The discovery of the incommensurables
and
the vertigo of the infinite

(English translation of the articke Découverte des incommensurables et vertige
de I'infini », Cahiers philosophiqueCNDP n°91, p. 9-29, Juin 2002)

It is widely admitted that the discovery and theatment of the incommensurability
is one of the greatest accomplishments of the Grestkematic science: the young Hellenic
people, initiated for a short while to geometry amthe science of numbers, is probably the
only people from the antiquity to have dared tefdee theme of the incommensurability. If
all that is known about the incommensurables ilbged in a discursive and systematic
manner in books X and XllII of Euclid’Elements it is however quite possible that the
discoveries in themselves may not have been matte the serenity which apparently
brought life to the great productions of the Greeikd: the Elementstechnical account
could hide an encounter with the infinite, firstdd under the mode of vertigo. How would
the Ancients conceive the mathematical infinite¥e®& revealing conceptions seem to
have followed themselves: from the Pythagoreammatiarithmetic infinite to the Platonic
irrational geometric infinite, and between thenme #enonian aporetical infinite. With this
in mind, it is surprising in this regard that Plad@ not publish his conception of the
incommensurable infinite raised to the dimensiothefontological principle. It may be that
he saw in it some sort ofertiginous abyssthat he preferred not to reveal to the
uninitiated... A few rare Platonic and pre-Socrastimonials show that in fact this
dawning of consciousness of the incommensurabibtyfrom having been lived in the way
of Archimedes’ jubilation, would have rather bedre tobject of scandal or betrayal,
instantly casting the Greek consciousness into rditfguand darkness. It is this first

genuinely tragic vision of the incommensurable thatwill try to reconstitute.

| From the rational infinite to the logical scandal

It is in the Pythagorean setting that one can ajgethe whole extent of the scandal. Is
it really about a Pythagorean discovery? It is wéapears to be at least in the famous
summary by Eudemus of Rhodes, the most ancientiatcbthe history of geometry.

« Further to the Milesians, Pythagoras transforthesistudy [geometry], and made it liberal
teaching ; as he went back to superior principtesearched the theorems abstractly and through
pur intelligence ; we owe him the discovery o&iionals and the construction of the figures of
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This passage is considered by historians as relatoredible, Eudemus of Rhodes being
a direct and trustworthy disciple of Aristotle. ther it truly came from Eudemuwsa
Proclus, there is little doubt, since this testimbnis relayed by the Alexandrian
mathematician Pappus (llird Centufryho gives a similar account stating that he owés it
Eudemus the Peripatetic, but giving out less detdbut Pythagoras : he only speaks about
the Pythagoreans. Despite all the difficulties emtered gathering the contributions by
Pythagoras and his School, one is entitled to adhminks to these documents, to which
other converging testimonials add up (certain seoffom Euclid’sElementsthe legend of
Hippasos, which we will examine hereafter) that Byghagorean School played a primary
role3

At the beginning, the members of this School werteiiively convinced of a total

appropriateness between figures and numbers, anbdesowould represent figures with
numbers and numbers with figures : this is tigeired pointssystem. Arithmetic suites
would then correspond to a progressive buildinfiguires.

For example, the figured triangular number 6 wilheess itself in the following diagram :

This diagram corresponds to the suite 1, 3, 6150,. If we add agnomon(the serie of units
one must add to obtain a similar figure) equal mlded to this triangular numbeone obtains
10, the Decade or Tetractys.

One will recognize in this diagram the presenceaosical ratios 4/3, 3/2 and 2/1, starting from
the base.

! In Euclidem commentariusy Proclus (Friedlein, 65, 15-21).

2 pappusCommentaire au ¥ivre des Eléments d’Euclig&rench translation by Woepcke of an arab version,
Essai d’une restitution des travaux perdus d’Apuills, 1856 p. 662-663.

® We will still be able to indicate that the Ancientegplatonic dating, of the discovery of irrationgliis
confirmed by the fact that Democritus born in 470 lddwave written a piece of work on irrationality K058
B11).

* Cf. Nicomachi Geraseni Pythagoreitroductionis arithmeticaél, chapter VIII (Hoche p. 89). The serie of
gnomes is the suite of natural wholes ( 2, 3, 4,)5nd the following triangular number will be givbwg this

n(n+1)
formula: ——.
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It is on this musical and arithmo-geometric foumgdihat the Pythagoreans constituted
their whole philosophy of the Number.

Let us rapidly look at how the use of this systeraynhave developed into the
discovery of the famous theorem of Pythagoras.Hgideally discover it? It is difficult to
attribute it to Pythagoras in person in its Euerdiformula, but it is thought that the pre-
Socratic mathematician arrived at the level ofrte®nal rectangle triangles 3-4-5;5
—-12 - 13; 7 - 24 — 25; étdlis discovery is not a demonstration, bunhanstrationby
counting the number of figured squared numbers dim&t can build on each side of a
rational triangle.

The philosopher, however, must have found out \argkly that this property of
square numbers could not apply itself as easigntasosceles rectangle triangle, namely to
the diagonal of a square, as one can no longerafindmber or ratio measurable in unit-
points for this diagonal. Such is the most elenmgntavelation of the incommensurable.
The question is then to find out, as far as it @@sovered in a very unexpected manner,
how it could be integrated in a philosophical systbased on the domination of the
Number.

An enigmatic teaching reveals that, for the Pythagos, the basic numeric principles
areMonad and indefinit®yad (DK58 B la, 14, 15). Aristotle (DK 58B 13 Metaph A
987 b 22sq) seems to allocate this doctrine ratheagwapha dégmatdthe oral teachings
by Plato). We have a few reasons to believe how@tianks to Theophrastus’authority in
this matter) that the theory of principles did mgdo the Pythagoreans, but under a much
simpler form than with Plato. It would refer to,cacding to an important study by Paul
Kucharsky’ the opposition betweesguare numberandoblong numbergfrom the table of
opposites), square numbers with odd gnomes et oblongs numtigrseven gnomes. The

® Aristotle, Metaph A 987 b 22 ot & apiopodg elvai puoty obtd td mpdypate. et 987b 10: ot pev yap
TTvbayopetol ppnost td OvTo eaoilv gival TV aploudv.

® All historians remained very sceptical, and righyfso, with regards to a formal geometric proofcsirthe
high period of Pythagoreanism. However, the Ancieth&yoreans would have noticed the specific propertie
of the sacred triangle 3-4-5, by displaying peblatethe Eurytos style, and would have drawgi@al method
of assessing theatios between sides rather than an apodictic pr@df.W. Burkert,Lore and Science in
ancient Pythagoreanisn€ambridge (Mass.) 1972 (English translation fro@eaman edition, 1962), pp. 427-
340.

" Kucharsky, "Les Principes des Pythagoriciens @yade chez Platonl,es Archives de la Philosophi22,
Paris 1959 (premiere partie p. 175-191 - deuxiérueigop. 385 sq.). Works issued from the extensibn
analysis developped by L : Robiba théorie platonicienne des Idées et des Nombragréls Aristote Paris
1908.

8 Aristotle, Metaph A, v, 986 a22. It is to be noted that we will netfiin this table which dates, according to
Avristotle, from the very early ¥ Century, the opposition of the rational and thational. Let us cite a few
opposites (among the 10° which concern us morecedfye
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gnome herein will be a square figure which allowsdproduce a similar figured number
while framing it. One notices that by the meanshefse odd and even gnomes, the whole
infinite series of entire numbers is run througmegecally. But what matters is that the
principle or basis be the Monad for the square ram)band the Dyad for the oblong
numbers. Whereas on one side, square numbersvaagsagieometrically similar (they act
in accordance with the law of tHemiting), on the other side, oblong numbers act in
accordance with the law of thenlimited (the apeiror), as their shape evolves constantly,

and is never strictly similar.

Figure 1
Square numbe Oblong numbers
with the with the
Monad principle yd&l principle

Philosophically, the first Pythagoreans would dalyasee in the indefinite (simple and
rational) of oblong figures the principle of allistvng dissimilarity, as opposite to the
similarity of theequally equakquare numbers, the very principle of all similarNow, in
his oral teaching, Plato, according to Aristotl@uhd substitute to the Pythagoreafinite
which was conceived as aq gvoc) a Dyad i.e., anApeironthat comes from the Big and
the Smallto anepov &x 100 peydrov kail pikpov). Which would mean that Plato would
enrich the theme of the Pythagoreafinite: he grasps it as double through the opposition
of the Big and the Small. What are then the Big #red Small? They are very likely the
fundamental principles of all existing variation$ the more and the less, undefined
substract from which all limited beings, particlyaNumbers, and even Ideas, would be
produced in the scope of theenesij eij ousian as quoted ifPhilebusen 26d what comes
to the beeing through the effect of measures ioired by the Limiting péto tov
népatog). In effect, certain passageshhilebus(the only dialogue in which Plato resumes

the notions ofPérasand of theApeironfrom his oral teaching) lead us to understand that

népog kol dmelpov limiting and unlimited
mEPPLTOV kKOl GpTiov odd and even
pag kol - okdTog light and dark

ayofov kol — KoKoOv

. o . good and bad
TETPAYOVOV KOl  ETEPOUNKES

square and oblong
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the Big and the Small correspond to the irratidresdis of all reality as movingubstratum
that receives the action of the Limiting to prodtioe Number, as it is said that the function
of the Limiting @0 mépag) is to make commensurable and consonant the oppadsite
introducing the Number(tavavtio .. obupetpo 8¢ Kol ovpeova Evleioa aplOpov
amepydletar) (25€). All in all, the opposites are the Big ahé Small, which under the
domination of the Limiting, are transformed intorNbers. The genesis of Numbers and of
finished beings, from the two fundamental principdé the Monad and the undefined Dyad,
the latter one conceived as incommensurahlbstratum such would be Plato’'s new
conception which Aristotle indicates in a very @i manner inMetaphysicd With
regards to these texts, one will understand thatbPin his Pythagorean principles system,
is going to integrate the notion of incommensuigbthat the first Pythagoreans could not
face : from then on, he goes from the ratioregbeiron of figured numbers to the
incommensurablapeironof the Big and the Small, of the More and the Less
Consequentlythe excerpt fronMetaphysicawhich we just looked at, finally suggests
that with the Pythagoreans, the incommensurabibtyained an unresolved issue (thus
impossible to integrate in their theory of prineipland theitable of oppositgs In the
surroundings of their first theories on figured rbers, they could not conceive the
existence of such a property. Here we have allsigaes of adoctrinal contradiction
meaning that these mathematicians knew the irr@isobut had to keep a philosophy of the
principles issued from Pythagoras, who used tdlydignore this property? Such a hiatus
can be easily understood : a deeply rooted prec@tédea cannot be destroyed from one
day to the next. It is evident that in their foumgliconception, these first mathematicians
would base themselves as any uneducated man waoidoh the empirical and intuitive

principle that to any length correspond inevitadbiyumber and a measure.

° At first sight, according tdhilebus this genesis of the beings only concerns the dowfathe perceptible,
but the Platonic doctrine of the two principles miistable to apply to the intelligible and percdptiteality
(cf. Aristotle,MetaphysicaA 6, 987b 15 sq.), particularly with the genesisdefal NumbersCf. P. Kucharsky,
op. cit. p. 423sg The undefined Platonic Dyad is then fundamentddéincommensurabilityon one side in
the intelligible, as far as it can be totally corted into Numbers and ildgoi; and on the other side in the
perceptible, as far as it cannot be totally coradrparticularly with surfaces (diagonals of regdigures), in
volumes and mainly ithe irrational and unknown founding of any realffyheaetetug02b).Cf. infra n. 26 et
n. 39. Consecutively to the discovery of the inca@nsurables, it may be that the Pythagoreans mige h
likened them to thapeiron before Plato, as suggested in an excerpt by lamid,Vit. Pyth.30, 8179, 8-11.

1% Wwe will see that at the end of the 5th Century time when the knowledge about the irrationals ladldrf
into the public domain, one Pythagorean, Euryto @3, 3), would keep the archaic unit-points systéme
psephaij certainly by reverence to the master’s doctri®feJ. BurnetEarly Greek philosophy,ondon 1919.
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This is what Paul Tannery commented 8n :

« Comme le montrent leurs travaux sur la figuraties nombres et leur célebre définition du
point 0 l'unité ayant une positionl les Pythagoriciens sont partis de 'idée, nataraltout
homme non instruit, que toute longueur est néaeseant commensurable a I'unité ».

Thus, Tannery is the first erudite to have advantedards the discovery of the
incommensurability, the idea of « scandale logiguerhich could also be called : « crisis
of fundamentals ». He rightfully speaks about aalery that is less problematic in its
intrinsic difficulty level (since it follows dirett from the generalisation of the Pythagoras
theorem) than at the prejudice level, which initgad as ineradicable as experience shows
that a measurement of lengths is always possilyi@i@ctical approximation). And it does
seem at first sighthconceivablehat with a given geometric length, the diagoria square
which the Greek would furthermore cdiametros(which is measured from either side of
the figure), could not correspond to any numberammy accurate measurement obtained
from its side.

It is to be noted that the Pythagoreans would haedectly admitted that the
diagonal number might not be whole, that he migkt pe fractional, what they would call
alégos On the other hand, they never conceived the adehe irrational number in the
way that we speak today about tha@lden numbeor the numbepi, but only the idea of
irrational or incommensurable magnitudes. There either commensurability and
consequently a number, or incommensurability anduraber. The two ideas are mutually
exclusive in the Pythagoreans’ mind, as in PlatoBhus, the fact that there would be no
number corresponding to a given dimension, wasif@m a matter of the greatest scandals.
It is true that these texts do not speak stridtiguascandal Plato and Aristotle only speak
aboutastonishmen(bavpdacev).”® But, as we shall see, these two thinkers had téken
position ofdedramatizatioragainst a first much more tragic perception ofithagional. To
be able to grasp this first impression of scanuiad, has to go back to a legend related to the

Hippasus of Metapuntum character, in which thesd#éetrayalandabsurditycrop up.

' p_ TanneryMémoires scientifiquedaris-Toulouse, 1912, I, p. 268

12 This exclusive vision of the Ancients can be foima passage by Aristotl®letaphysicap 1021a5 b yop
aplOUOg GOUUETPOC, KOTA WP ovppéTpov 3¢ apduog ob réyetatl. (corrupted text, correction from Apelt :
ouppétpov  ovppétpov) « en effet, tout nombre entier est commensurablajs npour les grandeurs
incommensurables, aucun nombre ne peut les expsingeanslation from J. Tricot). On the other hand,
Theaetetus will introduce in a certain way the idetheirrational number Cf. infran. 32.

13 Cf. infra p. 15sq PlatoLaws VII, 819 d6,cf. infra n. 17 et n. 34 ; AristotldyletaphysicaA, 983 a 15. Oe
will note that the Greek term, as well as the Engiesin astonishmen(to be stricken by thunder) are strong
words that express an upheaval of the mind thateglecby far a simple surprise.
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Il Betrayal

This legend is reported by lamblichus in two exteripom hisPythagoras’ Livé* a
Pythagorean named Hippasus of Metapuntum would dack at sea, because of his lack of
respect, for havingevealed thesecret of the construction of thelodecahedron — a
construction whose authorship came bacKtiat One which is to say Pythagoras. Another
related tradition teaches us that whoever (Hippasusomeone else?) would reveal the nature
of the incommensurability to people unworthy toeige such a teaching, would have to be
excluded from the brotherhood, and the memberbafkect would erect a tomb to signify his
spiritual death...

One can understand these traditions about thetsmcadout the death of one or several
traitors who would have disclosed it, as the #gbression of traumatism, as a reflection of the
shock that the discovery of irrationality would kaprovoked. Meaning that irrationality is
somethingliterally unthinkable and, in reality, one must admit that not only wbuhe
Pythagorean community have been betrayed by thegdimce of Hippasus, but the veByeek
mind in its wholenessindeed, one can understand in depth this leghatlit is the very
discovery of irrationality (which should go backHippasus® rather than to Pythagoras) which
would have been perceived in the Greek mind likedgireatest betrayallThe explanation is
simple: it is the whole rational vision of the webrinhstituted in particular by Pythagoras that
could collapse in one strike. Such a discoveryhsaimpiety would only deserve death,
symbolically or not, and the most severe revengehieydivinity. In other words, the legend
about the betrayal by Hippasus is the first expoessf scandal from the fact of the existence of
the irrational: the Greeks felt deeply betrayedtlhy mathematical discovery and Hippasus,
even though he might be a scholar, would be thg onk to bear the responsibility of this
humiliation of reason. In light of this, the legenf Hippasus must be taken for what it is : a
legend that requires, above all, to be interpréteé symbolic way, even if an historical

background is not absent. And even though theotiésti content might be debatable, the

% lamblichus,Vit. Pyth, § 88; 246; 247 dbe communi mathematica scientB25 Teubner = Fragt DK 18

On the authenticity of a testimonial, A. Delatte saes source Timaeus of Tauromenium, probably becaus
the anecdote occurs at paragraph §246 right aftemark that recalls the letter by Lysis to Hippagheletter
which would have been used by TimaecfsKtudes sur la Littérature pythagoricienriearis, 1915, p. 92, n.2)
(cf. infra n. 22 p. 9). Timaeus lived from 356 to 260. We dwa Story of Greeks in Sicily and in Italy 38
volumes of which only fragments remain.

'3t is about one of the Pythagoreemsmical figursthe geometric construction of which requires thedtiag

of an incommensurabléhe golden sectiombout the knowledge of the Ancients of this irradbdimension,
read Jean-Luc Périllié’s : "Platon et la sectioary’ in La philosophie de Platorgollective works under the
direction of M. Fattal, L'Harmattan, Paris, 2001185 f.
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legend would remain in itself deeply true by wtiaieveals on the troubled psychological state
of the Ancient Greeks facing the incommensuraliéth respect to the secret, it could only be
perceived as a necessary consequence of the digceva consequence which is to be
interpreted as well in its symbolic sense. Furtiae, this symbolic dimension of the secret
would not have eluded the Pythagoreans themselliess. is what is explained in an excerpt by

Pappus of Alexandria:

« Indeed the sect of Pythagoras was so affectdts bgverence for this things that a saying
became current in it, namely, that he who firstidised the knowledge of surds or irrationals
and spread it abroad among the common herd perishdtbwning. Which is most probably
a parabole by which they sought to express theiviction that firstly, it is better to conceal
(or veil) every surd, or irrational, or inconceilalin the universe, and secondly, that the soul
which by error or heedlessness discovers or reasfthing of this nature which is in it or in
the world, wanders (thereafter) hither and thitbarthe sea of non-identity (lacking all
similarity of quality or accident), immersed in teeam of the coming-to-be and passing-
away, where there is no standard of measuremeris Whs the consideration which
Pythagoreans and the Athenian Stralgheld to be an incentive to particular care and
concern for these things'®

It is clear that the Pythagoreans themselves hddratood that this was a parabola,
even if they limited their interpretative view tbet secret and to the fact that the traitor
would die at sea, even though the whole legentseifiwas symbolic. Obviously, one can
see that at the time of Hippasos (beginning of\tieCentury, B.C.), the Ancients would
live essentially in the symbol: they would accomsiplsymbolic acts (the tomb for the one
who died for the sect), they would make up symboten start to finish, they would
perceive at once the symbolic reach of a gestusvent. One will note in this respect, the
importance of theymbolon(pentalphaor starred pentagoiand theacousamatgDK 58C
4-6) which are essentially symbols, the archaienfdas of which go back to the first

Pythagorean times.

8 Cf. K. von Fritz in « The Discovery of incommensuripilby Hippasus of Metapontum »Annals of
Mathematicsvol. 46, No. 2, April, 1945, p. 242 sq. This magike study on the historical and scientific levels
leaves on the side the symbolic dimensions oflégiend, which seems fundamental to me.

" « The coming-to-be and passing-away » are Platmicepts fronTheaetetu§153a6-7): They correspond
to Heraclitus’, Protagoras’, Homere’s mobilism whdesthatall things are born from flood and movement.

® It is aboutAthenian Strangepf Laws (819d) by Plato who comes to propose to the Cretabstter
conception of the learning of mathematics and itegneot to have been initiated earlier to the
incommensurability:cf .infra n. 34. G. Junge (“Von Hippasus bis Philolaus: Dastitmale und die
geometrischen GrundbegriffeClassica et Medieveld,9, 1958 p. 53-54) points out that the legendenissa
contradiction; since the Stranger from Athens ni#isa rather in favour of a popularization of the
incommensurability. This story hereby reflects Biatonic contrasted attitude in this regard —ttitude that |
will try to clarify herein. Through its symbolisnthe legend appears typically Pythagorean, but datme
charged with more or less contradictory Platonionelets.

'8 English translation by G. Junge and W. Thomson ftbenarab version in Pappu@pmmentary on Euclid
X, Cambridge, 1930. Also see the schooling 417 fedementsEuclidis, Op.t. V, ed. Heiberg, 188&f. W.
Burkert,op. cit.p. 457-458.

% Lucien, Pro Lapsu inter Salut ed. Jacobitz i 330, II-14. The symbolic parthisre overdetermined: the
legend is a symbol with respect to the revelatiothefmathematical structure of a symbol.
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In their interpretation of the drowning of the toaj that which the followers of the
sect would feel beyond betrayal and scandal, wasndtessity ohiding the knowledge
because of a great anxiety about irrationals peedeiin themselves aabsurd and
inconceivable The Pythagoreans would have feared, as Plato dwtaikr, that this
discovery would cast doubt in their minds. The goeswas to know whether the
Pythagoreans would veil the knowledge because itldvaontradict their theory of the
Number or whether this was only so as not to |dserinds who risked, further to this
revelation, to sink into the abyss thke sea of non-identifyas it is said in this passage. We
are inclined to believe in the second solutioncajnparadoxically, the members of the
School really would not have adopted among thereselbn attitude of censorship or
repression when facing the irrational (since theymbols, which were signs of
acknowledgement, were figures the diagonals of whvere obviously irrational such as
the pentagon, the square or the dodecahedron)h&@moint, P.-H. Michel, continuator of
P. Tannery, distinguishes two conceptions of sdandae is logical and legitimate, the
other is rebellious and unhealthy (it is the oldtan of a fact that challenges a pre-
established doctrinéy. This author shows that we cannot accuse the Pytbags to have
hidden the irrationals for doctrinal contradictidhyough some sort of bad conscience.
Furthermore, it would be carrying against them ey\&erious and insufficiently founded
accusation: an unhappy conscience does not neidgssman a bad conscienteAs
indicated in the passage by Pappus, the Pythagomaaoh Plato would have rather had a
reverence avenerationfor the figures of which they knew the intimateationality. What
might have confirmed them was that all figures wérst regular, perfect and would
express primarily the whole power of the numbernéée ascosmic figurs they were
perceived as gifted with a high symbolic power tigio their first expression of harmonic
or transcendent numbers: 12 (dodecahedron), Sta@em), 4 (square, tetrahedron), 6
(cube). Being conscious of the internal irratiotyatif these figures, these should reveal to
their eyes all the mystery of the real, the subgionpf the infinite through the finite, and
the incommensurable through the commensurable.|&Hhbis knowledge remain hidden
from the uninitiated, it is first because theredugebe in these times with the Pythagoreans,
as well as with Plato later, a selective conceptibaral transmission of knowledge which

is not ours> Moreover, these mystic philosophers could righdty suspect, that the

%0 p_-H. Michel,op. cit p. 486.

2 See on the subject thettre de Lysigo Hipparchos (Jambliqu¥,.P. §75-78) written by a I Century B.C.
traditionalist, according to A. Delatt®. cit, p. 103), invoking Lysis’ authority (V Century). This letter
would have been transmitted to us by Timaeus of dragnium. One will note, however, the very Platonic
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uninitiated would not understand it and, neglecting domination of the number on the
incommensurable, he would fall onto the breachrddtionality. Consequently, it is the
whole cosmo-theological conception of thational communionof the beings, of the

Pythagoreamowvovia of which Plato speaks about in tBergias(508a), which could be put
in difficulty.

Il Absurdity

Thus the legend of Hippasus gives an instructiveega idea of the importance of the
shock and uneasiness facing the emergence ofrtimiral. However, to go further ahead
in the analysis of the emotions that the Greekshirhgve felt, and moreover on tabsurd
point of view, of which Pappus speaksufd?’, we must question the proofs of
incommensurability as they were conceived during ltigh period of Greek science.

A genuine mathematic proof of the incommensurabitit the diagonal of the
square was formulated by the Greeks (probably & Wi Century). It is a proof that
inaugurates the purely deductive mathematic, caledapagogic proofiftaywyn : absurd
deviance). Aristotle makes an allusive statemettiénPremier analytictla 21-37 — but
it is later exposed in due form in an appendix @l X of Euclid’sElements|t succeeds
by putting downv2 =nv/n (with m andn premier between them), taking into consideration
that the numbens etn are both even and odd.

V2 situated between 1 and Zn with m andn commensurable and premier between
them.

Let us suppose thatis even anch is odd.

(m/n)2 = 2 =Rz & m2 = 22, If n? is a square even, it is divisible by 4, since all
square evens are divisible by 4.

Same thing for & which is equal tor?, thenn? is divisible by 2, them is even.

We have here a very Ancient example afeanonstration by the absuehd this is to
explain what arhypotheticproof is for Aristotle to give this example (thesabdity of the
conclusion n both even and odd, implies an inaccurate prerhespostulates tham andn
are commensurable : then and n are incommensurable). One may have noticed the

Pythagorean character of the terminology of theopr(able of opposites with the

content of the sophistic criticism : « Les sophiste attrapent les jeunes gens dans leur nasse@avnsnance
ni justesse. C’est pourquoi ils rendent malveiagit téméraires leurs auditeurs. En effet, ils arg en des
personnalités instables et troubles des savoile®toctrines divins, tout comme si quelqu’un viedans un
puits profond rempli de boue une eau pure et limpidtranslation by L. Brisson)Cf. M.-D. Richard,
L’enseignement oral de PlatpRaris, 1986, p. 49 sq.

8 The termsurd is in fact a Latin originated English term whiclartslates the Arabiasammwhich means
deaf ineffable: arabic translation from Greélppntov (inexpressible). But, etymologically, absurd is wisa
deaf, or outside of tune.

10
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opposition of the even and the odd ; and fragmdmg Philolausn?: being evenly even —
divisible by 4 —, while B2 is supposed to be an odd-ev¥ndne may have also noticed the
arithmetismof the proof: another proof of the Pythagoreanistowever, this apagogic
proof cannot be easily brought back to the firsthBgoreanism (before the dissolution of
the sect, in the middle of the Vth Century): for shaistorians, it would be later since it
integrates the reasoning by the absurd which widginky developed by the Eleatic School.

In any case, this is what the proof reveals, thae no identifiable numbers : the
incommensurable is @pntov, aninexpressible However, the Pythagoreans did not just
stay there. They found at least one algorithm qir@gressive approximation, it is the
diagonal and laterahumbersnethod.

Let a triangular figure be: an isosceles rectangseudo-triangle. By using the
properties of the figure hereunder, it is a maitérintroducing a sort of artificial
commensurability by postulating the side and tlagdinal as = d = 1 and by building the

figuresd,, dy, ds... which draw nearer and nearer to an isosceleangld triangle.

Figure 2
di=2a+d=2x1+1=3 a=1+1=2
h=2a+d;=2%x2+3=7 a, =2+ 3=5 (approximations by Plato)
d3=2x5+7=17 B=5+7=12
dy=2x12+17 =41 =12+17=29

This is to indicate the differences between theasepi of therational diagonals(Siapétpwv
pnt@v) and those of thierational diagonals(appntwv), by taking Pythagoras’ theorem

d2=(2a+d?=9 a2 +a2=222=8 difference : + 1

d2 = (221 +di)2 =49 2,2 =50 difference + 1 (irrational diagonal by Plato)
ds? = (22, + dy)? = 289 2,2= 288 difference : + 1

d2 = (223 + d3)2 = 1681 a,2= 1682 difference= 1

24 Also see DK44A13, DK58 B2, 58B5, 58B22.
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One can then distinguish thational and irrational diagonalsin book VIII of the
Republica (546c) — an obscure passage strongly impregnatighl tve Pythagorean
mysticism? From that time on, an absolute periodic proofeapp (+1, -1, +1...) from the
incommensurability. Furthermore, one will notice following property :

The irrationalV2 is always framed in excess or by default by #t®nal ratios 16goi) : 1 by
default, 3/2 (1,5) in excess, 7/5 (1,4) by defalltj12 (1,417) in excess, 41/29 (1,413) by
default, 99/70 (1,41428) in excess, 239/169 (1,814pby default,.. *°

Here we have, it seems to me, an unsettling linkwéen the irrational
approximation procedure (which progresses indefinitowards a never reached limit) and
the Achilles’ apory and Zeno of Elea’s Tortoisewhich one can see clearly two positions
(the most and the least or the fastest and theesipvthat keep indefinitely approaching
each other without ever meeting...

Indeed, what may have given Zeno such an idea esnpare the paradoxical run
of Achilles and the Tortoise, but the example afiever reached limit, pursued by two
evolutive movements which should normally meet dmtnot succeed? To have been able
to imagine that the fastest runner will never ghssslowest; this idea had to be suggested
by an algorithm with a double progression approxioma In and of itself, this idea is not
natural and cannot come spontaneously to the mititbut a mathematical cause. It is
true that the approximation of the most and thstlelaes not follow the same direction in
the algorithm, while Achilles and the Tortoise deetsame way. But it can be easily
understood that Zeno, having got to know the appration algorithm, found it so
inconceivable that he sought any means to careadtlny revealing what, according to him,
was complete absurdity. It is not surprising iselt that this algorithm might have

provoked such a reaction, as the Greeks nevelyraatlepted the idea of a progression

%% The algorithm of the lateral and diagonal numbersupported by the Pythagorean principle of thexéth

as the principle of all figurs, according to thepseme and generating reas¢fhéon,Expos. :ndviov tdv
OYNUETOV KOTd TOV AVOTAT® Kol OTEPUATIKOV AOYoV 7| povdg dpyet). |, Xxxxi p. 70 = Hiller p. 43 (5-7).

% This algorithm could provide us with further expdéions on the mathematic sense of the Platonic
Pythagorean notion of thedefinite Dyad of the Big and the Smétllis that there is for Plato, a More and
a Less where the Big and the Small are transforingx Numbers by an approximation procedure.
According to him, the pure irrational is not a nwenlbut asubstratummoving from the More and the
Less towards excess and default that discrete msnsoeround more and more withgoi, without ever
really grasping it. The incommensurability is inathsense a veritable indefinite Dyad and, and the
commensurable number that approaches the incommadahsius a number constantly evolving between
the more and the less: it is theoductionof a metrion as quoted ifPoliticus (284cl).

2" Abel Rey (a jeunesse de la science grecqlaris, 1933, p. 197) particularly analyses thinite
divisibility argument, as expressed in fragment v@hich supposes a preliminary awakening to the
incommensurable: « Zeno’s argument, while aiminghtindefinite divisibility, reveals that, contrigrio an
archaic representation, the mind would have raitsadf ito the conception of something that the feggland
stated number cannot reach nor measure, to theptat construction of an incommensurable relatigns.
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towards a limit : this would totally hurt their ssnof mathematic correctness, according to
which perfection can only reside in the finite, tredanced, the measured.

In any case, it was noticed that the aporetic megus by Zeno were to fight two
contemporary Pythagorean conceptions: on the @l hthat of the unit-points, the
indivisible figured numbers, on the other hand,¢baceptions of thad infinitumdivision
of the line, which may only result from the discovef irrationals.

It is a famous thesis that was formerly defended @33) by Abel Rey:

« L'argumentation de Zénon vise deux interprétetipythagoriciennes : celle qui s'appuie
sur le nombre nombré, fini, sur les indivisiblemtérprétation archaique, et celle qui, plus
savante, fait état des innovations de la mathéomatiapais des innovations tombées déja dans
le domaine courant, car Zénon, pas plus que Padeémia fait figure de mathématicier?%».

With the irrational, the indefinite division oféhstraight line ceases to be arbitrary,
useless, in the same way as when someone triggide ehdefinitely a measured unit that
should not be divided cf Plato, Republica,VIl, 525e) : it imposes itself in its whole
ontological density. It becomes necessary, as avaidable mathematic constraint. To
establish an approximate measure of the diagonalhas to determine intervals, or more
and more preciségoi, indefinitely. However, such a property, even tjownecessary,
could not have been accepted without violent reasti.. One will notice furthermore that
Zeno seems to have sought to lay down the basseahcommensurability, as it is said in
certain testimonials that he would have laid thagdple of indivisible lines (DK29A22). In
this way, he would represent the passage of theaggteans punctual measure to the linear
measur® (while defending the principle of the absolytéenum of the Parmenidian
Being) : as it is mostly the theory on the multfi of figured points of the Pythagoreans
that he would have had in his line of sight. Mayhieealso had in mind with the indivisible

B A, Rey,op. cit, Paris, 1933, p. 199. The idea, consensual frarstart, of a relationship between Zenon's
apories and the conception of figured numbers, wastested by several Pythagorean hypercritical
commentators (cf. A. Szabbes Débuts des Mathématiques grecqu&$9, trad. frang. 1977, p. 288-289 ;
Kirk and Ravenjn G.S. Kirk, J.E. Raven and M. Schofielcgs Philosophes présocratiquéEnglish edition,
1983), Fribourg-Paris, 1993, p. 298 n. 9 ; W. Burkep. cit. p. 285-288 ; L. Zhmud, "All is number, basic
doctrine of Pythagoreanism reconsiderdelironesis 34, 3 1989 p. 277). There would not be, according
them, neither conceptual proof, nor tradition coni®y an opposition from Zeno to the Pythagored#ris. to
forget that Zeno wrote a piece of work entitladainst the Philosopherévhich may only designate the
Pythagoreans) (DK29 2) ; on the other hand, the teiykot in the apory of mobile and immobile ranges of
masses reported by AristotlBHysica,lV, IX 239b33) reminding us th@épdpoi dyxot, the entire numbers of
Timaeus (31c4), according to the Ancient Pythagorean cotmep(cf. M. Caveing, Revue d’Etude
Philosophique 15, 6, 1965 and L. Brissohe Méme et I'Autre Academia Verlag Sankt Augustin 1994. p.
373). In fact, the Tannery-Rey thesis was resumed wiw arguments by M. Caveing #énon d’Elée,
Prolégoménes aux doctrines du confifaris, 1982, chap. IV ard figure et le Nombreille, 1997, p. 315 :

« Le pythagorisme ancien a certainement donnésigméfication physique immédiate a I'arithmo-géoret
aussi bien qu’aux proportions numériques et a tangdrie des grandeurs rationnelles, sans soupcdeser
apories gu’une telle conception devait nécessainesiesciter ».
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lines theory to solve the issue of incommensuigbiif the diagonal expressed in unit
points...

With regards to Achilles’apory and the Tortoiseeamill note that the by-the-absurd
argument herein is taken in the opposite way frbat bf the apagogic proof. Indeed,
according to the thesis being considered, Zeno avbale used the by-the-absurd process
to show the impossibility of the irrational, whilee by-the-absurd argument will be used by
the Pythagoreans or by one of their heirs to detrates the existence of the
incommensurable. One can then infer that upstream feleatism, the proof of the
incommensurability was not yet totally establisleedaccepted, while presenting itself as
highly probable, implied by the approximation aijans; downstream, it will be
demonstrated without ambiguity by tlgagogic proaf Consequently, the elaboration of
the apagogic proof must have been done from a poléimogue between the Pythagorean
community and the Eleatic School towards 450. The&ching was then transmitted to
Hippocrates of Chios 450-430.From Hippocrates of Chios it came to Plato, the go
between certainly was Theodorus de Cyrene. Plateale, indeed, a mathematic teaching

of the incommensurability on behalf of Theodorugh@Theaetetus

IV Vertigo
Until now, we have been speaking abdogical scandal about doctrinal
contradiction aboutbetrayal aboutinquiétudeand aboutabsurdity but not exactly yet
aboutvertiga with respect to this notion, the Platonic dialedga Theaetetugould bring us
a few elements. Let's first take note of the impottpassage 147d which is the most
ancient text to make a direct reference to a matitiem proof of
incommensurability, towards the end of th® @entury :

« Here we have Theodorus who had drawpdee), before ussomething about powers
(mept Suvapemv 1), andhad shown(aropaiveov) that the powers three and five foot are,
according to their length, not commensurahbgr ob ovupetpor) to that of one foot, and
having taken them one by one, until the seventeehdnesfor a particular reasorn(nwg),

he had stopped here. It came to our mind, the nuofhgowers appearing infinitéfsipot

10 mAfiPog al duvdpelg Epaivovto), to try to gather them under a unique term tloatic
help to designate all that powers can be ».

The dunameisare the considered lengths from the square thegrgee. Some are
commensurable in length, others are only througdir thquare. For exampl¢3 is not

commensurable in length but remains commensurabbeigh a square equal to 3 that this

2 A. Rey,op. cit, p. 204. « (...) Zénon clét la conception archaiquenombre, l'indivisible congu comme
ayant grosseur et épaisseur, et étant point, poitétuelle tout de méme. Elle est définitivemerdtale pour
le plus grand bien de la logique géométrique, dmiae mathématique ».

14



The discovery of the incommensurables and thegeedf the infinite

length generates. Theodorus’aim was then to demaesthe incommensurability of the
dunameisof 3, and 5, and of certain numbers up to 17. @\itlpretending, in this study, to
settle the difficult question concerning which dersiwation process Theodore would use,
what is of interest to us, is that the text letsegain familiarity with the incommensurable
appear: the knowledge seems acquired and so deesfitiite number oflunameigbeing
possibly incommensurable) which does not seenhisnpassage at least, to make the young
Theaetetushudder. Several reasons could explain this.

This knowledge has been assimilated for some timdedaes no longer directly give
rise to astonishment. We are at the second stagéedsby Aristotle inMetaphysicg983 a
15-20), according to which the mathematicians wdwdmost surprised if the diagonal
became commensurable. One will notice that it isewven a matter of thdinamisof 2.
The only detectable reason of this eviction is th&t property has been known for quite
some time and that its incommensurability needsonger to be proven. We have here a
sufficient element of proof against the partisafdate dating. The knowledge is now
digested and even vulgarised. In this regard, AabSznoticedTheaetetus neglected
vocabulary, with the abbreviated formulasugkog (148a8)andduvvdpeilg (148bl), instead
of uiket obppetpog and duvdper ovppetpor.® Theaetetuss then introduced by Plato like
a young neophyte who does not yet master the vématii even though Theodore is
veritably the master who demonstrates by constmdfiypoee .. dnoeaiveov) and who
uses the correct expressipfiket ob cdupetpor (147d5-6).

It is revealing that in the rare passages wherto Rékles the incommensurability
or the mathematic irrationality, he often seekslédramatize it. And we can understand
this effort to dedramatize only in relation to aitial pathos or to a first traumatithauma
In this passage ofheaetetusPlato mathematicallydedramatizes the very concept of the
incommensurable by showing that what is incommexidar in length is finally
commensurable by itfinamis Besides, the other times when he exposes knowleddhe
irrationals, he does it with humoristic or matheigedty playful examples, as iRoliticus
(266ab) and in book VIII oRepublica or in a very allusive manner as kippias major

(303b). If the vertigo does not appear directlytheses texts it is because Plato seeks to

% lamblichus,De com. mathema. scient&25. The source could be tHéstoric Résuméy Eudemus.

L A. Szab6)es débuts des mathématiques grecduiad. Federspiel) Paris, 1977, p. 70-71.

% This lack of mastery does not keep Theaetetusdriiom coming across a new intuition that consigts o
create the notion of irrationalumber dealing with rational and irrational dimensions ragnbers, which
implies a generioon distinctionbetween entire numbers and irrationals conceivetiagers in the same way
as the other<Cf. M. Narcy, Introduction to his translation frohhéététeParis, 1995, p. 62. Plato, in his oral
teachings will reject this geometrical conceptionttef number which rather anticipates the Aristottgovi (Cf.
infra n. 39 et 40)Cf. M. Narcy, (bid.) p. 65.
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think and tocompensate it the incommensurable having to be perceived bedory thing
else, under its positive, logic, playful angle iy like an object of intellectual research.

Actually, as Henri Joly stated?lato assists or participates in an attempt to
"rationalisation des irrationnels®® which explains his contempt for the ignorance @f th
incommensurable§in book VII from Lawg and his committment to the city to learn
sciencelt is then a matter of going from the gddthological thaumaf the scandal and the
betrayal of the Pythagoreans, to a pure intellectual amapérthat would only belong to
the philosopher, as said ifheaetetus paio yap orlocéeov TOLTO TO WAOOS, TO
favpdaclerv : it is rather belongs to the philosopher this patho$e astonishe(Theaetetus
155d)3* In which precise context was this important secéepronounced? Socrates (en
155bc) just indicated a paradoxical dialectic abthé opposition between being and
becoming : Socrates, who does not get greater allesnin the space of one year, can, from
greater than he is now, become smaller fhaeaetetussince the latter is becoming greater.
He is thena posterioriwhat he was not earlier, without having becomehevt having
changed so much. In fact, Socrates states, thislis one paradox among a myriad of
others, of which,Theaetetusyou are not unaware. Curiously, Socrates saal: 3re not
unlimited (obx dnelpog) : since in Greek the same term means beingit@fihmitless and
being ignorant; which only shows the pejorativeiam which the Greeks had of the
infinite, but also corresponds to a total inversidrthe meaning in relation to our vision :
to be bounded, limitingfor them means being acquainted with something the other
hand, being unlimited, limitless (oron-boundiny is to be drowned without distinction,
being totally overtaken. Facing the unlimitationpzfradoxes, Socrates saidTioeaetetus
you are not supposed to ben boundedmeaning ignorant

The young man is going to answer that he is corlieivertaken : « By the Gods,
Socrates, | am astonished{ualw) at what these things can be, to the extent that out
of bounds {{repevdg), and | have to say, that each time | look at theam swirling in the
darkness(Brénmv €1c abtd okotodivio) »3° Here we have a verbkotodivid that A.
Dies, and E. Chambry translatevery rightly so bg tiotion ofvertige.In fact, it is no
coincidence if Aristotle in Metaphysica (983 a 10-20) makes of the diagonal

incommensurable a characteristic object from th#ogbphic thaumazein one can then

* Henri Joly (e Renversement PlatonicieRaris, 1974 p. 204-205) borrows this expressioA.t&irieux-
Reymond Platon ou la géométrisation de l'univemaris, 1970 p. 38.

* In Laws 819d5-6, Plato makes another link between the intensurability pathosand amazement :was
greatly astonished by our passiveness in this @@arvtdnaot ... 10 mept a0t MUAOV TGhog EdadHOCE).

% One will note that Plato uses the vocabulary of Rlythagorean table of the opposites with the darkness
(skoto3 placed on the side of tlapeiron Cf. supran. 8. Is it only a coincidence?
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understand the Aristotelician passage like a contangrfrom this excerpt irmheaetetus
And this is really what this is all about just battethe surface, itheaetetusmind in our
excerpt. Moreover, at the time of the scene offiatogue, Theaetetuss still young (smaller
in size and in mind than Socrates) : he has nothget time to master the dialectic
philosophic subtleties. On the other hand, He lr@ady been initiated by Theodore to the
mathematic paradoxes and,sasallas he is for now, he will become thigg mathematician
who will mainly work on the irrationals, who willutsmart in this domain all his
contemporaries, including Socrat&sConsequently, even though the Socratic argument
context may seem a bit external, on can retain Wtaaetetus great breathtaking
amazement (dark, non playful) is really about tteommensurability of reality; in the same
way, by his youth, this character is rightly placédl represent the naive Greek
consciousness particularly that of the Pythagoredms were the first to be facing this

problem, being completely overtaken.

V Solutions and occultations

Theaetetusretort can then be taken for an evident echo efvéirtigo of the first
mathematicians placed before the discovery of twermmensurability’ One could not
then say that there was no crisis of fundamentaldeep vertigo of the Ancients facing the
incommensurable. And it is an illusion to believatt progress of mathematic sciences
generally only proceeds in a linear and cumulatnanner, mostly for a discovery in itself
as problematic, as paradoxical as the one of tbemimensurability. The famouSreek
miracle, this dazzling progress of the Greek mathematihenVth and the 1Vth Centuries,
on the contrary was accomplished, not through l@ghd serenity, but darkness, in the
confrontation of apparently insoluble problems, bgming across a crisis without
precedent, a most vertiginous situation for thednirhe nascent Greek mathematic mind is
then as much a mind of the abyss than a contemplgtiest of essences. Batfing, this
crisis of fundamentals, far from having paralyzedearch, developed it tremendously: the
Greek mind summoned up all its resources to finellectually acceptable solutions,
rationally, philosophically. What was called tBeeekmiracle from a mathematic point of
view, is nothing else than this extraordinary aduen of the human spirit which was the

intellectual discovery and understanding of thationals, the exemplary result of which is

% What hit Theodorus, is that Theaetetus, throughugjliness and his quick wits, seemed to be a perfec
replica of Socrates (143e-144a) and the latter @dsoeived amappy natureand predicted celebrity (142cd).

" One should not expect to find direct testimonialstside Plato and Theaetetus, the crisis of thedmg
only touched particularly the Pythagorean and keatcles, of which very few writings remain; we sdvat

it is rather in the more or less intentional synibdimension of certain texts that traces can lregpeed.
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the publication, at the end of the"\Century, of this monument of the rational thouttatt
were the Euclid'€lementsin reality, thisGreekmiracle presents all the characteristics of
an epistemologicalrevolution in the full Bachelardialf sense : It is not Reason which
comes down from the sky and manifests itself cjeanl all serenity, in the contemplative
mind of the Ancients, it is on the contrary the ttadicted run of the mind which finally
succeeds to reach unequalled heights, but whichtthallmore mobilised unhoped for
resources that it was submerged with the mostiicakie apories : one may believe that it
is by exposing oneself to vertigo, like the acrolbaZarathoustra that the mind can be
drawn to overpass itself.

However, in terms of epistemological revolutiore ttesult of this painful process
settles through the passage of a mind system thalovidentify in all naivety numbers and
things, to a geometricontinuumthought in which rationality is being discoverea wew
bases, with infinite possibilities of extension.ig's how a deepchange okpistemé gets
accomplished : we go from the Ancierithmetismto the system of unit points, to the new
Theatetian and Euclidian spirit, founded on geoyétrhat Plato seems to have intuitively
understood, is that throu@theaetetus veritablechange of paradigngets accomplished: in
this, Theaetetuswill become grandhe represents the new tendency. Arithmetic which,
the Ancient Pythagorean vision summarised in itdef wholemathesis universalidoses
its privileged place to become only a particulasecaf mathematic. In this regard, we could
even consider the Platonic system of exposed piegiin the&grapha dogmataas
retransmitted by the Aristotelician tradition, as @timate tentative to ontologically keep
the Pythagorean pre-eminence of the Number, in ddwepresentation which becomes
more geometricoand which integrates the linear incommensuraghifita vast procession
of the four intelligible perceptible dimensionstbé real, from the two primordial principles
of the Monad and the indefinite Dyad. If Euclid’'®agnetry (rallying the works by
Theaetetusaind Eudoxus) is the great mathematic respondeetartsis of the foundings in
the V" et IV" Centuries, the doctrine of the principles of daeglchings by Plato constitutes
the first great philosophical resporiSélhe second will be Aristotle®.  If the Platonic

¥ H. Joly,op. cit p. 206-207.
% Cf. K. Gaiser Platons Ungeschriebene Leh®tuttgart 1963 p. 136q) : the whole Platonic systeropen
in dialectic research, not closed) would organiselfitaccording to the four dimensions Point-Linef&ce-
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reply was not disclosed in writing, it is that st of raising the minds towards
transcendental Reason in a misunderstood and emgieted manner, it risked, on the
contrary, to throw down the lost in the darknesd #ime drowning in thesea of non-
identity... We have here a non-neglectable supplementaryaeapbn of the non-
publication of the Platonic conception of theefiniteDyad rather than revealing the abyss
of the apeiron of the incommensurability in its whole ontologi@imension, Plato, in his
writings, preferred to emphasise the conversion tbé incommensurable into
commensurablePhilebus 25", Polit. 284 b-c). Such aapeironwas perceived by Plato as
a fascinating abyss : there was to avoid at any tt@g which the common man would
throw himself down for by showing what still cout@ saved as rational in the irrational,
and by hiding as much as possible the existentigecdibys$! Such a precaution may seem
strange and pathetic nowadays, but does not madam himself have the tendency to
overshadow the problem by covering it up behindoadwor under a mathematical formula
thinking to have solved the matter once and fdt Blato had reasons to believe that it was
better to hide the abyss of the irrational to thentiated, while making it for himself and
his disciples, the object of a veritable metaprgismeditation. Does the actual man really
interrogate himself as to why, in the most simpdgirfes, the most regular, and apparently

the most rational (square, pentagon, circle, &tdg,not possible to find the least common

Volume which cross hierarchically the structure o thtelligible and perceptible realitycf( M.-D. Richard,
op. cit. p. 192-3, 231sq). The stumbling block between lines and surfacesyéen the intelligible and the
perceptible, is nothing other than the incommeridaréself present in thatomon eidosthe lowest degree of
the intelligible €f. our study:Platon et la section d’gr Finally, in reply to Zeno’s apories, Plato mains the
two aporetic terms that Zeno would oppose withoutdinign any solution : the indivisible and rationalitan
will be stationed in the intelligible and the infiaidivisibility and incommensurable of geometrindéhs in the
perceptible. It is to be noted to what extent tleédpic reply to the apories is closely linked lte treatment of
the irrationals: another supplementary reason éashat we cannot conceive the ones without the athers

“0 Aristotle proposes the distinction of the infinite power (domaine of mathematic idealities) andrifieite

as an act, the existence of which he rejects. JsSamt-Desanti, ( "Une crise de développement exeraplia
découverte des nombres irrationnels"Logique et connaissance scientifigl@ Pléiade, Paris, 1967, p. 451
sq) shows that Aristotle resolves the irrationalsisris that the fundamentdistancebetween, on one hand,
the substantial representation of the number (da as a unit multiplicity) and, on the other hatitg
continuumin right of indefinitely divisible operations oerigths, first thought as incompatible by Zeno @&eEl
(who would suppress the two aporetic terms). Meanwhiilstotle, through his conceptual distinction of the
act and thepower, would find an elegant solution to guarantee thssitility of mathematical operations by
maintaining them in the non real ideality of thériite in power.

* Thus, the incommensurability has, according tdd?la double positive and negative aspect : pasitiv
as a concept that can admit a geometric rationalggative as an ontological principle of the rébes
wrong to any rationality. This ambiguity may habeen the source of confusion with the discipleghef
Ancient Academy. One can understand then thatadictory Platonic elements could have cropped up
in connection with the Pythagorean legend, as tedan theCommentanpy Pappus and Euclid’s scolia.
One will note that, following the example of thetfygoreans, thapeiron by Plato bears indeed the
stamp of evilthe shape of virtue is one, those of evil are itdingv psv elvar €i8og thg aptic, Grelpa

8¢ 11 xaxiog (Rép IV, 445¢5-6). Even though this sentence is amasoe of the theme of tidonad
and theindefinite Dyad Socrates does not seek to elucidate the princalse of evil in th&epublic Cf.
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measure between the different lengths that cotstitinem? Isn't there here an

incomprehensible enigma that persists beyond émesuging formula?

Through the figures ascandaj betrayal absurdityandvertigothat we were able to
perceive more or less in certain testimonialssithe whole psychological, moral and
philosophical drama, of one of the greatest cortguethe human spirit, which can be
reconstituted. In view of the shortage of purelgtdiical data, we had to resort to the
deciphering of the imaginary, and of the impli¢it,get a clear idea (if not distinctive) of
the whole tragic extent of the adventure that mlaigself during the ¥ Century B.C. It
turns out that thevertigo of the irrational may have only struck an elite tbfnkers
previously convinced of an existence of the ratibyeof the world, of an almighty
measured order of the number. Even if it correspdirdt to a troubling implication of a
popular and empirical bias, one further understahe@simportance of the confusion of
those who had pushed to the highest degree theitri&eason. There is here finally an
encounter with the infinite (as an impossibilityassign a numeric limit) that seems to have
been particularly problematic and could well haweib as painful, as vertiginous as the
dawning of the consciousness of the universe iefim the XVI" et XVII" Centuried?
The Greeks did go through a filBascaliancrisis as they faced the infinite — such an
unbearable anxiety that they could only react wi#astrous desires: the death of Hippasus
by water and through divine anger singularly apates the death of Giordano Bruno by
fire and through human revenge. However, the Giaeltaphysical ordeal could not be
perceived in all its significance without a quickaenination of the global consequences
upon later thinking.

Trouble thrown into the minds by reason of the texise of the incommensurable,
drew certain thinkers, the sophists, to doubt thieses of theL6gosand its inherent trutf?.

We should not in this regard underestimate the timre was between Theodorus, the

Th. A. Szlezak : "L'idée du Bien en tant quthé dans laRépubliquede Platon", inLa philosophie de
Platon, op. cit, § 3.

“3 Cf. Henri Joly,op. cit. p. 380 : « En présence de tbauma ou se mélent I'étonnement intellectuel et une
sorte de terreur tragique suscitée par le specthate réalité sans rationalité, deux attitudegeétgpossibles.
L'une consistait a douter de l'idée de science,udle conventionnalisme, voire le scepticisme de la
sophistique. L’autre attitude, platonicienne cédieeonsistait a maintenir I'idée de la sciemreopérant un
déplacement de I'épistémé et en inaugurant, autola g&ométrie, un nouvel esprit scientifiquéunderlined

by the author). Concerning this interpretation Gitéhism, it seems to me that, taking into accdbetoral
doctrine of principles, Plato maintains the arittim@re-eminence over geometry, by making possibl¢he
perceptible domain, the changeegfistemeas described by H. Joly: the incommensurabilitysdoet exist in
itself, but supposes a fundamental commensuralfflity example, the diagonal is incommensurable domly
relation to the commensurable side): then, aritfoprecedes geometry.
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mathematician, and the well known sophist, Pro@agdseeTheaetetus 161b, 162aj?
Curiously, between these two characters, one dé¢meemain silent (146b, 165a) and to
only do geometry, while the other abandons therthebthel6gos but decided to speak, as
indicated by his name : Protagoras. In both casésthe truth that is threatened, it is the
Légos that is affected. With one there islégos without the discourse (the purely
mathematical6égos, with the other there is a discourse butlégos without the science.
Through the example of these emblematic charaabees,notices a fracture, which is the
ratio-unit discourse which is broken in one way or amathrurthermore, the Zenonian
apories appeared to us as directly linked to theti@nal crises. Thus, irrationality was
demonstrated with the absurd. In other words, tifindtie irrationals, the Greeks were faced
to the absurd and they even mastered through ¢weir feat of strength to transform the
absurd into a real principle of demonstration thatild merge into the irrational truth of the
incommensurable and the inexpressible. Will we rawi@iciently weighed all the notions
which knock each other out and which deploy thewesein negativity and the unthinkable?
Throughout the convergence of these aporetic natibow would one not perceive the
tracks of a veritable drama of the mind flickerioig his logical foundings? Therefore, we
will not be surprised to see one of the masteth@by-the-absurd argument, Zeno of Elea,
be associated with the sophists by Pfatde is the one who got flogged by the crisis @f th
irrational, who fought it with derisory argumentsdavho probably had to submit himself to
it by reason of the indisputable apagogic prooffaasas he knew it. But the consequence
was disastrous on thégosdiscourse level: no more truth could then hold thoe first
sophists. No matter which thesis, even the mostrdbgould be defended... It was the
beginning of the ruin of thedgos Now we find ourselves in a situation which may be

so different : on one hand the disciples of Theedtirose who calculate but do not practice
philosophy win; on the other hand, the continuatdrthe sophists reduce philosophy to a
rhetoric discourse. Further to the crisis of thationals, we finally lost the sense of the
Légoswhich would gather in one notion the Rapport, Biscourse and the Cosmos, a
unitary vision developed by Pythagoras and whichcar find with Heraclitus. Despite
Plato’s efforts, as well as Aristotle’s and the i@gts’ to keep under various forms this
vision of the fundamental adequation between thasBe and the Real, the doubt was

definitely introduced in the minds.

“ The links between the master of geometry and tpists are evident: Theodorus, as well as Protagoras
land in Athens and attract a crowd of young peoplee@etetusl43de). M. Narcydp. cit. p. 52-53) sees in
Theodorus’ geometry a link with Protagoras’ sensuoali

> Plato,Alcibiades major119a Phaedrus 261d.
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Article summary :

This study aims to show how the first vertiginousian of the incommensurability deeply
moved the Greeks’ mind in thé™eét IV Centuries B.C., before becoming a new geometric
conception of the infinite that will integrate theationals. This crisis and its epistemologic
passing seem to have occurred in three main stdyesational Pythagorean infinite, the
aporetic Zenonian infinite and the Platonic irratibinfinite. Now, curiously, Plato did not
publish his conception of the infinite raised te tiimension of an ontological principle.
Isn’t it because he would always see in it someal lohvertiginous abys8 Through the
tragic figures ofscandale betrayal absurdityand ofvertigq, it is the psychological, moral
and philosophical drama of one of the greatest wesig of the human spirit that one can
try to find in the texts.
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