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des paramitres astronomiques d’lZudoxe. Cette méthode st fondée sur le |

triangle pythagoricién, dilférent pour chague planéte. Daus le Tiinée, Platon '

utilise cette théorle pour sa propre astronomic fragmentaire. [1441

B2 1‘, S
MRvees e
ERKKA MAULA, Hauho, Finland \ o\} u\

THE CONSTANTS OF NATURE
A STUDY IN THE EARLY HISTORY OF NATURAL LAW*

The concept of scientific progress is often characterized by saying that
«what was previously considered a constant of nature, in later analysis turns
out to be a variable» (cf. Ketonen [6], pp. 477-480). Although ambiguous,
this maxim nevertheless points towards a number of relevant factors worthy
of a closer examination in the history of science. First of all, it refers to the
Greek idea of knowledge that is based on invariances discovered in nature
and arranged into rational (or, at times, speculative) patterns. Secondly, it
refers implicitly 1o the perpetual oscillation between permanent features in
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the world-order and permanent features in the formulae that are supposed
to express the natural laws, in the search for such invariances. And finaliy it
brings into the concept of a scientific paradigm the important methodologi-
cal aspect. For although the history of science is often done in the narrow
sense of recording only the results of science, these to my mind should be
contrasted with the contemporary world-view, scientific terminology, episte-
mological ideal, and analylical means.

While the quest of the cosmological and epistemological context of the
superseded results justifies the philosophical investigations of a past sci-
ence, terminological studies undertaken even in complcte linguistic isolation
do not seem to need any justification. But the modern historian of science
still seems to be obliged to give reasons for investigations of past scientific
methods, perhaps due to ancient doxographical traditions, which recorded
the results but omitted the methods of science. Witness the history of the
theory of homocentric spheres, to the beginnings of which this case-study is
devoted.

But since the bearing force behind the ever renewed historical interpre-
tations of past events is the accruing knowledge of the interdependence of the
historical facts and the (improving) historical methods, 1 do not see any jus-
tification for the separation of the results from the methods in the discus-
sion of other sciences cither. True, this combines the interests of the histo-
rian of science with those of the philosopher of science, but I believe that both
parties will gain from this combination.

1. The semination of the scientific law of nature.

Supposing there is a clear distinction between an invariable world-order
and an invariable formula that is meant to describe this world-order, what
would the first explicit formulation of a natural law look like?

We reed not be concerned here with certain modern schools which tend
to eliminate the whole distinction in favour of an entirely formal approach
to all questions of order, for this was not the Greek way of thinking. Nor do
we need to restrict ourselves to the extreme Parmentdean concept of strict
immutability of the world-order even at the expense of explaining all change
as illusory, although such a view (in a modified form not alien to some mod-
erns) might be expressed by one invariable formula or diagram. Nor do we
need to look for such doctrines alone which assume that the search for truth
presupposes a structural isomorphism between the natural processes and the
method of investigation (like the dialectics of nature and the dialectical
method), or a functional isomorphism between the knower and the known
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(expressed e.g. in the maxim «like knows like» or any such phrase of the Soc-
ratic and Atomist schools).

Nay, we may start with thc admission of changes in nature and never-
theless look for invariances in these changes, expressible in clear-cut formu-
lae. Hence not even Zeno (nor Plato in the Parmenides) has fathered the con-
cept of natural faw. although he certainly has done much for the growth of
the axiomatic method. What about the Atomists, then? Certainly the Vortex
might have implied a distinction between the concepts of a period (T), an-
gular speed (o = 1 /T) and linear speed (v= rm), although this perhaps nev-
er can be documented. Likewise the concept of the resistance of the inter-
mediary substance was capable of explaining a number of natural phenome-
na, including the Sun’s longitudinal anomaly, the seasonal Mediterranean
North-East winds and the brightness of the celestial objects (excluding the
Moon). And we happen to know that the mathematician Hippocrates tried
to axiomatize the Atomists’ doctrines. But even if we take all these ingredients
together, they do not amount to what might be called a natural law. At best,
the conglomerate could be called a qualitative description; the descriptive
element is simply too strong for the explicit formulation of a natural law, al-
though it might have been judged adequate for the contemporary concept of
world-order. For we can suggest a likely set of axioms which Hippocrates
probably pondered: they have included references to the dualism of void and
matter; a very great, or even infinite number of atoms: a finite number of
kinds of atoms; a very great, or even infinitely great space; a very long, or
even infinitely long duration of time; and so forth. We cannot be very far
from the birth-place of the concept of natural law, however, for Democritus’
auxiliary concepts include the celestial sphere, and there is the suggestion
(VS 2, p. 141) that one of Democritus’ works dealt with «projections of the
armillary sphere on a planen.

It is the last point mentioned, the rational element and geometrical de-
sign exhibited in the world-order, that makes it futile, in my opinicn, to try
to extract any natural laws (in the modern sense of the term) from the Baby-
lonian mathematical astronomy. True, there is an element of prediction and
skilful arithmetical techniques, and the practical results are at times even bet-
ter than the Greek ones. But, as Neugebauer has pointed out ([13]. cf. p.
156), the Babylonian methods «nowhere point to an interpretation through a
combination of circular motions or any other mechanical model»!. And the
Mesopotamian mathematical tools, the zigzag and step functions, practical-

1. Neugebauer has also shown that Egyptian mathematics simply was not adequate
for astronomical calculations of any complexity.
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ly exclude such models. 1 am willing to admit, though, that this is a matter
of taste, One can well consider such revisions of the concept of natural law
as do not presuppose any underlying geometrical models. The idea of star-
ting from «pure facts» might even appeal strongly to a bold spirit, although
in that case the principles of the economy of thought and of the axiomatic
system, and the concept of Protophysik, which have already shown their
fruitfulness in the interpretation of Greek science, perhaps must be jettisoned.
It is not unthinkable, however, that a discovery of one single clay-tablet may
drastically change our views on Babylonian science in these respects.

For the reasons given above, I would suggest that the first «natural
laws» are to be found in Greek science, and in the period after Democritus.
This implies Pythagorean astronomy and mathematics as their conceptual
environment — not Pythagoras’ own teaching and not eve nthe Philolaic sys-
tem, but rather the Platonic—Eudoxan research programme of «saving the
phenomena». The postulates of uniform circular motion and constant angu-
lar velocities, where the diurnal rotation of the sphere of the fixed stars is
the swiftest of all (for these assumptions see Mittelstrass. [10], [11}), adumbra-
te the axiomatic element. The celestial sphere accounts for the geometrical
model. And Plato’s insight into the role of mathematics (for which see Hare,
[3]), together with the Academicians’ and Eudoxus’ contributions to, and re-
finements of, the contemporary (Pythagorean) mathematics, will provide the
mathematical techniques and the formulae for the expression of a «natural
lawn 2. T would like to add that although Plato on many grounds can be dis-
cussed separately from Eudoxus, the 7imaeus fragmentary astronomy can,
and should, be discussed with reference to Eudoxus' cosmology. Indeed it was

2. I would like to remind the reader here that I am using the terms «natural law», «laws
of nature» and «law» in rather a modern sense, without claiming that Plato or Eudoxus ever
used these t e r m s to denote the concept of natural law. On the other hand, I am inclined
to think that, no matter which terms were used, e.g. desmos as in Plato, the concept of the
laws of naturc was properly understood by Plato and Eudoxus. Perhaps I may quote from
a letter of Professor Johathan Hodge, University of Pittsburgh. «My only reservation is
about your phraseology, and concerns the use of the word «law». It may well be that the
Greeks believed, enunciated and used many propositions that would meet any reasonable
criteria for the application of the term «law». However, this would have to be argued for ex-
plicitly, surely, given that they very rarcly invoked the legal metaphor in asserting
and specifying orderliness in natural changes. I have not found the literature on «lawy», «na-
taral lawn, «law of nature» etc, very helpful in this regard, since it does not really confront
the key issue directly: Were those, like Philo and the Stoics, who first systematically explic-
ated their convictions about nature’s orderliness in terms of the legal, or better, the con-
stitutional analogy, were they simply giving a new gloss on an old doctrine or did they
transform it in the process of rephrasing it?»
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my working hypothesis in [9], which has turned out to be quite fruitful, that
Plato’s frame of referencecwas Eudoxus' theory of the homocentric
spheres. Now Eudoxus’ theory was developed further mainly through gener-
alization. Hence the scientific progress within this paradigm presumably
could be outlined with reference to the maxim about the constants and va-
riables in the explicit formulation of a natural law. On the other hand, if we
start from the later formulations of Eudoxus’ theory — from Torriano in
the XVI Century, through Ptolemy, Hipparchus, Apollonius, Eratosthenes,
Aristotle and Callippus — and return to Eudoxus again, we must ask whether
all later variables are reduced step by step into constants. At least some of
them do reduce. But alterations have been made also with respect to the axio-
matic element, the models, and the computing techniques.

Nonetheless the degeneration of vaiiables into constants is a useful
measure, since it indicates the accuracy of observation and the length of ob-
servation series. In Ptolemy and Hipparchus the eccentricity of the solar
orbit for instance remains a constant that was included in their laws of na-
ture in the planetary theory. In fact the eccentricity is not a constant, but the
period of its regular change was too long (T = 96000 years) for the ancient
jnstruments. Again the obliquity of the eclipticwas considered a constant by
the ancients?. Its regular change within certain limits (21°39'<<e<524%36") was
not observed, because of the long period (T = 41000 years). And to take a
third example, the motion of the solstitial and equinoctial points was not dis-
covered before Hipparchus, although it can be observed in far shorter periods
(50.26"* p.a. or 1° in about 72 years: yet Ptolemy still used a constant: 1° per
century, Syntaxis, vii, 2). This means in fact that no earlier observation se-
ries could be consulted with respect to star-maps, although observations of
the planetary periods (of the Babylonian type, where random errors in the
long run balanced each other) may have suggested rounded-off values.

As we noted, the progress made within the paradigm of the homocen-
tric spheres touched also features other than periods of the theory. Hence we
must look for quite different constants in Eudoxus’ system, too. Changes in
computing techniques, for instance, may have contributed to the gradual
abandoning of the predilection for integers and simple ratios in Pythagorean
mathematics. Of this predilection there are clear indications also in Eudoxus.
And changes in the model (the celestial sphere with 26 nested planetary sphe-
res) and in the axiomatic element, made it possible for Eudoxus’ followers

3. Or do we hear the first voices of doubt in certain explanations of the Milky Way as
the Sun’s «original route»? (Aétius I 1, 2, cf. Heath [4], pp. 117-118). Professor Holger
Thesleff informs me that if these ideas were Pythagorean, they probably derive from the
mythological akousma tradition and not from the «mathematical» sect.
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to abandon certain Eudoxan constants, for instance the equality of the astro-
nomical seasons. Eudoxus’ equalization meant jettisoning Euctemon’s and
Meton’s discoveries of the inequality of the seasons (given in Ars Eudoxi
as 90, 90, 92 and 93 days; the modern values to the nearest whole day are,
92 89: 90 and 94 days) made some sixty years earlier. And this is just one
example of Eudoxus’ omissions of (direct) observational data, for which he
was criticized even in ancient times. On the other hand, considering Eudo-
xus' achievements in mathematics (see e.g. [12]) and mathematical geography
(see e.g. [8)), it is not warranted to simply record these omissions, but we
must study to what extent they derive from his method. Likewise we must
study how long observation serieswould have shown that they a re omissions-
With these broader aspects in mind I shall discuss Eudoxus’ method and the
considerable number of constant values ascribed to his system in tradition.

And lest the more general historical perspectives be forgotten, it is as
well to remember the depth of Eudoxus’ mathematical insight®. Dedekind’s
theory of the irrational numbers draws directly on Eudoxus (Eucl. v, Def.
5), and there is a direct line from Eudoxus to Weierstrass, too. (cf. Heath
[5] i., pp. 326-327). Moreover, it is well known that, through Archimedes,
Eudoxus has begun anotner line of development, which leads to integral
calculus. In these directions Eudoxus' results fertilize much later mathemat-
ical thought, because his methods, the theory of proportion and the method
of exhaustion, were known, too. It is different with Eudoxus' astronomical
results : Schiaparelli [14] had to substitute his own conjectures for Eudoxus’
parameters, since he did not know Eudoxus’ method.

2. On the background of Eudoxus' method.

I have outlined the reconstruction programme for Eudoxus' theory in
my studies in the homocentric spheies [9]. It amounts to claiming that all
previous attempts have failed because they have started from the scattered
parameter values attached to the system. Instead, one should begin with the
reconstruction of Eudoxus’ method and computing techniques and see wheth-
er these parameter values can be obtained through their medium. For va-
rious reasons, which it is unnecessary to repeat here, I suggested that there
indeed is one computing technique wkich is capable of explaining both the
known unproblematic features of Eudoxus’ system and, in addition to these,
its known oddities and idiosyncrasies, e.g. the fictitious deviation postulated

4. For a discussion of Eudoxus’ importance in the history of mathematical analysis see
e.g. my paper The Elements of Analysis, Proceedings of the X{Vth International Congress
of the History of Science, 19-27.8.1974, Tokyo and Kyoto, Japan.
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for the third solar sphere (for the discussion of this feature by other com-
mentators see Lasserre [7], pp. 201-203). The computing technique in question
is at our disposal as soon as we have means of solving a generalized quadra-
tic equation (which in fact gives the periods of two combined spherical mo-
tions studied in terms of their plane projections), conceived of as a
proportlion:’®

‘comb % " .
0 Xy — T n {where Teomb is the period of the combined mo-
Xty n tion and n an integer or rational fraction)

I would now make the additional claim that the proportion (1) is the explicit
formulation of the only «natural law» needed in Eudoxus’ system.

Although (1) is superficially similar to Apollonius’ pivotal formula (see
Ketonen (6], pp. 130-143), which can be given in the form

Toyn Tsid (whgrc Tsyn, Tsid are the synodic and sidereal
(2) W= Tsun gen;)ds of a planet and Tsun the period of the
un

there is no other explicit connection except this formal resemblance between
(1) and (2). We shall not discuss in this case-study whether there is a histor-
ical connection between them, discoverable in a more general survey. How
is (1) constructed? Leaving aside the problems of the transmission of Baby-
lonian scientific knowledge into Greece about one generation earlier than
Neugebauer presumes (see [13], esp. pp. 130-151) — for in my opinion they
will be satisfactorily answered by my results — [ submit that the starting-
point has been the so-called «normal forms» of Babylonian mathematics. In
these «normal forms» (Neugebauer’s term) two numbers should be found
when (a) their product and (b) their sum or difference is given:

Xy =a
Transforming the two equalions of (3) into two linear equations
a | I5T=0
XFy= \/ b2 F 4a

the solution follows (see [13], p. 41) as

,l x——+\/[z] e
| V[F] =

()

y= =

From the two equations of (3) we obnm
Xy a
© —Zd—=_
_ X4y b
5. There is no obvious term for equation in Eudoxus, but «proportion» of course is a
commonplace. Alternatively we could start from the concept of a (generalized) harmon-
ic mean; cf. [7], pp. 175F.
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which is, of course, an obvious step as soon as (3) is known. Moreover, (6)
can be conceived of as a proportion.

But there is only one solution to (3). In order to gain more freedom of
operation, it is quite naturzl to generalize (3) or (6) by multiplying both a and
b by n (where n is an integer or a rational fraction). It is a natural step for
Eudoxus especially, since it can be based on the Elementa, v. 15, which, ac-
cording to all traditions, belongs to Eudoxus’ contribution to Euclid. But
making now a /b = T™> we obtain the proportion (I). That is to say, we
have introduced an auxiliary parameter » into the proportion (6). What does
(1) express, then? Before the methods of spherical trigonometry were intro-
duced (say between Menelaos® day and Theodosius’ time), either only quali-
tative results were obtained or else graphical methods were used in the stud-
ies of spherical motions. As Neugebauer says ([13] p. 161), one of these
seems to have been based on the discovery that stereographic projection of
the sphere maps circles into circles. Hipparchus, who had no spherical trigo-
nometry at his disposal, may have solved spherical triangles by the method
of stereographic projection. More modest problems of circular motions in
sphere, however, may have been studied even much earlier by means of their
projections to a plane. Witness tne work of Autolycus of Pitane®. This is
still only one generation after Eudoxus. But then we have the title of Demo-
critus’ work mentioned above, which suggests that problems simitar to those
of Autolycus were discussed even before Eudoxus. If icdeed «armillary sphe-
res» of any complexity were constructed?, the discovery that stereographic
projection maps circles into circles would have been almost inevitable. But
we shall see that even far simpler graphical means, viz. the cross sections of
the celestial sphere, will suffice in the analysis of Eudoxus' circular motions.
1 am inclined, therefore, to follow Dicks here and to drop too advanced and
anachronistic instruments from Plato's table— leaving onlya sphairion
at most (cf. Ep. ii, 312 d). So I assert that this was enough for Eudoxus, and
that (1) gives the period of the combined motion of two other motions (which
are combined) characterized by their angular speeds, provided we can
«solve» the proportion (1).

But what does one imply by saying that two motions are combined
and characterized by their angular velocities? It is perfectly in order for a
classical scholar to maintain that «Eudoxus combined the planetary motions

6. Written perhaps about 330-300 B.C.; cf. The Books of Autolykos: On a Moving
Sphere and On Risings and Settings, ed. and tr. F. Bruin and A. Vondjidis, Am, Univ. in
Beirut, Beirut 1971.

7. See Cornford's opinion (1], pp. 74, 135; Wilamowitz, Plaron, H, p. 390; and Apelt’s
Platons Dialoge Timaios und Kritias... n. 89, p. 163; but consult also Dicks [2] p. 120 sq.
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in the sphere», but he must also face the logical consequences of this state-
ment. If any two planetary motions are combined and computed, this
means, in Eudoxus’ day, that their projections are drawn on a plane, and the
computations are made with reference to their angular speeds. This is a very
difficult research programme, unless sufficiently strong analytical and syn-
thetic means can be provided. Let us take the combination of the motions of
the first and second Eudoxan spheres of any planet as an example. Because
the diurnal westward rotation of the fixed stars, represented by the first plan-
etary spheres, is the swiftest motion of the system, and becausc the second
spheres (according to the Eudoxan tradition) are credited withan eastwa rd
motion, their combination is of the following type:
(7)™ — e = v

I have used here the indices (ind, comb) to denote the individual and combi-
ned motions. Since the rotation of the sphere of the fixed stars is not caused
by any other outer motion or agent in Eudoxus, the first sphere is credited
with the individual motion alone. The directions of rotation are also indi-
cated (W or E), and I reserve the negative sign for eastward motions. Subin-
dices (I, IT) point to the first and second sphere. Now, since w=1/T (cycle
per period), we obtain from (7) the form:

(8) T Tind in - coml
Tl 4 Tlld Tll -

where the directions of rotation have been omitted. But (8) is tantamount to
part of the proportion (6), which can be generalized so as to obtain (1).

The result of this analysis of combined motions is one of the corner-
stones in [9]. [t amounts to the assertion that all second, third and fourth
planetary spheres in Eudoxus, in so far as they are combined, must be cred-
ited with t w 0o motions (one individual, another combined) and hence also
with two periods. But the extant Eudoxan tradition ascribes one motion and
one period only to each planctary sphere. Hence either one must credit Eu-
doxus with (oo advanced mathematical methods, or drop the idea of com-
bined motions, or ¢lse be prepared to account for the «extra» motions and
periods. Now there are in the extant Eudoxan traditions certain hints, which
it is unnecessary to rally here, at these «additional motions and periods» in
Eudoxus' lunar and solar theories. Having shown my hand, however, I shall
simply proceed and see whether the results will warrant my claim.

Before going into a detailed analysis of Eudoxus' method, it is wise
to remember that if (1) indeed is the o nly «natural law» in Eudoxus, it must
be capable of explaining a great number of things. Not only the known plan-
etary periods but also others only vaguely referred to, like the «long» Junar
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and solar periods implied by the «slow» motions of the respective third sphc-
res. And in addition to these the directions of rotation known from tra-
dition (from Simplicius on), the axial inclinations of the third and fourth
spheres, and so foith. These I'cali surface parameter values. They
in turn depend on what I call structural parameter values. The
structural parameter values include the Eudoxan value for the obliquity of
the ecliptic (which cannot have been based on direct gnomon observa-
tions, since the Sun was credited with a fictitious additional deviation from
the ecliptic). That obviously restricts the choice of the axial inclinations men-
tioned. The traditional periods, too, may depcnd on one or several other pe-
riods (considered more fundamental for some reason) — be that the (un-
known) Eudoxan luni-solar cycle, or Plato’s «perfect year» (Tim. 39), should
my working hypothesis about the frame of reference in the Timaeus hold
good, or yet something else. And also the pattern followed in combining
planetary motions belongs (o the structural features essential in the recon-
struction. of Eudoxus’ system.

Now my claim that (1) is the sole «natural law» in Eudoxus implies that
whatever hierarchy of parameters we take, it is crowned by (1), on which all
structural parameter values depend. Since Lhese paramecter hierarchies are
discussed in more detail in [9], [ give just one example of their interesting con-
nections, It is a fact that the Eudoxan obliquity of the ecliptic can be com-
puted starting from T==30 days for the month, and T=360 days for the
year, on which all other traditional planetary periods in turn depend. What
are these particular connections? First, T= 360 days is the calendaric year
and T = 30 days is the length of the calendaric «full» month. The side-
real periods are «one year» for Venus and Mercury, two for Mars, 12 for
Jupiter and 30 for Saturn. Second, all synodic periods known from the
tradition, can be conceived of in the following way. Ty" == 570 days =

360 4 780 ; ; ;
) s s days or the arithmetical mean of the calendaric year and
the true Martian synodic period. T3 . . = 110 days which, since the
Greeks rounded off by simply cancelling the fractions (cf. [13], p. 68), can be
made 1103 days =2 236340.'3230
the calendaric month and year. Ty, = 260 days = 1/3 . 780 days =

30 4 360

2

endaric month and year. And T®? = T&» =390 days =2.

Jupiter Saturn

days or double the harmonic mean of

days or four thirds of the arithmetical mean of the cal-
30 + 360
2

=4/3 .

or double the arithmetical mean of the calendaric month and year. The
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third point reinforces the second onc. On an additive interpretation of
Plato’s «great ha rmonia»we obtain, as duly pointed outin (9], a right-
angled triangle which determines an excellent value for the Eudoxan obliqui-
ty of the ecliptic. Its hypotenuse is equal to 39 = 3 4 9 +4- 27 or the sum of
Plato's «triple intervals», and its shorter sides equal 15 =1--2-44-8 or
the sum of Plato’s «doublc intervals», and 36. The triangle in question ap-
pears in the cross-section of the celestial sphere as follows.

/_ (where ¢ = 39,a = 15,
b= 36, and a = 22"'37)

s

Fig. 1. Cross section of the celestial sphere. AB is a diameter of the summer
tropic, CD a diameter of the winter tropic, EF a diameter of the
equator, CB a diameter of the ecliptic, N the North Pole, S the
South Pole, and a the obliquity of the ecliptic.

In determining « the relative lengths of the sides of the triangle are need-
ed. Hence we can equally well multiply all sides by ten and obtain (a = 150,
b = 360, and ¢ = 390). The full importance of this triangle will be seen later,
but suffice it 10 say that b = 360 and ¢ = 390 can be conceived of as geomet-
rical representations of the Eudoxan periods for the Sun, Jupiter and Sa-
turn, while (¢ - b) = 30 represents the lunar period of thirty days. But the
same triangle, the preconceived geometrical scheme which made it necessa-
ry to postulate the fictitious solar motion, can be obtained also through the

application of the rule for generating Pythagorean triples (see [13], p. 39).
¢ =p*+ q° (where p and q are arbitrary integers which
9) 4 = p*—q* are refatively prime and not simultaneously

b = 2pq odd, and p>q)

Several ancient commentators have attested that there are Pythagorean tri-
ples in Plato, who knew ecither (9) or some more particular rule. If we take
Plato’s basic «triple» and «double» intervals (3 and 2), and make (p = 3,
q =2),we obtain (c =13, 2 =35, b =12) from (9). It may be noted that this
is the simplest case where (q £ 1). Multiplying the sides (a, b, ¢) by thirty we
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obtain the same triangle (c = 390, b = 360, a = 150) again. Hence there is in
fact both a «Pythagorean» and a «linear» or additive genesis for it. This
means, among other things, that at least some Eudoxan periods can be inter-
preted in terms of Pythagorean triples (and hence in terms of p, q). and also
in the geometrical terms of line segments (a, b, ¢), and the same holds for at
least some acute angles. In fact, we shall see that a 11 Eudoxan periods can
be so interpreted. This amounts to a synthesis of the Pythagorean and Hip-
pocratic mathematics.

Perhaps these remarks will suffice for a discussion of the background of
Eudoxus’ method.

3. Eudoxus’ method of analysis and synthesis.

I shall now discuss the mathematical character of the computing tech-
niques needed in solving (1), taking Eudoxus’ lunar theory as my starting-
point. This might well correspond to the actual order of ancient studies, as
suggested by Plato’s educational programme for astronomy (cf. Epin. 990b,
990c-d, Rep. vii, Tim. 39c-d). Because (7) holds for the Moon, too, the com-
bined motion of the second and third lunar spheres comes from one of the
following formulae:

(10) apm> ™ + ot = offme
(1) wppme ™) — @ind® = fmb W) (ynere TS > THF™)
(12) opm> ™ — o ®= —oFEm®E  (where T < T{P™)

If tradition (from Simplicius on) is correct about the westward
rotation ascribed to the third lunar sphere, however, only (10) or (11) will
apply. The lunar period T = 30 days, which we have discovered, may belong
cither to the second or to the third lunar sphere. Let us discuss first the case
Te™ = 30 days. If so, tradition implies that Tind is «long», since wif!
must be «slow»n. Whether this will be so, can be seen by solving (1) with
respect to Teg™b = 30 days. We obtain the proportion

Xy 30n

0+ ~

According to (5), the solution of the «normal forms» corresponding to (13) is
] g _n44/nfF 120n
(14) 2___
+nF \/ n*F 120 n
y = 2
Let us discuss the negative sign case of (13) first. (i) If we are to obtain
rational solutions, (n2 - 120 n) must be a square. Let it be a® From this we

The Constants of Nature 223

obtain the equation n2 - 120 n — a? = 0. Hence n =— 60 :]:\/6-5:{:5
Here again (602 4 a%) must be a square; let it be denoted by ¢2. Now the au-
xiliary variables a and ¢ are obtained from the following Pythagorean trian-
gle: ¢ =p?4-q% a =p?—q? and b = 2pq = 60 (see (9) ).

Since 2pq = 60, we must consider the following cases:

| (where the acute angle g is given in
Pq l p 4 i 5 = p/a degrees and minutes for the sake
10 6 5 79037 6/5 of ‘;:obnvcniegce ion(lg, l;e;]ng determi-

) ned by p and q in the following way:
0 | 10 3 | 324 103 Gnae 2pafer —qd A e
30 15 2 1511 1572 phrase can always be given in terms
30 30 1 149°  30/1  ofa/p =tan(=)

The lowermost case (p = 30, q = 1) implies indeed that particular form of
(9) which Proclus (On Eucl. I, p. 487, 7-21; cf. Heath [5], i, p. 81) ascribed
to Plato. If we choose it, we can draw the corresponding Pythagorean triangle
diagrammatically as follows.

b= 2pq =60

o = 3 40 &3 piq = 20/
a=p - q =899

Fig. 2. A Pythagorean triangle for the tentative discussion of the
third lunar (combined) motion in Eudoxus’ system

The construction of this Pythagorean triangle is the culmination of the
analysis of the lunar motions. The auxiliary parameter n has given rise to an
auxiliary drawing of a synoptical character. We can now «turn backwards»
and calculate first # (which could easily be illustrated by a diagram like Fig.
1). Itis ny = — 60 4-c =841 =292 (while n, =— 961, being a negative in-
teger, may be omitted; cf. Heath [5), ii, p. 464). Hence from (14) x =Tipd =
== 870 days (which could well be the «long» lunar period), and y = Tiprb =

= 29 days (which is the «hollow» calendaric month). And T§™ = 30

days (o1 the «full» calendaric month). In the last step we form the ratio x fy
=p/q = 30/1. This is the end of the synthetic part. Now even the last ves-
tiges of the auxiliary parameter n, introduced in the first step of the analy-
tical part, have disappeared®. The geometrical by-product of the procedure
is the acute angle @ = 37 49". It may be characterized in terms of q /p; q /p=

(V] s Bacrae i 2
=1/30 =tan (T)' Presumably « is the axial inclination of the third lunar
8. Hence it is literally true that Eudoxus’ system could not have been reconstructed
from his results, but his method must be known, too.
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sphere to the second one, which is equal to the Moon’s maximum deviation
from the (Eudoxan) ccliptic. For although (22°37°4-349°) is too small in
comparison with the correct value in Eudoxus’ day?® (23°44' 4 5°08°), the
negative maximum deviation (22%37° —3%49’) is a bit too great (as compared
with the real value 23°44'— 5°08"), and since the Eudoxan obliquity of the
ecliptic was not defined in terms of the Sun's third motion, all planetary de-
viations from it necessarily have been compromises. If we choose any other
combination of p and q, neither the axial inclinations nor the periods obtain-
ed will do.

The solution of the positive sign case of (13) follows the same pattern.
(i) If we are to obtain rational solutions, (n? — 120 n) must be a square. Let
it be a*. From this we obtain the equation n*> — 120 n — a% =0. Hence n =
= w:b\/m. Here again (602 - a2) must be a square; let it be denot-
ed by ¢2. The auxiliary variables « and ¢ are obtained from the same Pytha-
gorean triangle as above (Fig. 2). Turning again backwards from this culmi-
nating point we compute n. It is n, =60--901 =961 =312 (while n, =— 841
may be omitted). Hence from (14) x = Tiid =930 days (which could well
be the «long» lunar period), and y = T{™ = 31 days which, however,
was not a length of a month in Eudoxus’ time. Yet no other combination of
p and q will give a better solution, either.

The point is, however, that the solutions (i) and (ii) of the «<normal forms»
corresponding to (13) can be generalized so as to apply to (1), and further-
more, in two ways. One generalization is in terms of p and q, and it might be
called the Pythagorean Solution. The other generalization is in terms of the
sides (a, b, c) of the right-angled triangle which is the culmination of the
analysis, and it might be called the Linear Solution. I give first the two gen-
eralizations for a positive sign case of (1), and next for the negative sign
case of (1)%.

(n =x+y=-c+b = (p+9* Solution of the «normal forms»
* =_¢‘j‘%¢_ = pe+a) { iil:—_y']::bn constituting
1 y= —biP' — q(p+q) the proportion -)—‘7_‘—'{; =E§:ll
xfy=—2 : C —plq Solution of the proportion
.

9. See Dicks (2], n. 240.
10. It may be noted that the solutions of x and y in terms of p and q are reminiscent
of the well-known ancient Greek problem culled «the application of the arca».
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rn =x—y=c—b = (p—qg)*° Solution of the «normal forms»
a—b-c p— inb
=22t g P N
2 x—Y =n constituting
“6)< a b—c omb
= —+—2— —q(p—q) the proportion x’z =¥
xly= - e p/q Solution of the proportion
c—a

Hence the final solutions are invariable with respect to the ratio p /q, which
is a special ratio for each planet.

In both cases the two acute angles can be characterized also by means
of their trigonometrical functions, i.e. as ratios of the gnomon to its
shadow (see [8]).

(17) tana =-pTzf_?—q,_, =b/a; and tan (90* — «) =2'2—_I:qq—2- =a/b

but this is unnccessary, because the paraphrase in terms of q/p is enough.
If Teomb = p in (1) and ¢ = I, the Pythagorean Solution and the Linear
Solution are equal (as in the case of the Moon). If not, they differ, but the
triangle needed in the Linear Solution is always reducible to the triangle per-
taining to the Pythagorean Solution (of the acute angles)'! by simply multi-
plying all sides by a coefficient. Indeed, this was seen earlier when we dis-
cussed the triangles based on Plato’s «great harmonia». Since the Moon is
the simplest case from the methodological point of view (in other planets the
two solutions do not coincide), it is reasonable to assume, as we did, that it
has been the first target in Eudoxus’ studies.

Considering the computing technique sufficient for solving (1), it seems
warranted to divide the whole procedure into two parts. The first part con-
sists in finding out the two triangles starting from the fact that double the
period of a combined motion (T<°™b) equals the side b of the triangle per-
taining to the Linear Solution. This part might be called the Method of Anal-
ysis. Its culminating point is the construction of the two triangles. When
these have been found out, the rest can be computed as shown in (15) and
(16). The second part of the procedurc might be called the Method of Syn-
thesis. It ends with the forming of the ratio x/y = p/q, which we call the
solution of the proportion. This use of language in my opinion corresponds
to Hare’s results in [3] and offers an interesting opening for future discus-

i1. Eudoxus might have had access to tables listing or characterizing the angles in
terms of q /p, but also direct observation will suffice, since q /p= tan (a /2), when tan g =
= 2pq /(p® — q?), according to Eucl. vi. 3.

15 QIAOLO®IA 4
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sions of the influence of Eudoxus’ (und Plato’s) mathematical methods on
the contemporary philosophical methods of analysis and synthesis. As an
example one might mention Plato’s methods of the One and the Great-and-
Small. I think that the above outlined Eudoxan methods, together with the
Pythagorean method of approximating the surds, will throw light on them.
After having read carefully Proclus and Pappus, I would also say that their
accounts of the methods of analysis and synthesis are compatible with my
reconstruction of Eudoxus, which might stimulate the current discussion. In
this paper, however, I shall continue with an application of (I15) and (16) to
Eudoxus’ planetary theories!2

4. The Moon.

Starting from the traditional Eudoxan synodic periods we have discov-
ered a lunar period of 30 days. Above, one alternative was discussed, viz.
Tiom =30 days. It remains to investigate the other alternatives, in which
either Tiid, Teem®, or T is equal to 30 days. I refer to the previous alterna-
tives by (i) and (ii).

(iii) What about making T5mb = 30 days in (1)? If nothing more is
known, the positive sign case is reduced to (i) and the negative sign case to
(ii). It is easy to see, however, that the values of TP™P and T{5™® can be in-
terchanged, if the sign is changed, too. Consequently we must discuss also

the proportion
870 . 30 29 n

U8 2530 =n
which gives an even better value for the axial inclination: p/q =: 29/1 or
930. 30 " .
=3057 (while ———— = = 3°42").
a =3°57 (while 336 —30 31 days gives a worse value « 3042°)

I think that this is the correct solution.
(iv) There is one more possible solution which employs the integer lengths

of the calendaric morths, viz. 3?)—0_% = 870 days, but this implies an

altogether implausible axial inclination: p/q = 30/29 or ¢« = 1°57". (And
the positive sign case does not yield an integer solution).

(v) Next we may try to apply the «normal form» technique and experi-
ment with the period T = 30 days, taking instead of the other lunar period

of 29 days some other length of a month, e.g. T = 27—;7-, 29—; or 29% +

12. In the Appendix my former student and presert collegue, Mr. Eero Kasanen dis-
cusses my reconstruction of Eudoxus® method from an algebraic point of view.
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| ; y 5 .
4+ KT} days (which were used in ancient times, but, as far as we know. not
before Callippus; for more detail see [9], Table 2 and notes), But no likely
results are obtained: n will not remain an integer, and the axial inclinations
computed remain unlikely. (The relatively best result ensues from T =29 %
days or the mean synodic month; n =59%/2 and p /q == 60/1 or « = 1°55).

(vi) If T==30 days does not belong to Tegm, T, or Teemb but to Tid
in (8), it can be shown that there will be no «long» lunar period at all
for the third lunar sphere (all lunar motions being combined). For these rea-

sons I conclude that (18) gives the correct solution, viz.

The directions of rotation as in (10); Tisd = | % days — from (8);

(19) P/q =29 /1; n =900; x = 870 days = Tizd :
y = 30 days = Tp™; Tgg™b = 29 days; and a = 3°57’

It may be noted that the periods of 30 and 29 days need not be justified by
calendaric reasons only. For since the Moon’s motion in fact is not uniform
(contrary to the Platonic-Eudoxan postulate), the length of the synodic month
(i.e. the period between two consecutive new-moons) is not always equal to
29 % days cither. In fact the difference of two synodic months may be about
thirteen hours. Hence the periods T== 30 days and T==29 days may repre-
sent the upper and lower limits of the synodic month, accurate enough for
practical (e.g. calendaric) purposes. Therefore (19) is compatible also with
Tim. 39c, where Plato indicates the synodic month.

The two triangles corresponding to (19) are equal and can be represented
diagrammatically in the following way.

b: 2pg - 2 29 - 58

* =357 & plq = 23]
3:pi-g'z20" -7 - pao

Fig. 3. The lunar triangle for the combination of the second and
third lunar motions.

It can easily be checked that (15) holds good.
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5. The Sun.

We have discovered a solar period of 360 days. Since in the Eudoxan
tradition (from Simplicius on) the third solar motion is credited withanea s t-
w a r d motion, the combination of the second and third solar motions can-
not be of the type (10) if the tradition is correct. Hence the solutions do not
come from the proportion

Xy 360 n

(20) rF e
which implies westward motions only. But the combination cannot be of the
type (12) either, because in that case T;e™® would become «long», in con-
tradistinction to Eudoxus’ lunar theory, and an implausible axial inclination
would be implied (a = 89°22°). Starting from the combination of the type
(1), we obtain the solution from the proportion

Bl D SR

X—y n

where the period Tg™ = 364 days (which has been found by solving
(20) )*® might be called the «seasonal year». For it will be remembered that
Eudoxus omitted Euctemon’s and Meton’s discoveries and equalized
the astronomical seasons.

The two triangles pertaining to the Linear and Pythagorean Solutions
are different from each other in the case ot the Sun. They can be represented

diagrammatically as follows.
coefficient 1 /4 reduces to

w=1"15.5' & plg =91
a= 33120

Fig. 4. The two triangles for the third solar motion; the Lincan: Solutions
come from the left, the Pythagorean Solutions from the right

The solution is: p/q =91/1, n = 32400, x = Tif® = 32760 days or
the «long» solar period, y = Tgemb — 360 days or the calendaric year, and
o = 1°15.5". It may be noted that we now have reached one of the mostim-

2 2 2 ]
a=p-q =9 -1 =8240

13. Censorinus associates a year of 364 | {2 days with Philolaus ( De Die Nat.). Being
based on a progression of 3, just as Plato’s triple intervals, this may tell about the contem-
porary discussions; 364 is the nearcst integer if fractions are simply cancelled. — The so-
lution cf. (20) with p /q = 90 /1 gives u=1'16".
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portant results required. Eudoxus® m et h o d implies the obtained fictitious
deviation postulated for the third solar sphere. Wher it is added to the Eu-
doxan obliquity of the ecliptic, quite an accurate positive deviation in latitude
is obtained (22° 37" - I° 15.5" as compared with the real value £ = 23°44°).
And the negative Ifictitious) deviation is still within the limits of Eudoxus’
observational accuracy™ (sec [2], p. 155).

Furthermore, the seemingly superfluous axial inclinations postulated
for the third planetary spheres now also make sense. For starting from (8) we
obtain for the Sun by the same method as in the previous cases discussed,
an axial inclination. But Tg°™ = 360 days for Venus and Mercury also
(in a geocentric system)!s. Hence the axial inclinations of their third spheres,
the poles of which are on the ecliptical plane, can be understood to be the
same as that of the Sun. This strange feature from the oldest tradition
(Arist. Met. A 8, 1073b 30—32), too, is implied by Eudoxus’ meth o d. For
the other planets, these axial inclinations will be different in each case, and
different from those of the Moon and the Sun. As for the periods obtained,
no better value for the year will do. We cannot make, e.g., T™ = 365

or 365 % days (just as this type of operation was impossible in the case of

the Moon). But it is as well to remember that Eudoxus complemented his
astronomical work with calendaric studies!s. Hence the «cosmological con-
stants» obtained do not seem implausible.

6. The fourth motions of planets proper.

Since a hippopede was created for cach planet proper by the third
and fourth planetary spheres, rotating in opposite directions in the synodic
period (except for Mars which is credited with a period exactlyone thir d of the
true synodic period; for an explanation of this see [9], pp. 82-83), their motions
cannot be combined in the sense of affecting each other’s periods. However,
the motions of the fourth and second planetary spheres can be so combined
(see [9], p. 112-113). What is more, due to the Eudoxan arrangement where

14. Eudoxus’ observational accuracy can be estimated, thanks to Hipparchus® com-
mentary (Comimn. in Arat,) As regards the tropics, equator, arctic and antarctic circle, the
error ranges from 1° - 3° in the majority of the cases. See Dicks [2}, p. 155-156, but also
[8]. It may be noted that x = 32760 days = 91 years of 360 days each, implics a fictitious so-
lar motion (not to be confused with precession) of about 4° a year, and indeed there arc
indications of such a motion in Eudoxus. The period of 91 years meets our expectations
concerning the length of Eudoxus® observation series : they are far shorter.

15. Cf. Dicks [2], n. 345.

16. See Dicks [2], pp. 188-189.
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the axes of the third spheres of planets proper are situated on the ecliptic,
the inclinations between the third and fourth spheres can be computed. The
attached Fig. 5 will illustrate the arrangement.

Fig. 5. A cross section of the celestial sphere. EE = the equator, LL = ecli-
ptic = the axis of a planet’s third sphere, BB = the axis of the ecli-
ptic = the equator of a planet’s third sphere, AA = the equator of
a planet’s fourth sphere (inclination to the ecliptic appears as ), and
CC = the axis of the same planet’s fourth sphere. Hence the inclina~
tions / of the axis and equator of the fourth sphere to the axis and
equator of the third sphete appear as the complement of a.

The computation of the periods of the combined motion of the planets’
second and fourth spheres is made easier by the fact that both the sidereal
and the synodic periods are known. Otherwise the computations follow the
same pattern as in the cases of the Moon and the Sun. If the tradition (from
Simplicius on) about the w ¢ stwa r d rotation of the fourth spheres is cor-
rect, the combined motions of the second and fourth spheres must be of the
following types (and the lengths of the synodic and sidereal periods will de-
termine which one applies for a given planet):

(22) m}:]omb (W) _’_ w}:\\ld(W) — wlcemb(W)

(23) mﬁ""" wy mit‘xld (E) — wfsmb W) (whcre T;“‘,d> ']'\l:lomb)

Because the combined period of the fourth spheres in principle is observa-
ble, it is clear that it is equal to the planet’s synodic period. Likewise the si-
dereal period is equal to the combined period of the second sphere. Hence
the proportions, the corresponding two triangles, the solutions, and the in-
clinations of the fourth spheres to the third spheres are obtained as follows.

Venus The proportion is

Xy __ 570n
X—y  n

(24)
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The two triangles pertaining 10 the solutions are as follows.

coefficient = 7 /30

Fig. 6. The two triangles for the fourth motion of Venus

The solution is: p/q = 19/7,n = 617‘7, x=977»—.ll-. y = 360 days, « =

=40°27". Hence i = 49°33’ (Schiaparelli in [14] gave i = 469).

Mercury The proportion is (for a westward rotation)

10
110—n
- Xy 13
0 x4y n

The two triangles pertaining to the solution are as follows.
coefficient = 13 /40

b. 2-11018
13

a = 200

Fig. 7. The two triangles for the fourth westward motion of Mercury

The solution is: p /q =9 /4, n = 520, x == 360 days, y = 160 days, and ¢ =
== 47" 55'. Hence i ==42° 05" (Schiaparelli gave i =23,

It will be seen that, in contradistinction 10 Venus, the inclination 7 dif-
fers considerably from Schiaparelli’s (conjectural) value, Since he had start-
ed from the assumption that i for Venus and Mercury represents these plan-
ets’ maximum elongation, we may consider an alternative in the case of the
direction of rotation of the fourth sphere of Mercury. If Simplicius is not
right in crediting the fourth sphere of Mercury with a westward motion, but
was led to do so because of the analogy of other planets, the combination of
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the motions of the second and fourth planctary spheres of Mercury may
have been of the following type (cf. (12) )!7:

(26) mclfmb(W) —_ mirnvd (E) — —mf“;"’"’ (E) (Where T;“vd < Tflomb)
If so (or, in case (12) was the combination of the third and second spheres
and i was computed from it), the solution will be: p /q = 17 /4, x = 360 days.

y= 84—;73 days, and ¢ = 26°29’. Because the positions of the sides (a and

b) can be interchanged (cf. (17) ), it may have been that i == 26°29", which
would make a fairly good approximation to Mercury's true maximum lon-
gation (e = 27°45’; for Venus e = 47°30°). It must be remembered, however,
that due to the eccentricities of orbits, thc elongations vary. In Mercury
(17°50' < e < 27°45") and in Venus (45.5° < e << 47.5%. In ancient times the
elongations were generally given as e = 20°N. or S. for Mercury and ¢ = 50°
E. or W. for Venus (cf. Chalcidius, Comment. § 70, p. 138, ed. Wrobel). The
fact that Mercury’s elongation was given North or South, may indicate a pe-
culiarity in the treatment of Mercury, like the one suggested above. But even
i =42°05" is possible, for Hipparchus finds errors up to 23° (and in one
case nearly 60°% in Eudoxus' description of the colures (Comm. in Arat. i,
11, 9-21; ii, 11, 21; cf, [2], p. 155).
Mars The proportion is
Xy 260n
Q@n - ol

17. Whatever arrangement we accept for the computation of the inclination 7 for Mer-
cury and Venus, we must compare their directions of rotations to those of the Sun, For in
the Timaeus Plato speaks about motions in opposite directions. Tm. 36 d may be a very
concisc summary of the motions of the seven sets of planetary spheres in Eudoxus. But at
38d the motions of Venus and Mercury arc contrasted with the motion of the Sun. Thiee
possibilities may be discerned here. (a) If the / was computed from (12) or (26) for Mercu-
1y, it possesses a dynamis contrary to the dynameis of Venus and the Sun,viz. the power
(wh it was) causing the eastward combined motion of the fourth sphere, in contra-
distinction to the westward combined motions of the innermost spheres of Venus and the
Sun. (b) If the fwas computed from (12) or (26) for Venus, too (f= 63° which is still possi-
ble; see the note on Eudoxus' observational accuracy in the description of the colures), both
Venus and Mercury possess this contrary dynamis.(c) The simplest explanation is, however,
that since all three have the same period (ibid.) of one year in the zodiacal motion, Venus
and Mercury arc contrasted with the Sun on the account that they have four motions in
Eudoxus' system. The motions of their third spheres of course are contrary to the Sun’s
ecliptical (or near-ecliptical) motion and so are their retrogradc motions. — For a differ-
ent explanation sec Cornford (1], pp. 105-106, but consult also [9], p. 32. n. Heath [4], pp.
165-169, discusses at some length certain ancient explanations. I must add that Harold
Cherniss in a letter to me doubts any reference in the Timaeus to Eudoxus’ systems. Be that
as it may, the only things that I really have deduced from Plato are the foxotes and the
clue into Pythagorcan triples.
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where the period T==260 days, instead of the true Martian synodic period
TSy = 780 days, probably is the period of tne actual loop (see the argu-
ment in [9] pp. 81-84). Besides, Schiaparelli has shown that if the true syn-
odic period is taken, Mars will have no retrograde motion at all, no matter
what value / is given (see also Dicks [2], pp. 186-187, and Lasserre [l1], pp.
205-206).

The two triangles pertaining to the solution are as follows:

coefficient = 23/20

i o
¥ o 9(’9

313 .1
3

Fig. 8, The two triangles for the fourth motion of Mars.

The solutionis: p/q =23/13, n = 11262—; x == 720 days, y = 406 —;ﬁ—
days, and 0. = 58°57". Hence { = 31°03" (Schiapatelli gave i = 34°, but in all
outer planets his inclinations arc pure guessing, guided by modern spherical
trigonometry, for the outer planets may be at any angular distance from the
Sun). (If'[’f“,""" = 780 days and the solution comes from (26), i ==35"09",
or pfq = 25/13).

Jupiter The proportion is

Xy _ 390n
T

The two triangles pertaining to the solution are as follows.
coefficicnt = 131 /30

Fig. 9. The two triangles for the fourth motion of Jupiter.
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The solution is: p/q = 131/13, n = 12.360.144 /131, x = 12.360 days, y

= 428 ]9321 days, and a = 78°40°. Hence i = 11°20" (Schiaparelli gave
i =139,
Saturn The proportion is
Xy _ 39n
o x4y — n

The two triangles pertaining to the solution are as follows.
coefficient = 347,30

aaxoaes.‘:’l‘% a=p’- q* = 3472137

Fig. 10. The two triangles for the fourth motion of Satuin.
Lest the somewhat cumbersome figures seem suspicious, it may be advisa-
ble to do the computations necessary in detail, taking Saturn asan example.

From (15) we obtain x =30 . 360 days =212 404 b =2 390 days.

Hence
a+b-+c= 60. 360
b =60.13
a-4c = 60 . 347
Nowp/q = a-;—c =347 /13 (a paraphrase for i =4" 15’; Schiaparelli gave

i=6%. And y=q/p . x = 13/347 . 30 . 360 = 390 /347 . 360 days (tan
T‘: ¥ /x = q/p). This is all.

7. The third motions of planets proper.

It is, in my opinion, a master-stroke of methodologicul cconomy that
the combinations of the second and third motions of the planets proper all
are of the type (12) which has not been used clsewhere. And even if (26) was
used for the combination of the second and fourth spheres of Venus and Mer-
cury, (10) and (12) will suffice for the third motions of the planets proper.
If they were studied in their ecliptical projections, as one may well assume,
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all projections equal zero and the particular solutions are superfluous. If
they were studied in equatorial projections, the northward motions mention-
ed in the tradition will appear as having a direction opposite to the fourth
motions (since hippopedes are formed).

8, The hippopede constructions.

Schiaparelli’s conjectural hippopedes have been studied in detail by sev-
eral generations of ancient and modern commentators. In the Bibliogiaphy
of [9] I give the titles of the most representative investigations, and it is un-
necessary to dwell on the topic here. Suffice it to say that Schiaparelli’s hip-
popedes are close enough to mine to give an approximative summary. But
it must be emphasized that although his inclinations () are rather near to
mine, mine are implied by Eudoxus’ reconstructed method, and do not ensue
from modern observation and mathematics (cf. Neugebauer [12]).

9. Conclusion,

I have tried to show that all astronomical parameters, known either ac-
curately or in principle from the Eudoxan tradition, and characterizing the
Eudoxan theory of the homocentric spheres, can be obtained as soon as
means are discovered for dealing with a generalized proportion of the foil-
owing type:

(30) xy: (x J= y) =n Teomb:

Here X,y are two planetary periods (of which one is known or postulated in
advance), n is a positive integer or a positive rational fraction needed in the
generalization (cf. Eucl. v. 15) and Teomb js a planet’s synodic or sidereal
period, known in advance from observation. The main body of my paper con-
sists in the reconstruction of Eudoxus’ method, which, when applied to the
observational planetary data («the phenomena to be saved»), produces the
astronomical parameter values. These include both real, observational values
(of which some are rather accurate) and entirely fictitious ones. The success
of the reconstruction may be judged from the fact that also the fictitious
values, such as the inclination of the Sun’s third sphere, can be obtained.

The main types of parameter values obtained are the planetary periods
(c.g. T{;“’ = the period of the individual motion of a planet’s second sphere,
TP =the period of the combined motion of a planet’s second sphere,
etc.), the directions of the spherical rotations (c.g., D) = the
westward individual motion of a planet’s fourth sphere, ctc.), theinclina-
tion s of the spherical axes and, being deducible from these, the maximum
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deviations of a planet’s sphere from the equator (including the Eudoxan
value for the obliquity of the ecliptic) and from the ecliptic.

In essence, the reconstructed Eudoxan method is based on Pythagorean
mathematics, and pains have been taken to show that it can be backed by prop-
ositions belonging to Eudoxus’ known contribution to the Elementa. Eudo-
xus’ method consists of two parts:an analysisandasynthesis. Be-
cause Eudoxus’ importance is acknowledged by almost all subsequent pro-
motors of mathematical analysis (for more detail sec my paper The Elements
of Analysis, «Proceedings of the X1V International Congress of the History
of Science», 1974, Tokyo and Kyoto), and because Eudoxus’ method has
affected much contemporary philosophical analysis and synthesis, my re-
construction may be of some interest to the historian and philosopher of the
exact sciences. Besides, it may illustrate the logic of scientific discovery.

At the heart of the reconstructed method (discussed from the algebraic
point of view in the Appendix) lies in each case a Pythagorcan triangle, dif-
ferent for each planet. Its sides arc gencrated from two relatively prime, une-
qual integers p. q in the usual way, and the triangle itself has the role of an
auxiliary drawing in a geometrical proof. In terms of this triangle both the
auxiliary parameter n and the solution to (30) can be given, and its angles
determine the axial inclinations and maximum deviations. The solutions to
(30) are invariable with respect to p, q (which may be called «the mathemati-
cal constants of nature») and can be obtained in each case in the form: x fy =
p /q. The solution gives rise to the tangent (== ratio of the gnomon to its shad-
ow) of the angles of inclination, say i, and maximum deviation, say «. In fact,
it also suggests the main features of the astronomical instrument (arachne)
which Eudoxus has used in measuring angular distances. Moreover, the in-

verse of p/q =tan -;— or = tan Lz- (cf. Eucl. Ul 18, VI. 3), which leads to

the theory of stereographic projection, expedient in the calculation of angu-
lar velocities, paraphrased in termes of periods in (30). These further impli-
cations of the reconstruction, however, will be discussed elsewhere. Suffice
it to say that Eudoxus’ method can be understood as a geometrical treatment
of time, and that his main heuristic aid has been the Pythagorean numerical
analysis (cf. Iambl., In Nicom. arithm. 10, 17),

I list here the most important parameter values explained. (D = direc-
tion of rotation).
The Moon: TP™ = 30 days, Dijd™ | Tisd = 870 days = the «long»
lunar period, Te™ = 29 days = the «shorter» period = the «hollow»
month, and « =3°57" (p/q =29/1), y/x =q/p = 1/29 = tan (a/2).
The Sun: TPmt = 360 days, Dit® , Tind = 32760 days = the «long»
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solar period, Tig™" = 364 days = the «shorter» period = the «seasonal

year» 4 . 91 days, and ¢ == 1°15.5" = appr. half anc1L; (p/q =91 /1).
Venus: Temd = 360 days, Djid® | incl.,, ==the same as for Mercury
and the Sun, while for other plancts this will be different for each,
Tigm® = Tiemb = 570 days, and incl.,,=49°33" (p /q =19 /7) . (Note also the
other alternatives discussed above).

Mercury: T;P" = 360 days, Dy | Tignb = Tigmb = | lo%days.

and incl.,, = 42"05" (p /q = 9 /4). (Note also the other alternatives discus-
sed above).

Mars: Temb =2 . 360 days, Djyd™) | Teemd = Teomb— 260 days(which
is the period of the actual loop, while Ts¥» = 780 days), and incly =
=31°03' (p/q=23/13). (Note also the alternative Tjgmb = 260, Teom™ =
780 days, i = 35°09').

Jupiter: TiP™ = 12 . 360 days, Diyd™) , Teomb — Teomb — 390 days,
and inclyy =11°20" (p /q =131 /13).

Saturn: Tyme =30 . 360 days, DiyW) , Tiemb = Tiomb = 390 days,
and inclyy =4°17 (p /q =347 /13).

Loxotes: a = 2237 (p/q = 3/2); the real value in Eudoxus' day ¢ =
= 230 44',

It will be seen that calendaric considerations indeed played a role in Eu-
doxus’ concept of empirical data, and that the hippopede constructions real-
ly aimed at approximative (or idealized) descriptions of the observed plane-
tary motions. But it must have been something of a shock for Eudoxus and
his followers to discover that one and the same method of computation in-
deed produces parameter values that were well known from the past. It must
have appeared as if in (1) a «law of nature» had been invented. A «law» which,
albeit simple, nonetheless indicates in an economical interpretation the «con-
stants of nature».

The inner beauty of Eudoxus’ system, cven in the barest outline drawn
in this paper, is gripping. The simplicity of the mathematical tools, the very
concrete, yet strikingly effective methods of analysis and synthesis, the ex-
treme parsimony of the explanans and the ingenious interpretation,
contrasted with the multitude of the phenomena explained. are to the full
credit of Eudoxus’ genius. His solution to the cosmological problem is char-
acterized by strong methodological monism, which Philipp of Opus prob-
ably refers to inlthe Epinomis 991e-992a. Other details may be omitted here,
but suffice it to say that if for instance the sum and difference of p and q in
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each particular solution are considered, it will be noted that the same num-
bers (12, 13, 30, 36, 90, and 360) occur at all levels of the explanation, strong-
ly suggesting that one has seen into the depths of the celestial architecture.
At the same time, however, Eudoxus’ system was capable of further develop-
ment by his followers. Hence it is not a system of sterile rigidity like Aris-
totle's, but the beginning of a dynamic paradigm.

Eudoxus continued active studies on Cnidus until the end of his life.
Strabo (C 119), following Poscidonius, mentions that he observed Canopus
(o Carinae): this is probably connected with his attempt at an estimate of the
diameter of the Farth. But the mathematical foundations of the Greek astro-
nomy (and ours) were laid, as cogently as it was possible for Eudoxus, in his
theory of the homocentric spheres. If the reconstruction of Eudoxus’ method
submitted above is correct, the philosophical discussion of such themes as
the real meaning of the principle of «saving the phenomena», the concept of
time and its mathematical treatment, and the heuristic value of the methods
of analysis and synthesis in other, more general problems, may begin.

When viewing Eudoxus’ theory of the homocentric spheres as a whole.
one notes the striking discrepancy between the geometrical model and the
physical reality. Not only is it so thata geometrical framework is insufficient
in dealing with the computation of angular velocitics, and the results obtain-
ed approximative. The model, albeit in motion, is far from the modern ideal
of physical models which try to preserve the possibility of checkingat any
tim e. Eudoxus’ model, on the other hand, «saved» a fixed number of phe-
nomenaat a given time,and it had predictive value in the case of cach
planet at a given time only, viz. at the time when a planet’s maximum devia-
tion was observable. With respect to these «saved phenomena», however, the
model is in full correspondence with reality. That is to say, the language of
Eudoxus’ theory exhibits the idea of logical or semantical atomism at certain
fixed times.

One can understand this view of language against the contemporary se-
mantical theories in Greek philosophy (see e.g. my papec The Semantics of
Time in Plato’s Timaeus, «Acta Academiae Aboensis», vol. 38, No. 3, 1970).
For the Pythagoreans «the whole universe is filled with numbers» (cf. Ar.
Met., 1090a 20 sq.), but for Aristotle already the contents of the two boxes,
one containing the language and linguistic models, the other containing real-
ity, are different. We can almost put our finger on the point of divergence:
at De Caelo 289b Aristotle discusses the possibility of motions of stars and
their circles independently from each other. Hitherto, a planet and its sphere
had formed a unity, one physical body if we wish to put it so.

But even if we grant this somewhat alien idea of physical bodies, the fact
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remains that Eudoxus’ model was in full correspondence with reality at given
times only. For surely no physical body can rotate on three or four spheres
of different radii at the same time. And different radii they had, as Aris-
totle clearly implies (notwithstanding what modern commentators have clai-
med), for that is essential if stereographic projections are used in the calcu-
lation of angular velocities. Nevertheless, the «lemporary» agreement of Eu-
doxus’ model with the «saved phenomena», as well as his strikingly concrete
method of analysis (or should we say, in view of A'rpad Szabé’s results con-
cerning the origins of terms for «proof» and «showing», Eudoxus’ optical
method of analysis), are extremely effcctive theoretical tools.

It is with great delight, therefore, that I can end this paper by pointing
out that the attitude towards models and their agreement with reality was
exactly of the type required in Plato’s Academy (cf. Ar. Mer. 990a). For my
working hypothesis even in this paper has been that Plato in the Timaeus is
using Eudoxus’ theory as the frame of reference for his own fragmentary
astronomy. It is from the Timaeus that I have discovered the clues to Eu-
doxus' Pythagorean triples and Eudoxus’ obliquity of the ecliptic (and
Plato’s great harmonia provides the arachne with two scales, musical and
geometrical harmonic scales for angular measurement). Now, at Tm.
37c Plato uses the term agalma for the relation between the World-Soul and
the planets, and I have shown elsewhere (Plazo’s Agalma of the Eternal Gods,
«Yearbook of the Philosophical Society of Finland», 1969) that agalma
in Plato is a pregnant philosophical metaphor, exceptionally apt for the de-
scription of the relationship between «everlasting» and «temporal» beings. In
Plato’s hands, agalma has undergone a change from a religious concept into
a philosophical one. But it has preserved some of the original religious con-
notations. The a galma at Tm. 37c is (i) a likeness of its paradigm and the
Demiurge tries to make it «yet more like its pattern», (ii) it is «set in motion
and aliven, (iii) it is the object of the Demiurge’s delight, and (iv) it seems to
have a function similar to cult-statues of which the divinities are supposed
to discuss — at Icast during the exalted moments of actual worship.

It is in this intellectual atmosphere that Eudoxus presented a geometri-
cal model that «saved the phenomena», but fully corresponded to reality at
given times only. Like so many later mathematicians, Eudoxus has created
a visible model, the heuristic value of which lies precisely in the fact that what-
ever is done with the model will suggest particular solutions to problems dis-
covered in reality. Is this not the same perennial ideal that also philosophers
like Leibniz and Wittgenstein have aimed at with their theories anchored to
semantical atomism?
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APPENDIX*

An algebraic view.

In Eudoxus' cosmological construction, angular velocities (inverses of
periods) can be combined by projecting them pairwise fiom one sphere to
another. From the mathematical point of view, such combinations can be
expressed by the following formula:

_ T !
() Tr_l_ + —T; - Ty Ta " Tcomb
In order to master the combined motion Eudoxus thus had to be capable of
solving the algebraic problem: Given Tomb give x, and x, such that
Xp . Xy

@ X; £ Xa
With the known mathematical tools of that age the problem was
unsolvable. Hence we try to find out a possible reconstruction by the anal-
ogy of which Eudoxus could have solved (2) usingthemethods of anal-
ysis and synthesis. Although the following algebraic formalism is
perhaps anachronistic, contemporary mathematicians, however, would have
been capable of making essentially the same reasoning.

To begin with let us consent to Erkka Maula’s working hypothesis that
Eudoxus knew the (far older) Babylonian method of normal forms to solve
quadratic equations.

ke = n=g+/[5)F

X
(3) problem ! solution

X £ Xy =b X = _g_ V[——] Fa

When looking for the characteristic features of (2) in the analysis we
realise that there are in fact the equated ratios of left and right sides of the
normal forms.

= Tromb

Xy Xp =Tromb ’ ) X, =1 /2.{_\/1 J&F Teomb
4 solution (
Xy £ xp =1 ‘ %o =+ 1 2F A/T/4 F Toome |

After this observation it is natural to examine the solution of (4) — and
to our pleasure it satisfies the original problem (2), Heuristic «optical» par-
tition yielded a fruitful result — let us continue in the same manner. Problem
(2) has an infinite set of solutions and basically (2) is a ratio. How can pro-

* By Eero Kasanen, University of Turku.
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blem (4) be generalized accordingly? We introduce « parameter n. Let X; + Xa
be equal to n, then x; . x, =Teo™® . n, Thus the characteristic features of
the original problem have been maintained. Eudoxus’ assumed contribution
to Elementa includes

a an

5] e »
(5) 5 on (v.15)
which gives evidence of the preceding mode of reasoning. Problem (2) is al-
it
tered into an equivalent form —2- X2 — TP R and so the respective
X1+ Xa n
normal forms acquired will be
n ((n)*
Xy . Xg==Teomb gy x1=7+ V[—i‘ FTeom.n
(6) %, o & - solution ———————
Xy 2 = Xz=i%‘:FV[—;-] TFTeomb

When testing this result the following conclusion can be immediately drawn:
allowing parameter n to take several values an infinite set of pairs X;, X,
satisfying (2) is obtained. The only flaw is the permanent presence of para-
meter n which logically corresponds to auxiliary designs in the geometrical
analysis.

We proceed to the synthesis restoring the ratio split in the analy-
sis. Partitioning is compensated for by building the ratio anew. The solu-
tions x,, X, in (6) are moulded into the ratio x, : x, which is called the s o] u-
tion of the original problem. Calculating

n
s [__] JFTeomb [ + [ ] FF Teomb, n}:’:’r;omb
mhZ v

Teomb
n n b
:j:—z':FV["z-] F Teomb.n
X; = Teomd
="_IW_'

we witness the striking disappearance of parameter n. All pairs of number
Xy, Xy satisfying the condition

_xl _ xl :F 'l'tnmb
®) Xp - Tromb
also satisfy the original problem. The value of parameter n== x, 4 X, is
seen in (6).
What have we gained? The problem was divided into parts by using the
above outlined method of analysis. Parameter n was introduced to maintain

16 @IAOZO®IA 4
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the characteristic features. The pair of simultaneous equations was solved by
the method of normal forms. The solution was defined and calculated in the
synthesis in which parameter n was also eliminated.

Let the following figure illustrate the situation.

3 b
X1 = Xa solution Xy x; F Teom
roblem ———2_ —=Twmb o _ . 2" "0 - L
P Xy £ % Xy Teomb
l 1
analysis
Xy« Xo= Tcomb
X £ x. =1
synthesis &
parameter n
analysis eliminated
continued &
parameter n
introduced
4 (
n i n)?®
Xy = — e = Tmmb_n
X1 X3 =T®™ . n (he method | 2 +V[2} ¥
Xy :t X, =n _‘of—narﬁuﬁ f;l'—l:l'lg n

Ol ZTAGEPEX THX ®YIEQE
MIA MEAETH [fA THN NPQT"MH IETOPIA TOY ®YZIIKOY NOMOY

Mepiinyn.*

It perérn adrh yivetal npooralein vi Setydij, 8T SAeg of dotpovopt-
xég mapdpetpot, wov elvar yYvaotég site Emaxpifds eite kat &pyiv ard v
rapddoon tob Eb§oEou kui mobd yapaxtnpifovv 11 Bewpia tov yid tig Hpd-
Kevipeg opuipeg, propody va EEaylodv Grav Ppeldij tpémog va peretnfobv
pe ik yevixevpévn Gvairoyia tob timou:

(30) xy: (x £ y) =n Teom: n.

* Metaopaon ard to ayyAitkd M. Apay@va-Movéayov.
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"E8@ X,y eivan dvo mAavntikég nepiodor (Gnd tig omoieg A piv sivar yvwoti
1| mapudedeypivn @g atiope &x tdv mpotépav), n eivar BeTikdg Gxéputog
i Betixdg pntog Khaoputikdg apdudg, anupaitntog oth yevikevon (wpBA.
EUkA. V - 15), kul Tt glvar /| ouvodik) f| dotpikt) meplodog évog wha-
T, Yveortt) tpoxataBorikds Grd v Tapatipnon.

T kOpro pépog tod &plpov mpuypotedstar v Gvakatackevh) g
1e063ov tob Ebd6Eov, | onolu, dtuv Epappoodi] ot tAavnTika
and mapatnpiioeig ded o péva («yid va cwlobv T parvopevar), divel tig
aotpovoukés TIHEG TV mupepitpev. I’ abtic mepiupPdavoviar wui moa-
THatikég, dpreipikds Tiusg (Repikés ard tig Omoieg eivar piEilov dxpiPeig
Kai GAheg tedeiong mAaopnatikéc). “H Emtuyia tiig vakatackeviig propel vi
k1) and 10 6T propodv vi EEuxBobv Gxdpe xai ol mhacpotids Tipéc,
énawg w.x. fi dndxrion tiig Tpitng cpaipug rob “HAiov.

O1 xUprot tomoL TiudV mapapétpov mod EERxOnoav eivar ol mA a v n-
tikég mepiodor (my. Tid = 4§ nepiodog tiic &ropmxiic xivijoemg
i devtepng ogeipag éveg mAavit, TE™ = | mepiodog cuvdvaouévig

xivijoeag tiig 3ebtepng opaipag Evdg mhavijty ¥Ar.), ol @ o p & ¢ 1@V oPal-
mx6V TEpLaTPoedV (T.x. Ditd ™) = 1| gropuxy) xivion tijg tétuptg opai-
pug £vog mAaviitn mpog duopag, xAt.), ol arokAicE1¢g TAY cPaipikdY
akoévav kai, «btd mob pmwopel va cuvaydij an’ adrég, ol péyloteg ma p € K-
xAioetg tiig opalpug Evog mhuvijtn and tov lonpepivd (6mov mepiiap-
paverar xai f Tipt tiig AoEdtnreg tiig Exhennixiic Tob EbS6EoL) kai and thv
ExhelmTiRg.

‘H péfodog tob Ev86Eouv mod avoxartacxevicape Pacilerar oboraoti-
K@ otd mubayopike Mabnpatikd: kataBirape npoonddeieg va Ssikwpe ot
propel vi bmoctnpiyi pué mpotdoeig, oL dvijkovy oTI| YVWOTH GupPOAT]
tob Ebd0Eov ati Zroiyeia. “‘H pébodog amoteheitan anod dbo pépn: wié ava-
Auvon xei pd obvleon. "Enedi) 1| onpacia tob EdS6Eov dvuyvepilerar dnd
Shovg oyeddv tolg petayevEotepoug dmadodg tfic pabnperikic dvéivong
(y1& mepiocotepeg Aentopépeteg PAtne w0 dpBpo pov The Elements of Anal-
ysis, «Proceedings of the XIV International Congress of the History of
Science», Tokyo /[Kyoto, 1974), xai &reid7) 1) pébodog rod EvS6Eov énnpéuce
T obyxpovn @rhocogikii dvaiven xei odvlson of peyddn Extaon, f| dvoaxae-
TAOKEVT) umopel vi mapovoldln «émoio éviagépov Yid TV iotopikd xai
10 @1Aéoopo @V BeTixdv Emotnuidy. "Axdpa, prnopel vi diapwrion T Ao-
YT tiig Emotnpovikiis dvaxdaivyng.

Z16 xévrpo tiig nedoédov mob dvaxarackevdoape (kei mob and THY GA-
veBpxn] droyn culnteital 010 wapdpinpa Tob dpbpov) Ppicxetar Eva mu-
Bayopikd tpiywvo Y& kdbe wepintwon, Su@opetikd yid k&be mAaviity. Ol
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wAgupEG TOL Taphyovtat Gnd S00 oRETIKDS mp@TOUG Gvicousg dxepaiovs -
ptBjtodg p, q ué 1o cvvnbiouévo Tpdmo, Xui 10 1810 1o Tpiywvo Exel 16 péro
BonBntixob oyediov o& pid yewperpik) anddeién. Téoo 1| Ponbnmixn nu-
papetpog n oo kel 1| Abon otdv tomo (30) propoby va SoBolv ot cuvdaptn-
on npdg 10 Tpiyovo adtd, xul of ywvieg tov xabopilovv tig dEovixdg amo-
xAioei¢ xai tig péytoree nupexxriosig. Ol Aboeig otd (30) eiven Gperdpin-
Teg Gvapopikd npdg 10 p, q (td dmoie propolv va dvopactodv «ol pednpa-
nixég otabepdc Tiig YOoewsy) kul pmopodv va &Eaxlolyv pé tov thmo: xjy =
p/q pé xabe nepintwon. ‘H Ao cvvendyetur v épantopévn (= &vado-
via tob yrdpovos mpodg 11 OKI& TOL) TOV YOIV Grdxiiong, T.y. i xal pé-
Yot (T)) mapékkhiong .. ¢. "YrodnAover axépa, oty npaypatikdn-
ta, @ xOpie xapextnpionikd tol dotpovoptkol dpydvov (dpdyvy), mov
xpnotponoinoe 6 Ebdokoc yid vi perpfion yoviaxée drootdosig, Ki dxoun

10 GvTioTPOPo T0U p /g = tan * fi = tan — (BA. EvxA. IIT 18, VI 3), nob

0dnyel ot Bewpia tijg orepeoypapixiic npoforiic, Tpdceopn Y& TOV Umo-
2.0YIGRO YOVIEK®V TuXLTTOV, 1oL Tapappilovial of cuvaptnon npodg Tig
nep168ovg a1d (30). ‘Qotoco of mepurtépw adrég ouvineleg tig Avacivieong
8¢ ovfnnBobv dArod. "Apxel wpdg 10 mupdv vi wobpc 6Tt f| péBodog tob
E036Eov pmopel vé vondf] dg yeopetpixn Epunveia tob ypoévov xai 81t 1
xOpa «ebpeTikiy BoriBetd Tov OmijpEe 1| mvlayodpela Gvaivon 1@V &ptBudv.

‘0O mivakag @V CNUAVIIKOTEPOV TapapeTpixdv Tudv EEnyeitar otd
xep. 9. Od pavi) oL 811 mpdypott Hueporoyioxd {ntiuata Eraibuy éva pé-
Ao a1 Bewpla 1OV Epneipix@yv Sedopévov 1ob EbSo6Eovn kal 611 ol Kutaokeveg
pé Baon v innonédn elyav oIV TPUYHETIKOTNTE OKOTO VQ TEPLYPAYOLV
xaté npootyyion (H éEiSavikevpéve) Tig mpoottég otiv mepatipnon nha-
vnukég xivioeig. Tpénel Spwg va ftay kanwg cvykiovicTtikd Yk tov EU-
800 xai 100¢ dnedols Tov v Gvaxaiiyouvy bt pie xai f| avti) pédodog dre-
Aoyicpol &Eayel mphypat mopepeTpixés Tipég mob ftav dpketd Yvootig
amd 10 maperB6v. Kai & tomog (1) mpémer va @avnke g avaxdivyn &vdg
vopov tiig PboEwg, Evag vopov, mod v xai aniég deiyver &v TovTolg pué pmia
«oixovopikf» dpunveiu tic orabepis Tiig Pooews. To Eowtepkd xdAlog Tob
ovatipatog tod Ebd6Eov, dvivnwotiaxd axdpn xoi oty adpopepit oxlaypa-
ofa mob Emyeipfioape otd &pBpo udtd, | arhonta v pabnpautik®dv Epya-
Agiwv, i drepPorixn) geidd TdvV EEnyntéov Spav kel f peyaropuig Epun-
veig, of avridaotoln pé 10 TAT0og tdv paivopivey mov EEnYel, tpérel @-
vempdhoxta vi Eyypaef] otd Evepyntixd tiig peyeroguing o EbdéEov. ‘H
Adon Tov 010 xooporoyikd npdPAnpe xupaxktnpiletar and Eva ioyvpd pe-
BodoLoyikd povicud, otov droto mbavds dvagépetot & Birinwog 6 *Omolv-
T10g omv "Emivouida (991 e-992 e).
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‘O El8okos dEurololbnoe Evepyds tig peAéteg Tou otiv Kvido ig 1o
téhog 1§ Lwiig tov. 'O ZrpaPuv (¢ 119), akolovdhvrug tdv Mooeiddvio, dva-
pépeL Ot maputipyoe Tiiv Kaveno (a Curinae). Tobto npopavag cuvdéetat
Ué v mpooraberd tov va Omoloylon ) Sidpetpo i I'ije. "AAAG Ta podnpo-
kG Bepéhia tijg "EAANVikiig *Aotpovopleg (kai tig idikfig puc) 21é0nouy oo
w16 loyvpé yivotav yia tov Evdoo pd 1) Bswpia tov 1@dv dpokévipmv opaipiv.

"Otav Bewpijon kaveig ) Bewpia t@v dpokévipav cpuip®dv ol EbS6-
Zou w¢ oUvolo, mupatnpel v évivnwotakt) Stupopd Tob yewpetpixol wpo-
10mou amd T QuoiKi} rpayputikdTTa. “OXL H6vo adTd GAAG xul 10 Yewpe-
pikd nraioto slval dveraprés, Grav Exn va kavn xavelg pé tov inodoyiopd
TOVIUKGOV ToxLTTOv Xai pé 16 Ketd tpootyyion émtevyBévia dnoteAéopa-
ta. To mpétumo, v xal xivnpatikd, dnéyel moAd Gnd 1o vedrepo iduvikd
TV QUOKBY TpoTHTAY, oL mpostuboby va Swwtnphoovy T Suvardinta
EnuliiBevong (EAéyxov) € O6morovdfirnote xpodvo. Td wpdrumo
tob Eb36Eou dpwe «Eowoe» Eva otubepd dptOud puivopévey c& Sedop é-
vo %p 6vo xai elye wpognuiki} afia oty nepintwon kade ahavity pévo
ot dedopévo ypovo, dnradi] a1 ypovikd onpeio Emov § peyiotn mapéxxii-
on &vog mhuviiy fitav duvatov va rapatpndfi. Iavieg avapopike pé ad-
14 1@ «owBivie aivopeve» 1O rpdtuno Gvraroxpivetar wANpwg TPdg TV
npuyputikétnte. ‘H yA@oou tfis Oewpiag tod EbS6Eou &xBéter Triv 16¢a Tod
Joywod R «omuuvtikod» droptopod of dpiopévovg otabepovg ypovous.

Mmopet xuveig va katuddfn v droyn adth Y& v yYAdoouw 6& aOy-
xpion pé obyypovés g Bempisg «Inuavrixficy otiv EAAnvixy priocopia
(=pPA. The Semantics of Time in Plato’s Timaeus, «Acta Academiae Aboen-
sis», vol. 38, No 3, 1970). I'ia toug IMuvbuyopeiovg 10 Ao cdunav elvar mAfi-
peg aprBpdv (npph. "Apiot. Metap. 1090a 20 &n.), aAA& 78n nid Tov "ApioTo-
TEAY Tk meprexdpeva kai TV §00 «kovTidvy, Tod 10 Eva mepLéxet 1) YABOGR
xai t¢ YAwooika mpotone Kai 10 dAho v mpaypatikéTnTa, elval Siapope-
TikG. Mrogobpe oyeddv va ynruagpicwpe 1@ onuela tig Siapopis. 1o MHapi
obpavod 6 *Apiototélng cvlntd ) duvardtnra Tiig xiviiong 1@V doTpev Kai
iig TpoyLag Toug avekaptnra Gmod Ti peTa&h Toug oxtan, dvd uéxpt Tote Evag
nhuviTig Kai 1) opaipe tov oxnuantav évétnta, Eva puoikd odpa, 0G Aéyaps.

*AAMAG xal dv Gxdpa SexBobue abdti) v xdnwg doxer i8éa 1@V puot-
x®V copdroev, yeyovdg napapdverl 8ti 16 mpdtuno to0 Edd6Eov Pproxbrav
ot TANpn avruroéxpion HE TV TpaypatikdTTa pévo of dedoudvovg ypbd-
vovg. Tatl PePaing xuvéve Quoikd odpa Sév uropel va nepiotpépstar wd-
vo ot Tpelg f) Téooepeg cpuipes HE d1a @ 0 p & Tt K & ¢ dktives ouYYpéVOG.
Kui elyav mpaypart Srapopetikég dxriveg, 6mag capls wpobrobiter & "A-
PIOTOTéRNG (Tapd Tolg StapopeTicols (oY UPIoUOLG VEQTEPRY GLOAMATTOV),
yeti wdtd elvar ododdeg, Stav yivetar ypfion ctepeoypapix®@v tpoBoidv
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oTOV DIOLOYIGHO TAV YOVIEKGY TULTHTOV. *Ev toltoig 1| «oTiypiuia» oup-
gwvia Tod rpotdnov Tob EbB6EODL pE 10 «owdivio puivopeves, Srwg triong
xal fj LVTUTQOICKE TUYKEKPIPEVT] 1£0086¢ Tov dvadvong (1} &v Byel xai Tdv
groteheoparov tob A'rpad Szabd avagopixa pé Tig Grapyss @V Spwv d-
rédeitic xal deitig, 06 Enpene va mwobpe A omukn pébodog Gvahvong Tob
Eb56E0v) elvar 2Eatpetixd amotedeonaticd Bgopntikd Epyoleie.

Eivar covende peyakn A xopé pov mob propd vd xhelow 10 &pbpo av-
16 Emonpeivovrag 6Tt A otdon rpde T4 wpdTURe Kal T cvpeevie Tovg it
v TpoyRATIKOTNTE ATAV dxpipidg tob TomOv, moby £Bcwpsito avoyxaiog
oty "Axednuia tod MAdravoeg (npPA. Aptot. Meragp. 990 a). Mari A «imd-
8eom Epyociag» pov otd {ipBpo ab1d frav axpiPds 6T b Miatev otov Ti-
paio gpnorponorel i fcwpia Tob EddaEou dg rAaicio dvagopds Yl v @no-
omocHaTIKY TOy GoTpovopia. Ttdv Tinaio dvex@ivya tig voBelg yd i ITo-
Bayopikit TpmAd xul Tia 1) roEbTnTe THG ExAeirtikic tob Eb36Z0v (xuiq
ueyédn apuovia tob Midtovog Sivet 800 kAipoxeg otiiv dpdyvy, T povot-
¥i) xai T YEQUETPIK appovixy xhipuxa Yi& TIC YOVIUKEG peipioeig). ‘O
Mhétay dpag otdv Tipato 37 ¢ ypnoiponotel 10v 8po dyaipa & T oyton
petakd i «yuyflg Tol KoopHOLY xai 1@V TAavnTdy, xai Exo dsiet aAdlob
(Plato’s Agalma of the Eternal Gods, «Yearbook of the Philosophical Socie-
ty of Finland» 1969) 611 & 8pog dyalpa elvar Bupvoipavin pLAoCOPIK] pE-
tapopd ctov MMhdrova, EEmpeTikd wpdogopT Vi meptypdym 11 oyéan pe-
Takd 1év «aioviovs xal «npooxaipow» ypovikdy dviothtwy. To «iyalpa»
ota yépte tod Midrovog and Opn okevtiky &7ive gogopixt Evvota. Ata-
Thpnoe Suwg pepikég and Tig apyikic Bpnoxevtikic Groxpdosg g, To
«lyahpo» otov Tiparo 37¢ ebvat: 1) sixdva Tob nupudelypotdg Tov, xal é Ay-
poupyds npoonefel va 1o xavn axope buotdTEpo oTd Gpyéremd Tov, 2) Ki-
vobpevo kui Euyuyo, 3) avrikeipevo xapdc Tob Anpiovpyod Tov, Kai 4) pai-
vetal V& Aettoupyf Omog td Adtpsvrikg Gydipera, ota oroiu LrotiBerat
St petdyovv oi Bedrnreg TovhdyioTOV ot oty EEapoews tiig hutpeiug.

Ty wvevpomikt] abtiy drpdcpaipa napovciace & E¥dofog éve vew-
HeTpIKd mpdTUTO Tob «Eowle Td Quivopevar, dhh ot Gviandkplon pé v
TPUYLUTIKOTNTE pOVO O& dedopévoug pdvovg. "Omnwg técoL LLETE.YEVEGTEPOL
pafnpatikol & Etdokog Snuodpynoe Eva dputd mpbdTuTo, TOL N ELpETIKI
(nebodoroyikt) dbia Touv Eyxeirut dxpPlog o1d yeyovos, B b,mdAwots i
veta pt 1o mpoTero EEumaxobet Exl pépoug Lboeg of TpofAafpate, wob dvu-
xaAdTTOVTOL OTHV TpaypatikoTyTa. Adv elvar 10 idto uidvio i8avikd, oo
onoio Emionc oxomevay eLAGoopol Gnwg & Leibniz kel 6 Wittgenstein pé
Tic TPOCKOAANUEVES GTOV KONUOVTIKOD aropiopd Bewpicg tovg;
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