have to be argued for ex-

plicitly, surely, given that they very rarely invoked the legal metaphor in asserting

and specifying orderliness in natural changes. I have not found the literature on «law», «na-

taral law», «law of nature» etc. very helpful in this regard, since it does not really confront

the key issue directly: Were those, like Philo and the Stoics, who first systematically explic-

ated their convictions about nature’s orderliness in terms of the legal, or better, the con-

stitutional analogy, were they simply giving a new gloss on an old doctrine or did they

transform it in the process of rephrasing it?»
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my working hypothesis in [9], which has turned out to be quite fruitful, that

Plato’s frame of reference was Eudoxus' theory of the homocentric

spheres. Now Eudoxus’ theory was developed further mainly through gener-

alization. Hence the scientific progress within this paradigm presumubly

could be outlined with reference to the maxim about the constants and va-

riables in the explicit formulation of a natural law. On the other hand, if we

start from the later formulations of Eudoxus’ theory — from Torriano in

the XVI Century, through Ptolemy, Hipparchus, Apollonius, Eratosthenes,

Aristotle and Callippus — and return to Eudoxus again, we must ask whether

all later variables are reduced step by step into constants. At least some of

them do reduce. But alterations have been made also with respect to the axio-

matic element, the models, and the computing techniques.

Nonetheless the degeneration of variables into constants is a useful

measure, since it indicates the accuracy of observation and the length of ob-

servation series. In Ptolemy and Hipparchus the eccentricity of the solar

orbit for instance remains a constant that was included in their laws of na-

ture in the planetary theory. In fact the eccentricity is not a constant, but the

period of its regular change was too long (T = 96000 years) for the ancient

instruments. Again the obliquity of the eclipticwas considered a constant by

the ancients*. Its regular change within certain limits (21939 Se 24°36’) was

not observed, because of the long period (T = 41000 years). And to take a

third example, the motion of the solstitial and equinoctial points was not dis-

covered before Hipparchus, alt hough it can be observed in far shorter periods

(50.26° p.a. or 1° in about 72 years: yet Ptolemy still used a constant: 1° per

century, Syntaxis, vii, 2). This means in fact that no earlier observation se-

ries could be consulted with respect to star-maps, although observations of

the planetary periods (of the Babylonian type, where random errors in the

long run balanced each other) may have suggested rounded-off values.

As we noted, the progress made within the paradigm of the homocen-

tric spheres touched also features other than periods of the theory. Hence we

must look for quite different constants in Eudoxus” system, too, Changes in

computing techniques, for instance, may have contributed to the gradual

abandoning of the predilection for integers and simple ratios in Pythagorean

mathematics. Of this predilection there are clear indications also in Eudoxus.

And changes in the model (the celestial sphere with 26 nested planetary sphe-

res) and in the axiomatic element, made it possible for Eudoxus’ followers

3. Or do we hear the first voices of doubt in certain explanations of the Milky Way as

the Sun's «original route»? (Aëtius III |, 2, cf. Heath [4], pp. 117-118). Professor Holger

Thesleff informs me that if these ideas were Pythagorean, they probably derive from the

mythological akousma tradition and not from the «mathematical» sect.
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to abandon certain Eudoxan constants, for instance the equality of the astro-

nomical seasons. Eudoxus’ equalization meant jettisoning Euctemon’s and

Meton's discoveries of the inequality of the seasons (given in Ars Eudoxi

as 90, 90, 92 and 93 days; the modern values to the nearest whole day are,

92, 89: 90 and 94 days) made some sixty years earlier. And this is just one

example of Eudoxus’ omissions of (direct) observational data, for which he

was criticized even in ancient times. On the other hand, considering Eudo-

xus' achievements in mathematics (see e.g. [12]) and mathematical geography

(see e.g. [8]), it is not warranted to simply record these omissions, but we

must study to what extent they derive from his method. Likewise we must

study how long observation series would have shown that they a re omissions-

With these broader aspects in mind I shall discuss Eudoxus’ method and the

considerable number of constant values ascribed to his system in tradition.

And lest the more general historical perspectives be forgotten, it is as

well to remember the depth of Eudoxus’ mathematical insight’. Dedekind’s

theory of the irrational numbers draws directly on Eudoxus (Eucl. v, Def.

5), and there is a direct line from Eudoxus to Weierstrass, too. (cf. Heath

[5] i., pp. 326-327). Moreover, it is well known that, through Archimedes,

Eudoxus has begun anotner line of development, which leads to integral

calculus. In these directions Eudoxus' results fertilize much later mathemat-

ical thought, because his methods, the theory of proportion and the method

of exhaustion, were known, too. It is different with Eudoxus' astronomical

results: Schiaparelli [14] had to substitute his own conjectures for Eudoxus'

parameters, since he did not know Eudoxus’ method.

2. On the background of Eudoxus' method.

I have outlined the reconstruction programme for Eudoxus' theory in

my studies in the homocentric spheres [9]. It amounts to claiming that all

previous attempts have failed because they have started from the scattered

parameter values attached to the system. Instead, one should begin with the

reconstruction of Eudoxus’ method and computing techniques and see wheth-

er these parameter values can be obtained through their medium. For va-

rious reasons, which it is unnecessary to repeat here, I suggested that there

indeed is one computing technique which is capable of explaining both the

known unproblematic features of Eudoxus’ system and, in addition to these,

its known oddities and idiosyncrasies, e.g. the fictitious deviation postulated

4, For a discussion of Eudoxus’ importance in the history of mathematical analysis see

e.g. my paper The Elements of Analysis, Proceedings of the XIVth International Congress

of the History of Science, 19-27.8.1974, Tokyo and Kyoto, Japan.
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for the third solar sphere (for the discussion of this feature by other com-

mentators see Lasserre [7], pp. 201-203). The computing technique in question

is at our disposal as soon as we have means of solving a generalized quadra-

tic equation (which in fact gives the periods of two combined spherical mo-

tions studied in terms of their plane projections), conceived of as a

proportion:

‘comb A » A0) 4 _ T n (where Teomb js the period of the combined mo-
x+y n tion and n an integer or rational fraction)

I would now make the additional claim that the proportion (1) is the explicit

formulation of the only «natural law» needed in Eudoxus’ system.

Although (1) is superficially similar to Apollonius’ pivotal formula (see

Ketonen [6], pp. 130-143), which can be given in the form

Tox" Tsid (where Tsyn, Tsid are the synodic and sidereal

(2) Te pe = Tsun periods of a planet and Tsim the period of the
LE Sun)

there is no other explicit connection except this formal resemblance between

(1) and (2). We shall not discuss in this case-study whether there is a histor-

ical connection between them, discoverable in a more general survey. How

is (1) constructed? Leaving aside the problems of the transmission of Baby-

lonian scientific knowledge into Greece about one generation earlier than

Neugebauer presumes (sec [13], esp. pp. 150-151) — for in my opinion they

will be satisfactorily answered by my results — I submit that the starting-

point has been the so-called «normal forms» of Babylonian mathematics. In

these «normal forms» (Neugebauer’s term) two numbers should be found

when (a) their product and (b) their sum or difference is given:

xy =a

@) xty=b
Transforming the two dur of (3) into two linear equations

af KayxFy=V b? = da

the solution follows (see [13], p. 41) as

RIE
(5) :

Liste VOFrom the two equations of (3) we EM
Xy a

6) — = —
tee — (6) X + y b

5. There is no obvious term for equation in Eudoxus, but «proportion» of course is a

commonplace. Alternatively we could start from the concept of a (generalized) harmon-

ic mean; cf. [7], pp. 175f.



218 Erkka Maula

which is, of course, an obvious step as soon as (3) is known. Moreover, (6)

can be conceived of as a proportion.

But there is only one solution to (3). In order to gain more freedom of

operation, it is quite natural to generalize (3) or (6) by multiplying both a and

b by n (where n is an integer or a rational fraction). It is a nat ural step for

Eudoxus especially, since it can be based on the Elementa, v. 15, which, ac-

cording to all traditions, belongs to Eudoxus' contribution to Euclid. But

making now a/b = Tmb we obtain the proportion (1). That is to say, we

have introduced an auxiliary parameter n into the proportion (6). What does

(1) express, then? Before the methods of spherical trigonometry were intro-

duced (say between Menelaos' day and Theodosius’ time), either only quali-

tative results were obtained or else graphical methods were used in the stud-

ies of spherical motions. As Neugebauer says ([13] p. 161), one of these

seems to have been based on the discovery that stereographic projection of

the sphere maps circles into circles. Hipparchus, who had no spherical trigo-

nometry at his disposal, may have solved spherical triangles by the method

of stereographic projection. More modest problems of circular motions in

sphere, however, may have been studied even much earlier by means of their

projections to a plane. Witness tne work of Autolycus of Pitane®. This is

still only one generation after Eudoxus. But then we have the title of Demo-

critus’ work mentioned above, which suggests that problems simitar to those

of Autolycus were discussed even before Eudoxus. If indeed «armillary sphe-

res» of any complexity were constructed’, the discovery that stereographic

projection maps circles into circles would have been almost inevitable. But

we shall see that even far simpler graphical means, viz. the cross sections of

the celestial sphere, will suffice in the analysis of Eudoxus' circular motions.

I am inclined, therefore, to follow Dicks here and to drop too advanced and

anachronistic instruments from Plato's table— leaving only a sphairion

at most (cf. Ep. ii, 312 d). So I assert that this was enough for Eudoxus, and

that (1) gives the period of the combined motion of two other motions (which

are combined) characterized by their angular speeds, provided we can

«solve» the proportion (1).

But what does one imply by saying that two motions are combined

and characterized by their angular velocities? It is perfectly in order for a

classical scholar to maintain that «Eudoxus combined the planetary motions

6. Written perhaps about 330-300 B.C.; cf. The Books of Autolykos: On a Moving

Sphere and On Risings and Settings, ed. and tr. F. Bruin and A. Vondjidis, Am, Univ, in

Beirut, Beirut 1971.

7. See Cornford's opinion [i], pp. 74, 135; Wilamowitz, Platon, M, p. 390; and Apelt’s

Platons Dialoge Timaios und Kritias... n. 89, p. 163; but consult also Dicks [2] p. 120 sq.
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in the sphere», but he must also face the logical consequences of this state-

ment. If any two planetary motions are combined and computed, this

means, in Eudoxus’ day, that their projections are drawn on a plane, and the

computations are made with reference to their angular speeds. This is a very

difficult research programme, unless sufficiently strong analytical and syn-

thetic means can be provided. Let us take the combination of the motions of

the first and second Eudoxan spheres of any planet as an example. Because

the diurnal westward rotation of the fixed stars, represented by the first plan-

etary spheres, is the swiftest motion of the system, and because the second

spheres (according to the Eudoxan tradition) are credited with an eastward

motion, their combination is of the following type:

(7) wind”) — qind(E) = RR

I have used here the indices (ind, comb) to denote the individual and combi-

ned motions. Since the rotation of the sphere of the fixed stars is not caused

by any other outer motion or agent in Eudoxus, the first sphere is credited

with the individual motion alone. The directions of rotation are also indi-

cated (W or E), and I reserve the negative sign for eastward motions. Subin-

dices (I, IT) point to the first and second sphere. Now, since =1/T (cycle

per period), we obtain from (7) the form:

| I I

Ty" Tes TT Tp(8)

where the directions of rotation have been omitted. But (8) is tantamount to

part of the proportion (6), which can be generalized so as to obtain (1).

The result of this analysis of combined motions is one of the corner-

stones in [9]. It amounts to the assertion that all second, third and fourth

planetary spheres in Eudoxus, in so far as they are combined, must be cred-

ited with tw o motions (one individual, another combined) and hence also

with two periods. But the extant Eudoxan tradition ascribes one motion and

one period only to each planctary sphere. Hence either one must credit Eu-

doxus with (oo advanced mathematical methods, or drop the idea of com-

bined motions, or else be prepared to account for the «extra» motions and

periods. Now there are in the extant Eudoxan traditions certain hints, which

it is unnecessary to rally here, at these «additional motions and periods» in

Eudoxus' lunar and solar theories. Having shown my hand, however, I shall

simply proceed and see whether the results will warrant my claim.

Before going into a detailed analysis of Eudoxus' method, it is wise

to remember that if (1) indeed is the o nl y «natural law» in Eudoxus, it must

be capable of explaining a great number of things. Not only the known plan-

etary periods but also others only vaguely referred to, like the «long» Junar
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and solar periods implied by the «slow» motions of the respective third sphe-

res. And in addition to these the directions of rotation known from tra-

dition (from Simplicius on), the axial inclinations of the third and fourth

spheres, and so forth. These I call surface parameter values. They

in turn depend on what J call structural parameter values. The

structural parameter values include the Eudoxan value for the obliquity of

the ecliptic (which cannot have been based on direct gnomon observa-

tions, since the Sun was credited with a fictitious additional deviation from

the ecliptic). That obviously restricts the choice of the axial inclinations men-

tioned. The traditional periods, too, may depend on one or several other pe-

riods (considered more fundamental for some reason) — be that the (un-

known) Eudoxan luni-solar cycle, or Plato’s «perfect year» (Tim. 39), should

my working hypothesis about the frame of reference in the Timaeus hold

good, or yet something else. And also the pattern followed in combining

planetary motions belongs to the structural features essential in the recon-

struction, of Eudoxus' system.

Now my claim that (1) is the sole «natural law» in Eudoxus implies that

whatever hierarchy of parameters we take, it is crowned by (1), on which all

structural parameter values depend. Since these parameter hierarchies are

discussed in more detail in [9], I give just one example of their interesting con-

nections, Ît is a fact that the Eudoxan obliquity of the ecliptic can be com-

puted starting from T=30 days for the month, and T= 360 days for the

year, on which all other traditional planetary periods in turn depend. What

are these particular connections? First, T= 360 days is the calendaric year

and T = 30 days is the length of the calendaric «full» month. The side-

real periods are «one year» for Venus and Mercury, two for Mars, 12 for

Jupiter and 30 for Saturn. Second, all synodic periods known from the

tradition, can be conceived of in the following way. Tgr, = 570 days =

360 + 780 i ; ‘
A “am days or the arithmetical mean of the calendaric year and

the true Martian synodic period. T5... = 110 days which, since the

Greeks rounded off by simply cancelling the fractions (cf. [13], p. 68), can be

made 11029. days = 2. Fr

the calendaric month and year. Tu. = 260 days = 1/3 . 780 days =

30 + 360

2

endaric month and year. And Tr. = Tr = 390 days = 2.Jupiter Saturn

days or double the harmonic mean of

days or four thirds of the arithmetical mean of the cal-

30 + 360

2

= 47/3.

or double the arithmetical mean of the calendaric month and year. The
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third point reinforces the second one. On an additive interpretation of

Plato’s «great ha rmonia»we obtain, as duly pointed out in [9], a right-

angled triangle which determines an excellent value for the Eudoxan obliqui-

ty of the ecliptic. Its hypotenuse is equal to 39 = 3 + 9 + 27 or the sum of

Plato's «triple intervals», and its shorter sides equal 15 = 1 + 2+4+ 8 or

the sum of Plato’s «double intervals», and 36. The triangle in question ap-

pears in the cross-section of the celestial sphere as follows.

eo | (where c = 39,a = 15,
b = 36, and a = 2237)

Ss

Fig. 1. Cross section of the celestial sphere. ABis a diameter of the summer

tropic, CD a diameter of the winter tropic, EF a diameter of the

equator, CBa diameter of the ecliptic, N the North Pole, S the

South Pole, and a the obliquity of the ecliptic.

In determining a the relative lengths of the sides of the triangle are need-

ed. Hence we can equally well multiply all sides by ten and obtain (a = 150,

b = 360, and c = 390). The full importance of this triangle will be seen later,

but suffice it to say that b = 360 and c = 390 can be conceived of as geomet-

tical representations of the Eudoxan periods for the Sun, Jupiter and Sa-

turn, while (c - b) = 30 represents the lunar period of thirty days. But the

same triangle, the preconceived geometrical scheme which made it necessa-

ry to postulate the fictitious solar motion, can be obtained also through the

application of the rule for generating Pythagorean triples (see [13], p. 39).

¢ = p° + q° (where p and q are arbitrary integers which
(9) a =p? — q? are relatively prime and not simultaneously

b = 2pq odd, and p>q)

Several ancient commentators have attested that there are Pythagorean tri-

ples in Plato, who knew either (9) or some more particular rule. If we take

Plato's basic «triple» and «double» intervals (3 and 2), and make (p = 3,

q =2), we obtain (c = 13, a =5, b =12) from (9). It may be noted that this

is the simplest case where (q Z£ 1). Multiplying the sides (a, b, c) by thirty we
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obtain the same triangle (c = 390, b = 360, a = 150) again. Hence there is in

fact both a «Pythagorean» and a «linear» or additive genesis for it. This

means, among other things, that at least some Eudoxan periods can be inter-

preted in terms of Pythagorean triples (and hence in terms of p, q). and also

in the geometrical terms of line segments (a, b, c), and the same holds for at

least some acute angles. In fact, we shall see that a 11 Eudoxan periods can

be so interpreted. This amounts to a synthesis of the Pythagorean and Hip-

pocratic mathematics.

Perhaps these remarks will suffice for a discussion of the background of

Eudoxus’ method.

3. Eudoxus’ method of analysis and synthesis.

I shall now discuss the mathematical character of the computing tech-

niques needed in solving (1), taking Eudoxus’ lunar theory as my starting-

point. This might well correspond to the actual order of ancient studies, as

suggested by Plato’s educational programme for astronomy (cf. Epin. 990b,

990c-d, Rep. vii, Tim. 39c-d). Because (7) holds for the Moon, too, the com-

bined motion of the second and third lunar spheres comes from one of the

following formulae:

(10) an + agi = aggnb

(11) apro — aid = afm (where Th > Tyr)
(12) womb (Mm — wind (E) = — fem. (E) (where Tit? < Tee)

If tradition (from Simplicius on) is correct about the westward

rotation ascribed to the third lunar sphere, however, only (10) or (11) will

apply. The lunar period T = 30 days, which we have discovered, may belong

either to the second or to the third lunar sphere. Let us discuss first the case

Tomb = 30 days. If so, tradition implies that Tird is «long», since wit!

must be «slow». Whether this will be so, can be seen by solving (1) with

respect to Tomb — 30 days. We obtain the proportion

xy 30n

03 xty — n
According to (5), the solution of the «normal forms» corresponding to (13) is

_n+y ni 1208

ca NN ?
y
_ EnFy nn? = 120n

= 2

Let us discuss the negative sign case of (13) first. (i) If we are to obtain

rational solutions, (n? + 120 n) must be a square. Let it be a?. From this we
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obtain the equation n? + 120 n — a? = 0. Hence n =— 60 + / 607+ af,
Here again (60? + a?) must be a square; let it be denoted by c?. Now the au-

xiliary variables a and c are obtained from the following Pythagorean trian-

gle: c =p*4 q? a =p?— q?, and b = 2pq = 60 (see (9) ).

Since 2pq = 60, we must consider the following cases:

| (where the acute angle a is given in
Pa Pp 4 i p/q degrees and minutes for the sake
30 6 5 790 37° 6/5 of See onl. ans determi-

. ned by p and q in the following way:
30 © 3 | ae na ui dun
30 15 2 15 LI” 15/2 phrase can always be given in terms

30 30 1 3949 30/1 of a/p = tan(—)

The lowermost case (p = 30, q = 1) implies indeed that particular form of

(9) which Proclus (On Eucl. I, p. 487, 7-21; cf. Heath [5], i, p. 81) ascribed

to Plato. If we choose it, we can draw the corresponding Pythagorean triangle

diagrammatically as follows.

b= 2pq = 60

os 349 © piq = 30/1

a= p'- q’ = 699

Fig. 2. A Pythagorean triangle for the tentative discussion of the

third lunar (combined) motion in Eudoxus’ system

The construction of this Pythagorean triangle is the culmination of the

analysis of the lunar motions. The auxiliary parameter n has given rise to an

auxiliary drawing of a synoptical character. We can now «turn backwards»

and calculate first » (which could easily be illustrated by a diagram like Fig.

1). Itis ny =— 60-+c = 841 = 29? (while n = — 961, being a negative in-

teger, may be omitted; cf. Heath [5], ii, p. 464), Hence from (14) x =Tind =

= 870 days (which could well be the «long» lunar period), and y = Tomb —

= 29 days (which is the «hollow» calendaric month). And Téomb = 30

days (or the «full» calendaric month). In the last step we form the ratio x /y

= p/q = 30/1. This is the end of the synthetic part. Now even the last ves-

tiges of the auxiliary parameter », introduced in the first step of the analy-

tical part, have disappeared $. The geometrical by-product of the procedure

is the acute angle a = 3° 49”. [t may be characterized in terms of q /p; q/p=

= 1/30 = tan (=>). Presumably « is the axial inclination of the third lunar

8. Hence it is literally true that Eudoxus' system could not have been reconstructed

from his results, but his method must be known, too.
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sphere to the second one, which is equal to the Moon’s maximum deviation

from the (Eudoxan) ccliptic. For although (22°37’-+- 3°49’) is too small in

comparison with the correct value in Eudoxus’ day? (23° 44° + 5°08"), the
negative maximum deviation (22° 37° — 3°49’) is a bit too great (as compared

with the real value 23°44’ — 5°08"), and since the Eudoxan obliquity of the

ecliptic was not defined in terms of the Sun's third motion, all planetary de-

viations from it necessarily have been compromises. If we choose any other

combination of p and q, neither the axial inclinations nor the periods obtain-

ed will do.

The solution of the positive sign case of (13) follows the same pattern.

(ii) If we are to obtain rational solutions, (n° — 120 n) must be a square. Let

it be a®. From this we obtain the equation n° — 120 n — a? =0, Hence n =

= + 604/60? + a?. Here again (602 + a?) must bea square; let it be denot-

ed by c?. The auxiliary variables a and c are obtained from the same Pytha-

gorean triangle as above (Fig. 2). Turning again backwards from this culmi-

nating point we compute n. It is n, =60-+ 901 = 96! =31* (while n, =— 841

may be omitted). Hence from (14) x = Tijf = 930 days (which could well

be the «long» lunar period), and y = T#"? = 31 days which, however,

was not a length of a month in Eudoxus’ time. Yet no other combination of

p and q will give a better solution, either.

The point is, however, that the solutions (i) and (ti) of the «normal forms»

corresponding to (13) can be generalized so as to apply to (I), and further-

more, in two ways. One generalization is in terms of p and q, and it might be

called the Pythagorean Solution. The other generalization is in terms of the

sides (a, b, c) of the right-angled triangle which is the culmination of the

analysis, and it might be called the Linear Solution. I give first the two gen-

eralizations for a positive sign case of (1), and next for the negative sign

case of (1).

fn =x+y=c+b — (p+q) Solution of the «normal forms»

te, Loto De pi a
2 x+y=n constituting

(15)< b+c— a . xy Teomb y
= > è ) =y 5 g(p +q the proportion ts =

he - ° =p/q Solution of the proportion

L

9. See Dicks [2], n. 240.

10. It may be noted that the solutions of x and y in terms of p and q are reminiscent

of the well-known ancient Greek problem called «the application of the arca».
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(n=x— y =c—b > (p — q)* Solution of the «normal forms»

a— bc — mb

AL pp BE
- x—y =n constituting

(16)< a b—c vonb
= arbre > q(p — q) the proportion Y msi;

e x—y n

x /y = ua p /q Solution of the proportion
c—a

Hence the final solutions are invariable with respect to the ratio p /q, which

is a special ratio for each planet.

In both cases the two acute angles can be characterized also by means

of their trigonometrical functions, i.e. as ratios of the gnomon to its

shadow (see [8]).

202

(17) tana == = b /a; and tan (90% — a) DE = à /b

but this is unnecessary, because the paraphrase in terms of q /p is enough.

If Tomb = pin (1) and q = 1, the Pythagorean Solution and the Linear

Solution are equal (as in the case of the Moon). If not, they differ, but the

triangle needed in the Linear Solution is always reducible to the triangle per-

taining to the Pythagorean Solution (of the acute angles)" by simply multi-

plying all sides by a coefficient. Indeed, this was seen earlier when we dis-

cussed the triangles based on Plato’s «great harmonia». Since the Moon is

the simplest case from the methodological point of view (in other planets the

two solutions do not coincide), it is reasonable to assume. as we did, that it

has been the first target in Eudoxus’ studies.

Considering the computing technique sufficient for solving (1), it seems

warranted to divide the whole procedure into two parts. The first part con-

sists in finding out the two triangles starting from the fact that double the

period of a combined motion (Tomb) equals the side b of the triangle per-

taining to the Linear Solution. This part might be called the Method of Anal-

ysis. Its culminating point is the construction of the two triangles. When

these have been found out, the rest can be computed as shown in (15) and

(16). The second part of the procedure might be called the Method of Syn-

thesis. It ends with the forming of the ratio x /y = p/q, which we call the

solution of the proportion. This use of language in my opinion corresponds

to Hare’s results in [3] and offers an interesting opening for future discus-

it. Eudoxus might have had access to tables listing or characterizing the angles in

terms of q fp, but also direct observation will suffice, since q /p= tan (a /2), when tana =

== 2pq /{p® — q?), according to Eucl. vi. 3.

15 PIAOXOGIA 4
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sions of the influence of Eudoxus’ (und Plato’s) mathematical methods on

the contemporary philosophical methods of analysis and synthesis. As an

example one might mention Plato’s methods of the One and the Great-and-

Small. I think that the above outlined Eudoxan methods, together with the

Pythagorean method of approximating the surds, will throw light on them.

After having read carefully Proclus and Pappus, I would also say that their

accounts of the methods of analysis and synthesis are compatible with my

reconstruction of Eudoxus, which might stimulate the current discussion. In

this paper, however, I shall continue with an application of (15) and (16) to

Eudoxus’ planetary theories}.

4. The Moon.

Starting from the traditional Eudoxan synodic periods we have discov-

ered a lunar period of 30 days. Above, one alternative was discussed, viz.

Tomb = 30 days. It remains to investigate the other alternatives, in which

either Tit, Tromb, or Tind is equal to 30 days. I refer to the previous alterna-

tives by (i) and (ii).

(iii) What about making Tip"? = 30 days in (1)? If nothing more is

known, the positive sign case is reduced to (i) and the negative sign case to

(ii). It is easy to see, however, that the values of Te and ee can be in-

terchanged, if the sign is changed, t00. Consequently we must discuss also

the proportion

870 . 30 29 n

08) Fao ps = n°
which gives an even better value for the axial inclination: p/q = 29/1 or

930 . 30

“930 — 30

I think that this is the correct solution.

(iv) There is one more possible solution which employs the integer lengths

30 . 29

30 — 29

altogether implausible axial inclination: p/q = 30/29 or a = 1°57. (And

the positive sign case does not yield an integer solution).

(v) Next we may try to apply the «normal form» technique and experi-

ment with the period T = 30 days, taking instead of the other lunar period

a = 357 (while = 31 days gives a worse value a = 3°42’).

of the calendaric months, viz. = 870 days, but this implies an

of 29 days some other length of a month, e.g. T = m 291 or 29 +

12. In the Appendix my former student and present collegue, Mr. Eero Kasanen dis-

cusses my reconstruction of Eudoxus’ method from an algebraic point of view.
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+ 33 days (which were used in ancient times, but, as far as we know. not

before Callippus; for more detail see [9], Table 2 and notes). But no likely

results are obtained: n will not remain an integer, and the axial inclinations

computed remain unlikely. (The relatively best result ensues from T=29 =

days or the mean synodic month; n = 59? /2 and p/q = 60/1 or u = 1°55’).

(vi) If T=30 days does not belong to Tim, Tind, or Teom but to Tied

in (8), it can be shown that there will be no «long» lunar period at all

for the third lunar sphere (all lunar motions being combined). For these rea-

sons I conclude that (18) gives the correct solution, viz.

I
The directions of rotation as in (10); Tist = | 3 days — from (8);

(19) p/q =29 /1; n = 900; x = 870 days = Tim;

y = 30 days = Tyem?; Tomb — 29 days; and a = 3057"

It may be noted that the periods of 30 and 29 days need not be justified by

calendaric reasons only. For since the Moon’s motion in fact is not uniform

(contrary to the Platonic-Eudoxan postulate), the length of the synodic month

(i.e. the period between two consecutive new-moons) is not always equal to

29 > days either. In fact the difference of two synodic months may be about

thirteen hours. Hence the periods T= 30 days and T= 29 days may repre-

sent the upper and lower limits of the synodic month, accurate enough for

practical (e.g. calendaric) purposes. Therefore (19) is compatible also with

Tim. 39c, where Plato indicates the synodic month.

The two triangles corresponding to (19) are equal and can be represented

diagrammatically in the following way.

b= 2 pg = 2 29? = 58

a = 357 & p/q = 29)

8» p’- q’? 2209! - 17 = 840

Fig. 3, The lunar triangle for the combination of the second and
third lunar motions.

It can easily be checked that (15) holds good.
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5. The Sun.

We have discovered a solar period of 360 days. Since in the Eudoxan

tradition (from Simplicius on) the third solar motion is credited with an ea s t-

ward motion, the combination of the second and third solar motions can-

not be of the type (10) if the tradition is correct. Hence the solutions do not

come from the proportion

xy 360 n

pis. x+y nn
which implies westward motions only. But the combination cannot be of the

type (12) either, because in that case T;em® would become «long», in con-

tradistinction to Eudoxus’ lunar theory, and an implausible axial inclination

would be implied (a = 89°22’). Starting from the combination of the type

(11), we obtain the solution from the proportion

(21) xy 364 n

X — y n

where the period Teomb — 364 days (which has been found by solving

(20) )?* might be called the «seasonal year». For it will be remembered that

Eudoxus omitted Euctemon’s and Meton’s discoveries and equalized

the astronomical seasons.

The two triangles pertaining to the Linear and Pythagorean Solutions

are different from each other in the case of the Sun. They can be represented

diagrammatically as follows.

coefficient 1/4 reduces to

b - 2-364

m= 115,5" <> p/q = 91/1

a= 33120

Fig. 4. The two triangles for the third solar motion; the Linear Solutions
come from the left, the Pythagorean Solutions from the right

The solution is: p/q = 91/1, n = 32400, x = Tin? = 32760 days or

the «long» solar period, y = Tromb — 360 days or the calendaric year, and

a = 1915.5’, It may be noted that we now have reached one of the most im-

2 2 2 2
a-p-q = 91 -1 8240

13. Censorinus associates a year of 364 1 {2 days with Philolaus { De Die Nat.). Being

based on a progression of 3, just as Plato’s triple intervals, this may tell about the contem-

porary discussions; 364 is the nearcst integer if fractions are simply cancelled. — The so-

lution cf. (20) with p /a = 90/1 gives u = 1°16".
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portant results required. Eudoxus’ method implies the obtained fictitious

deviation postulated for the third solar sphere. Wher it is added to the Eu-

doxan obliquity of the ecliptic, quite an accurate positive deviation in latitude

is obtained (22° 37’ + 1° 15.5" as compared with the real value e = 23°44’).

And the negative (fictitious) deviation is still within the limits of Eudoxus”

observational accuracy (sec [2], p. 155).

Furthermore, the seemingly superfluous axial inclinations postulated

for the third planetary spheres now also make sense. For starting from (8) we

obtain for the Sun by the same method as in the previous cases discussed,

an axial inclination. But Tío"? = 360 days for Venus and Mercury also

(in a geocentric system)!5. Hence the axial inclinations of their third spheres,

the poles of which are on the ecliptical plane, can be understood to be the

same as that of the Sun. This strange feature from the oldest tradition

(Arist. Met. A 8, 1073b 30—32), too, is implied by Eudoxus’ method. For

the other planets, these axial inclinations will be different in each case, and

different from those of the Moon and the Sun. As for the periods obtained,

no better value for the year will do. We cannot make, e.g., Toom’ = 365

or 365 > days (just as this type of operation was impossible in the case of

the Moon). But it is as well to remember that Eudoxus complemented his

astronomical work with calendaric studies’*. Hence the «cosmological con-

stants» obtained do not seem implausible.

6. The fourth motions of planets proper,

Since ahippopede was created for each planet proper by the third

and fourth planetary spheres, rotating in opposite directions in the synodic

period (except for Mars which is credited with a period exactlyone thir d of the

true synodic period: for an explanation of this see [9], pp. 82-83), their motions

cannot be combined in the sense of affecting each other's periods. However,

the motions of the fourth and second planetary spheres can be so combined

(see [9], p. 112-113). What is more, due to the Eudoxan arrangement where

14. Eudoxus’ observational accuracy can be estimated, thanks to Hipparchus’ com-

mentary (Comm. in Arat.) As regards the tropics, equator, arctic and antarctic circle, the

error ranges from 1° - 3° in the majority of the cases. See Dicks [2], p. 155-156, but also

[8]. It may be noted that x = 32760 days = 91 years of 360 days each, implies a fictitious so-

lar motion (not to be confused with precession) of about 4° a year, and indeed there are

indications of such a motion in Eudoxus, The period of 91 years meets our expectations

concerning the length of Eudoxus’ observation series: they are far shorter.

15. Cf. Dicks [2], n. 345.

16. See Dicks [2], pp. 188-189.
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the axes of the third spheres of planets proper are situated on the ecliptic,

the inclinations between the third and fourth spheres can be computed. The

attached Fig. 5 will illustrate the arrangement.

Fig. 5. A cross section of the celestial sphere. EE = the equator, LL = ecli-

ptic = the axis of a planet’s third sphere, BB = the axis of the ecli-

ptic = the equator of a planet's third sphere, AA = the equator of

a planet’s fourth sphere (inclination to the ecliptic appears as a), and

CC = the axis of the same planet’s fourth sphere. Hence the inclina-
tions ¡ of the axis and equator of the fourth sphere to the axis and
equator of the third sphere appear as the complement of a.

The computation of the periods of the combined motion of the planets’

second and fourth spheres is made easier by the fact that both the sidereal

and the synodic periods are known. Otherwise the computations follow the

same pattern as in the cases of the Moon and the Sun. If the tradition (from

Simplicius on) about the westward rotation of the fourth spheres is cor-

rect, the combined motions of the second and fourth spheres must be of the

following types (and the lengths of the synodic and sidereal periods will de-

termine which one applies for a given planet):

(22) cogomb (W) + wind (W) — wsomb (W)

(23) cafone (W) — qind (E) — ont (W) (where Find > Tomb)

Because the combined period of the fourth spheres in principle is observa-

ble, it is clear that it is equal to the planet’s synodic period. Likewise the si-

dereal period is equal to the combined period of the second sphere. Hence

the proportions, the corresponding two triangles, the solutions, and the in-

clinations of the fourth spheres to the third spheres are obtained as follows.

Venus The proportion is

xy __ 570n

x—y on
(24)
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The two triangles pertaining to the solutions are as follows.

bs 2pq:

2-19-?

Fig. 6. The two triangles for the fourth motion of Venus

The solution is: p/q = 19/7, n =617-—, x= 977, y = 360 days, a =

= 40°27’. Hence i = 49 33° (Schiaparelli in [14] gave i = 46°).

Mercury The proportion is (for a westward rotation)

y 0 n
(25) Ia = =

The two triangles pertaining to the solution are as follows.

coefficient = 13/40

be 2-110 10
13

a = 200

Fig. 7. The two triangles for the fourth westward motion of Mercury

The solution is: p/q = 9/4, n = 520, x = 360 days, y = 160 days, anda =

= 47° 55°. Hence i == 42° 05° (Schiaparelli gave i = 23°).

It will be seen that, in contradistinction to Venus, the inclination i dif-

fers considerably from Schiaparelli’s (conjectural) value, Since he had start-

ed from the assumption that i for Venus and Mercury represents these plan-

ets’ maximum elongation, we may consider an alternative in the case of the

direction of rotation of the fourth sphere of Mercury. If Simplicius is not

right in crediting the fourth sphere of Mercury with a westward motion, but

was led to do so because of the analogy of other planets, the combination of
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the motions of the second and fourth planetary spheres of Mercury may

have been of the following type (cf. (12) )!”:
(26) pomo Wi _ cond (E) — — wromb (E) (where TE < Te

If so (or, in case (12) was the combination of the third and second spheres

and i was computed from it), the solution will be: p/q = 17/4, x = 360 days,

y= 347 days, and a = 26°29". Because the positions of the sides (a and
b) can be interchanged (cf. (17) ), it may have been that è = 26°29’, which

would make a fairly good approximation to Mercury’s true maximum lon-

gation (e = 27°45’; for Venus e = 47° 30°). It must be remembered, however,

that due to the eccentricities of orbits, the elongations vary. In Mercury

(17° 50° < e S 27°45’) and in Venus (45.5° < e S 47.5°). In ancient times the

elongations were generally given as e = 20° N. or S. for Mercury and e = 50°

E. or W. for Venus (cf. Chalcidius, Comment. § 70, p. 138, ed. Wrobel). The

fact that Mercury’s elongation was given North or South, may indicate a pe-

culiarity in the treatment of Mercury, like the one suggested above. But even

i = 42°05’ is possible, for Hipparchus finds errors up to 23° (and in one

case nearly 60°) in Eudoxus' description of the colures (Comm. in Arat. i,

11, 9-21; ii, 11, 21; cf. [2], p. 155).

Mars The proportion is

xy __ 260n
n =OQ TE -

17. Whatever arrangement we accept for the computation of the inclination f for Mer-

cury and Venus, we must compare their directions of rotations to those of the Sun For in

the Timaeus Plato speaks about motions in opposite directions. Tm. 36 d may be a very

concise summary of the motions of the seven sets of planetary spheres in Eudoxus. But at

38d the motions of Venus and Mercury are contrasted with the motion of the Sun. Three

possibilities may be discerned here. (a) If the ¿was computed from (12) or (26) for Mercu-

ry, it possesses a dynamis contrary to the dynameis of Venus and the Sun,viz. the power

(whatever it was) causing the eastward combined motion of the fourth sphere, in contra-

distinction to the westward combined motions of the innermost spheres of Venus and the

Sun. (b) If the fwas computed from (12) or (26) for Venus, too (= 63°, which is still possi-

ble; see the note on Eudoxus’ observational accuracy in the description of the colures), both

Venus and Mercury possess this contrary dynamis.(c) The simplest explanation is, however,

that since all three have the same period (ibid.) of one year in the zodiacal motion, Venus

and Mercury are contrasted with the Sun on the account that they have four motions in

Eudoxus' system. The motions of their third spheres of course are contrary to the Sun’s

ecliptical (or near-ecliptical) motion and so are their retrograde motions. — For a differ-

ent explanation sec Cornford [1], pp. 105-106, but consult also [9], p. 32. n. Heath [4], pp.

165-169, discusses at some length certain ancient explanations. I must add that Harold

Cherniss in a letter to me doubts any reference in the Timaeus to Eudoxus’ systems. Be that

as it may, the only things that I really have deduced from Plato are the foxotes and the

clue into Pythagorcan triples.
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where the period T= 260 days, instead of the true Martian synodic period

Ty" = 780 days, probably is the period of tre actual loop (see the argu-

ment in [9] pp. 81-84). Besides, Schiaparelli has shown that if the true syn-

odic period is taken, Mars will have no retrograde motion at all, no matter

what value / is given (see also Dicks [2], pp. 186-187, and Lasserre [1], pp.

205-206).

The two triangles pertaining to the solution are as follows:

b = 2pq-

2:23 13

a=p’-q? = 237-137=360

Fig. 8. The two triangles for the fourth motion of Mars.

> x == 720 days, y = 406 +

days, and a = 58057. Hence i = 31903" (Schiapatelli gave i = 34°, but in all

outer planets his inclinations arc pure guessing, guided by modern spherical

trigonometry, for the outer planets may be at any angular distance from the

Sun). (IfTrem® = 780 days and the solution comes from (26), i == 35°09,

or p/q = 25/13).

Jupiter The proportion is

xy — 390 n

The solution is: p/q = 23/13, n= 1126

(28)

Fig. 9, The two triangles for the fourth motion of Jupiter.
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The solution is: p/q = 131/13, n = 12.360.144/131, x = 12.360 days, y

92
= 428 131

i = 13).

Saturn The proportion is

xy _ 390n
(29) QA

The two triangles pertaining to the solution are as follows.

days, and a = 78°40’. Hence i = 11°20° (Schiaparelli gave

coefficient = 347/30

Fig. 10. The two triangles for the fourth motion of Saturn.

Lest the somewhat cumbersome figures seem suspicious, it may be advisa-

ble to do the computations necessary in detail, taking Saturn as an example.

From (15) we obtain x = 30 . 360 days Ad and b = 2.390 days.

Hence

a+b+c= 60. 360

b =60.13

a+c = 60. 347

Now pjq= 2 72 = 347/13 (a paraphrase for i = 4" 15°; Schiaparelli gave
i = 6°). And y= q/p . x = 13/347 . 30 . 360 = 390/347 . 360 days (tan

>= y /x = q/p). This is all.

7. The third motions of planets proper.

It is, in my opinion, a master-stroke of methodological economy that

the combinations of the second and third motions of the planets proper all

are of the type (12) which has not been used elsewhere. And even if (26) was

used for the combination of the second and fourth spheres of Venus and Mer-

cury, (10) and (12) will suffice for the third motions of the planets proper.

If they were studied in their ecliptical projections, as one may well assume,
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all projections equal zero and the particular solutions are superfluous. If

they were studied in equatorial projections, the northward motions mention-

ed in the tradition will appear as having a direction opposite to the fourth

motions (since hippopedes are formed).

8% The hippopede constructions.

Schiaparelli’s conjectural hippopedes have been studied in detail by sev-

eral generations of ancient and modern commentators. In the Bibliography

of [9] I give the titles of the most representative investigations, and it is un-

necessary to dwell on the topic here. Suffice it to say that Schiaparelli”s hip-

popedes are close enough to mine to give an approximative summary. But

it must be emphasized that although his inclinations (i) are rather near to

mine, mine are implied by Eudoxus’ reconstructed method, and do not ensue

from modern observation and mathematics (cf. Neugebauer [12]).

9 Conclusion.

I have tried to show that all astronomical parameters, known either ac-

curately or in principle from the Eudoxan tradition, and characterizing the

Eudoxan theory of the homocentric spheres, can be obtained as soon as

means are discovered for dealing with a generalized proportion of the foll-

owing type:

(30) xy: (x + y) =n Tomb: n

Here x,y are two planetary periods (of which one is known or postulated in

advance), n is a positive integer or a positive rational fraction needed in the

generalization (cf. Eucl. v. 15) and Tomb js a planet's synodic or sidereal

period, known in advance from observation. The main body of my paper con-

sists in the reconstruction of Eudoxus’ method, which, when applied to the

observational planetary data («the phenomena to be saved»), produces the

astronomical parameter values. These include both real, observational values

(of which some are rather accurate) and entirely fictitious ones. The success

of the reconstruction may be judged from the fact that also the fictitious

values, such as the inclination of the Sun’s third sphere, can be obtained.

The main types of parameter values obtained are the planetary periods

(c.g. Tird = the period of the individual motion of a planet's second sphere,

Tio" = the period of the combined motion of a planet’s second sphere,

etc.), the directions of the spherical rotations (c.g., DI = the

westward individual motion of a planet’s fourth sphere, etc.), the inclina-

tions of the spherical axes and, being deducible from these, the maximum
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deviations of a planet’s sphere from the equator (including the Eudoxan

value for the obliquity of the ecliptic) and from the ecliptic.

In essence, the reconstructed Eudoxan method is based on Pythagorean

mathematics, and pains have been taken to show that it can be backed by prop-

ositions belonging to Eudoxus’ known contribution to the Elementa. Eudo-

xus’ method consists of two parts: an analysisandasynthesis. Be-

cause Eudoxus' importance is acknowledged by almost all subsequent pro-

motors of mathematical analysis (for more detail see my paper The Elements

of Analysis, «Proceedings of the XIV International Congress of the History

of Science», 1974, Tokyo and Kyoto), and because Eudoxus’ method has

affected much contemporary philosophical analysis and synthesis, my re-

construction may be of some interest to the historian and philosopher of the

exact sciences. Besides, it may illustrate the logic of scientific discovery.

At the heart of the reconstructed method (discussed from the algebraic

point of view in the Appendix) lies in each case a Pythagorcan triangle, dif-

ferent for each planet. Its sides are generated from two relatively prime, une-

qual integers p. q in the usual way, and the triangle itself has the role of an

auxiliary drawing in a geometrical proof, In terms of this triangle both the

auxiliary parameter n and the solution to (30) can be given, and its angles

determine the axial inclinations and maximum deviations. The solutions to

(30) are invariable with respect to p, q (which may be called «the mathemati-

cal constants of nature») and can be obtained in each case in the form: x /y =

p /q. The solution gives rise to the tangent (= ratio of the gnomon to its shad-

ow) of the angles of inclination, say i, and maximum deviation, say a. In fact,

it also suggests the main features of the astronomical instrument (arachne)

which Eudoxus has used in measuring angular distances. Moreover, the in-

verse of p/q = tan + or= tan > (cf. Eucl. UT. 18, VI. 3), which leads to

the theory of stereographic projection, expedient in the calculation of angu-

lar velocities, paraphrased in termes of periods in (30). These further impli-

cations of the reconstruction, however, will be discussed elsewhere. Suffice

it to say that Eudoxus’ method can be understood as a geometrical treatment

of time, and that his main heuristic aid has been the Pythagorean numerical

analysis (cf. lambl., Jn Nicom. arithm. 10, 17),

I list here the most important parameter values explained. (D = direc-

tion of rotation).

The Moon: Tyomb = 30 days, Dist) , Tid — 870 days = the «long»

lunar period, Tromb = 29 days = the «shorter» period = the «hollow»

month, and a = 3°57’ (p/q = 29/1), y/x =q/p = 1/29 = tan (a 2).

The Sun: Tomb = 360 days, DISSE , Tind = 32760 days = the «long»
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solar period, Tip"? = 364 days = the «shorter» period = the «seasonal

year» 4 . 91 days, and u = 1°15.5' = appr. half an el li (p/q = 91/1).

Venus: Tomb — 360 days, DE), incl. = the same as for Mercury

and the Sun, while for other planets this will be different for each,

Tigo = Tomb = 570 days, and incl.,,= 49933’ (p /q = 19/7) . (Note also the

other alternatives discussed above).

Mercury: Tomb = 360 days, Dina) , Trent = Tyomb = | 10-13 days,

and incl. y = 42"0S’ (p/q = 9/4). (Note also the other alternatives discus-

sed above).

Mars: Tomb — 2 , 360 days, Digi , Teomb — Tromb— 260 days (which

is the period of the actual loop, while Ts = 780 days), and incliv =

= 31° 03’ (p/q= 23/13). (Note also the alternative Tremb = 260, Tromb =

780 days, i = 35° 09’).

Jupiter: Tomb = 12 . 360 days, Dind(w) , Tcomb — Teomb — 390 days,

and incl.py = 11° 20° (p /q = 131 /13).

Saturn: Tim = 30 . 360 days, Dit , Tomb — Tiomb — 390 days,

and inclv = 417" (p /q = 347 /13).

Loxotes: a = 2237 (p/q = 3/2); the real value in Eudoxus' day e =

= 239 44’,

It will be seen that calendaric considerations indeed played a role in Eu-

doxus’ concept of empirical data, and that the Aippopede constructions real-

ly aimed at approximative (or idealized) descriptions of the observed plane-

tary motions. But it must have been something of a shock for Eudoxus and

his followers to discover that one and the same method of computation in-

deed produces parameter values that were well known from the past. It must

have appeared as if in (1) a «law of nature» had been invented. A «law» which,

albeit simple, nonetheless indicates in an economical interpretation the «con-

stants of nature».

The inner beauty of Eudoxus' system, even in the barest outline drawn

in this paper, is gripping. The simplicity of the mathematical tools, the very

concrete, yet strikingly effective methods of analysis and synthesis, the ex-

treme parsimony of the explanans and the ingenious interpretation,

contrasted with the multitude of the phenomena explained. are to the full

credit of Eudoxus’ genius. His solution to the cosmological problem is char-

acterized by strong methodological monism, which Philipp of Opus prob-

ably refers to in"the Epinomis 991e-992a. Other details may be omitted here,

but suffice it to say that if for instance the sum and difference of p and q in
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each particular solution are considered, it will be noted that the same num-

bers (12, 13, 30, 36, 90, and 360) occur at all levels of the explanation, strong-

ly suggesting that one has seen into the depths of the celestial architecture.

At the same time, however, Eudoxus’ system was capable of further develop-

ment by his followers. Hence it is not a system of sterile rigidity like Aris-

totle's, but the beginning of a dynamic paradigm.

Eudoxus continued active studies on Cnidus until the end of his life.

Strabo (C 119), following Poscidonius, mentions that he observed Canopus

(a Carinae): this is probably connected with his attempt at an estimate of the

diameter of the Earth. But the mathematical foundations of the Greek astro-

nomy (and ours) were laid, as cogently as it was possible for Eudoxus, in his

theory of the homocentric spheres. If the reconstruction of Eudoxus’ method

submitted above is correct, the philosophical discussion of such themes as

the real meaning of the principle of «saving the phenomena», the concept of

time and its mathematical treatment, and the heuristic value of the methods

of analysis and synthesis in other, more general problems, may begin.

When viewing Eudoxus’ theory of the homocentric spheres as a whole.

one notes the striking discrepancy between the geometrical model and the

physical reality. Not only is it so that a geometrical framework is insufficient

in dealing with the computation of angular velocities, and the results obtain-

ed approximative. The model, albeit in motion, is far from the modern ideal

of physical models which try to preserve the possibility of checking at any

time. Eudoxus’ model, on the other hand, «saved» a fixed number of phe-

nomena at a given time, and it had predictive value in the case of cach

planet at a given time only, viz. at the time when a planet’s maximum devia-

tion was observable. With respect to these «saved phenomena», however, the

model is in full correspondence with reality. That is to say, the language of

Eudoxus’ theory exhibits the idea of logical or semantical atomism at certain

fixed times.

One can understand this view of language against the contemporary se-

mantical theories in Greek philosophy (see e.g. my paper The Semantics of

Time in Plato's Timaeus, «Acta Academiae Aboensis», vol. 38, No. 3, 1970).

For the Pythagoreans «the whole universe is filled with numbers» (cf. Ar.

Met., 1090a 20 sq.), but for Aristotle already the contents of the two boxes,

one containing the language and linguistic models, the other containing real-

ity, are different. We can almost put our finger on the point of divergence:

at De Caelo 289b Aristotle discusses the possibility of motions of stars and

their circles independently from each other. Hitherto, a planet and its sphere

had formed a unity, one physical body if we wish to put it so.

But even if we grant this somewhat alien idea of physical bodies, the fact
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remains that Eudoxus’ model was in full correspondence with reality at given

times only. For surely no physical body can rotate on three or four spheres

of different radii at the same time. And different radii they had, as Aris-

totle clearly implies (notwithstanding what modern commentators have clai-

med), for that is essential if stereographic projections are used in the calcu-

lation of angular velocities. Nevertheless, the «temporary» agreement of Eu-

doxus’ model with the «saved phenomena», as well as his strikingly concrete

method of analysis (or should we say, in view of A’ rpad Szab6’s results con-

cerning the origins of terms for «proof» and «showing», Eudoxus’ optical

method of analysis), are extremely effective theoretical tools.

It is with great delight, therefore, that I can end this paper by pointing

out that the attitude towards models and their agreement with reality was

exactly of the type required in Plato's Academy (cf. Ar. Met. 990a). For my

working hypothesis even in this paper has been that Plato in the Timaeus is

using Eudoxus’ theory as the frame of reference for his own fragmentary

astronomy. It is from the Timaeus that I have discovered the clues to Eu-

doxus' Pythagorean triples and Eudoxus’ obliquity of the ecliptic (and

Plato’s great harmonia provides the arachne with two scales, musical and

geometrical harmonic scales for angular measurement). Now, at Tm.

37c Plato uses the term agalma for the relation between the World-Soul and

the planets, and [ have shown elsewhere (Plato’s Agalma of the Eternal Gods,

«Yearbook of the Philosophical Society of Finland», 1969) that agalma

in Plato is a pregnant philosophical metaphor, exceptionally apt for the de-

scription of the relationship between «everlasting» and «temporal» beings. In

Plato’s hands, agalma has undergone a change from a religious concept into

a philosophical one. But it has preserved some of the original religious con-

notations. The agalma at Tm. 37c is (i) a likeness of its paradigm and the

Demiurge tries to make it «yet more like its pattern», (ii) it is «set in motion

and alive», (iii) it is the object of the Demiurge’s delight, and (iv) it seems to

have a function similar to cult-statues of which the divinities are supposed

to discuss — at least during the exalted moments of actual worship.

It is in this intellectual atmosphere that Eudoxus presented a geometri-

cal model that «saved the phenomena», but fully corresponded to reality at

given times only. Like so many later mathematicians, Eudoxus has created

a visible model, the heuristic value of which lies precisely in the fact that what-

ever is done with the model will suggest particular solutions to problems dis-

covered in reality. Is this not the same perennial ideal that also philosophers

like Leibniz and Wittgenstein have aimed at with their theories anchored to

semantical atomism?
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APPENDIX *

An algebraic view.

In Eudoxus' cosmological construction, angular velocities (inverses of

periods) can be combined by projecting them pairwise fiom one sphere to

another. From the mathematical point of view, such combinations can be

expressed by the following formula:

(1) Ti + zT = Ta T, — Teomb
ra

In order to master the combined motion Eudoxus thus had to be capable of

solving the algebraic problem: Given Tomb give x, and x, such that

X» Xa

2) X E
With the known mathematical tools of that age the problem was

unsolvable. Hence we try to find out a possible reconstruction by the anal-

ogy of which Eudoxus could have solved (2) usingthe methods of anal-

ysis and synthesis. Although the following algebraic formalism is

perhaps anachronistic, contemporary mathematicians, however, would have

been capable of making essentially the same reasoning.

To begin with let us consent to Erkka Maula’s working hypothesis that

Eudoxus knew the (far older) Babylonian method of normal forms to solve

quadratic equations.

b b )*

solution
X +

tab n= Y (7) +.«#70 2

When looking for the characteristic features of (2) in the analysis we

realise that there are in fact the equated ratios of left and right sides of the

normal forms,

= Teomb

(3) problem

i
+

| Xy Xy =Teomb | xy =1 pryl AT Teomb
(4) solution |

X1 + X2=1 | x=>23+12F VI/4F Tem |

After this observation it is natural to examine the solution of (4) — and

to our pleasure it satisfies the original problem (2), Heuristic «optical» par-

tition yielded a fruitful result — let us continue in the same manner. Problem

(2) has an infinite set of solutions and basically (2) is a ratio. How can pro-

* By Eero Kasanen, University of Turku.
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blem (4) be generalized accordingly? We introduce a parameter n. Let x; + xs

be equal to n, then x, . Xy = Teomb . n. Thus the characteristic features of

the original problem have been maintained. Eudoxus’ assumed contribution

10 Elementa includes

a an
I ====-== 1,(5) 5 En (v . 15)

which gives evidence of the preceding mode of reasoning. Problem (2) is al-

omb

tered into an equivalent form DE Xo — Coll. and so the respective
#1 2

normal forms acquired will be

— n O n ° ‘combXp. X_ == Tomb y => + V(=) FTom.n
(6) ide . solution 5
XG mats FY 5) rer

When testing this result the following conclusion can be immediately drawn:

allowing parameter n to take several values an infinite set of pairs Xy, Xe

satisfying (2) is obtained. The only flaw is the permanent presence of para-

meter n which logically corresponds to auxiliary designs in the geometrical

analysis.

We proceed to the synthesis restoring the ratio split in the analy-

sis. Partitioning is compensated for by building the ratio anew. The solu-

tions x}, Xy in (6) are moulded into the ratio x, : x, which is called the so] u-

tion of the original problem. Calculating

n n a com n n E com com. , 2+ÿ (3) FT (3+/ (5) FT 2.0 JFT b
x n n y? Tromb

Y (5) Frs
= Teomb

we witness the striking disappearance of parameter n. All pairs of number

X1, X» Satisfying the condition

X, __ XF Temb
“= a

also satisfy the original problem. The value of parameter n= x, + xs is

seen in (6).

What have we gained? The problem was divided into parts by using the

above outlined method of analysis. Parameter n was introduced to maintain

(8)

16 @AOZODIA 4
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the characteristic features. The pair of simultaneous equations was solved by

the method of normal forms. The solution was defined and calculated in the

synthesis in which parameter n was also eliminated.

Let the following figure illustrate the situation.

Na a YX solution x x, F Tomb
problem 2 Tram _-- - - - — - a um

X1 EX Xp

| !

analysis

Xz « Xe = Tomb

synthesis &

parameter n

analysis eliminated

continued &

parameter n

introduced

Y

nj = "Fr Tomb n
X1:X2 TT. N the method 3 z |
X,+x,=n “of normal forms n

OI ETAOEPEZ THE PYZENZ

MIA MEAETH IIA THN IIPQ:I-MH [ZTOPIA TOY ®YEIKOY NOMOY

Ileptanyn.*

Età pedéty adri yiverar tpoondGera và Serx0r, Sti GAec of dotpovopi-

xég rapàpetpor, rod elvas yvwotés site éxnaxptfds cite Kat’ dpxtv and civ

rapúdoon tod Evddtov Kui tod yapaxtnpitouv th Oempía tov yiú tic 6uÔ-

Kevtpeg opaipes. uropoüv va ¿¿ay0odv Stav Bpe0r tpónos và pelerndobv

pè pid Yevixevpévn a&varoyia tod torov:

(30) xy: (x + y) =n Terb:n.

* Metégpaon àrò TO ayyAıxö M. Apayhva-Movézov.

The Constants of Nature 243

"EôG x,y eivur S00 riavntixés nepiodor (Gnd tig Sxoies À piu siva yrwoth

i) mapudsdeypévyn dc afloja ¿x tOv apotépov), n eivar Betixdc axépatos

9) Oetixdg pytds rAucputixòg GpiOuds, énupairntos oth yevixevon (xpBA.

EúxA. V - 15), «ui Tomb eivan à cuvodiKki) dotpiKi] neplodog Evög xAa-

VATH, YVO0OTH tpoxataPoaAtkas And Tv rapathpyon.

Tò kúpio pépos tod GpOpov xpuypatedetat tiv úvakotackevh this

ue068ov tod Evsdtov, ñ ônoiu, Stav ¿pupuocóR otà rAuvntikà

and nmapatynpiosic Ôeboué va («yd va owdobv tà parvopeva»), diver tic

adotpovojuKés TULÈG THV rupapétpov. 2” abtéc nepıAunßavovran Kai moa-

yuarikéc, ÉURELPIKÈG TUUÈS (pepixes and tic Önoieg Eivar paAAOV áxprBeis

Kai GAXEG teheios nAucnurırkg). H Enttugia tig Gvaxatacxeviic propet và

kp18f and tó Sti uropodv va ¿EuxBobv axdpa Kai of rAaouatiIKÈG TiLÉG,

ónos 7.x. fi rokALON TAG tpitng opaipas tod “HAiov.

Oi küpiot tTÓTO: TiuGv napapétpwv rod éEjyOnoav siva of TA av n-

tikég neplodor (x.y. Tid = ñ nepiodog fig dronikfig xtvijoeas

tig debrepng opaipas Evög nAavnim, Tomb = A nepiodog cvvévacpévns

Kıvfaeag TS debrepng opaípas Evdc rAavitn KAr.), of popes tHv opai-

pixOv repiotpopüv (1.x. Did W = à dtopuc) xivnon tij¢ tétaptyns opai-

pas ¿vos nAavitn rpoc Svopas, xAr.), ol ATOKAITELG THY CMApIKOy

úatóvov Kai, abtd rod propet và ouvay0n ax’ abréc, of péytotes a pe K-

xAicetg tig opalpas Evög TAUVATH and Tov ionuepivó (6nou repidap-

Pavetat kai ñ tum tig Aodórntoc ris ExAeintixfi¢ tod EVSSEOv) kai and tiv

ExAELNTLKT.

‘H pédodos tod EvdédéEou nov dvaxatacxevdoape Pacileta: obctacti-

Ka otà rudayopixa Maßnpatıa xataBúdane npoonüdeıss và SeiEwpe Gti

propel va Ünootnpix0f pè rpotüoeis, Tod avijKovv ott yvooti ouußoAn

tod Evddtou ota Zrorgeia. ‘H pébodos ünotekeitu And dúo pépn: più ava-

Avon Kai pid oùvôeon. “Eredi à onuaoiu tod Edô6Eov dvayvwpiterat and

Ghous oxedov tods pEtayevéotepoug dnadodc ts pabnpatikfic ävéAuonc

(na nepiooôtepes Aentopépetes PAéne tò GpOpo pov The Elements of Anal-

ysis, «Proceedings of the XIV International Congress of the History of

Science», Tokyo /Kyoto, 1974), Kai éxe.di) à pé0050¢6 toò Evddtov Exnpéace

TI) ovyxpown piAocopırı) avadvoy kai cbvOecn cè peydàn Extacn, À dvaxa-

TAGKEVT] propei và rapovoiáln Kémroio Évôtapépov Yiù tov iotopixd Kai

TO piAdoopo TÓV BetiKdv ¿mortnuóv. “Axdpa, propri va diapotion Th Ào-

YUKT] TG Eriotnpovikiis avaxdAvyns.

X16 xévipo tíic uc066ov rob GvaxatacKsvdcape (Kai nob dnd thy GA-

yePpixy droyn ousnteitu otd napdptnpa tod dpOpov) Ppioxetar Eva nu-

dayopırö tpiyovo yiù «Ads repintwon, StagopetiKd ya xáde nAuvim. Ot
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p
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