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also to notice briefly the chief organs of its develop. 

ment. 

For authorities on the early history of geometry we are 

dependent on scattered notices in ancient writers, many of 

which have been taken from a work which has unfortu- 

nately been lost—the History of Geometry by Eudemus of 

Rhodes, one of the principal pupils of Aristotle. A sum- 

mary of the history of geometry during the whole period 

of which I am about to treat has been preserved by Pro- 

clus, who most probably derived it from the work of 

Eudemus. I give it here at length, because I shall fre- 

quently have occasion to refer to it in the following pages. 

After attributing the origin of geometry to the Egyp- 

tians, who, according to the old story, were obliged to in- 
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GREEK GEOMETRY FROM THALES TO 
EUCLID: 

N studying the development of Greek Science, two 
periods must be carefully distinguished. 
The founders of Greek philosophy—Thales and Pytha- 

goras—were also the founders of Greek Science, and from 
the time of Thales to that of Euclid and the foundation of 
the Museum of Alexandria, the development of science was 
for the most part, the work of the Greek philosophers. 
With the foundation of the School of Alexandria, a second 
period commences; and henceforth, until the end of the 
scientific evolution of Greece, the cultivation of science 
was separated from that of philosophy, and pursued for 
its own sake. 

In this Paper I propose to give some account of the 
progress of geometry during the first of these periods, and 

1 It has been frequently observed, 

and is indeed generally admitted, that 

the present century is characterized by 
the importance which is attached to 

historical researches, and by a widely- 

diffused taste for the philosophy of his- 
tory. 

In Mathematics, we have evidence of 

these prevailing views and tastes in two 
distinct ways :— 

1° The publication of many recent 

works on the history of Mathematics, 
€. — 

Arneth, A., Die Geschichte der 
reinen Mathematik, Stuttgart, 1852; 
* Bretschneider, C. A, Die Geometrie 

und die Geometer Vor Euklides, Leip- 
zig, 1870; Suter, H., Geschichte der 
Mathematischen Wissenschaften (ist 
Part), Zurich, 1873: * Hankel, H., Zur 
Geschichte der Mathematik in Alter- 
thum und Mittel-alter, Leipzig, 1874 
(a posthumous work) ; * Hoefer, F., 
Histoire des Mathématiques, Paris, 
1874. (This forms the fifth volume by 
M. Hoefer on the history of the sciences, 
all being parts of the Histoire Uni. 
verselle, published under the direction 
of M, Duruy.) In studying the subject 
of this Paper, I have made use of the 
works marked thus *, Though the 
work of M. Hoefer is too metaphysical 

and is not free from inadvertencies and 
even errors, yet I have derived advan- 

tage from the part which concerns Py- 

thagoras and his ideas. Hankel’s book 

contains some fragments of a great work 
on the History of Mathematics, which 

was interrupted by the death of the 

author. The part treating of the ma- 

thematics of the Greeks during the first 

period—from. Thales to the foundation 

of the School of Alexandria—is fortu- 

nately complete. This is an excellent 

work,and is in many parts distinguished 

by its depth and originality. 
The monograph of M. Bretschneider 

is most valuable, and is greatly in ad- 

vance of all that preceded it on the 

origin of geometry amongst the Greeks. 

He has collected with great care, and 

has set out in the original, the fragments 

relating to it, which are scattered in 

ancient writers; 1 have derived much 

aid from these citations. 
2° New editions of ancient Mathema- 

tical works, some of which had become 

extremely scarce, e. g.— 

VOL, IH. 

NEIN AE a 

Theodosii Sphaericorum libri Tres, 

Nizze, Berlin, 1852; Nicomachi Gera- 

seni Zutroductiones Artthmeticac, lib. 

ır., Hoche, Lipsiac, 1866 (Teubner) ; 

Boetii De Inst. Arithm., &c., ed. G. 

Friedlein, Lipsiae, 1867 (Teubner); 

Procli Diadochi i primum Euclidis 

Elementorum librum commentarii, ex 

recog. G. Friedlein, Lipsiae, 1873 (Teu- 

bner) ; Heronis Alexandrini Geometri 

corum et Stereometricorum Reliquiae 

e Libris manuscriptis, edidit F. Hultsch, 

Berolini, 1864; Pappi Alexandrini 

Collectiones quae supersunt e libris 

manuscriptis Latina interpretatione 

et commentariis instruxit F. Hultsch, 

vol. 1, Berolini, 1876: vol. 11, zb, 

1877. 

Occasional portions only of the Greek 
text of Pappus had been published at 
various times (sce De Morgan in Dr, W. 

Smith's Dictionary of Biography), An 

. Oxford edition, uniform with the great 

editions of Euclid, Apollonius, and 

Archimedes, published in the last cen- 

tury, has been long looked for. 

M



160 DR. ALLMAN ON GREEK GEOMETRY 
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also to notice briefly the chief organs of its develop- 
ment. 

For authorities on the early history of geometry we are 

dependent on scattered notices in ancient writers, many of 

which have been taken from a work which has unfortu- 

nately been lost—the Mistory of Geometry by Eudemus of 

Rhodes, one of the principal pupils of Aristotle. A sum- 

mary of the history of geometry during the whole period 

of which I am about to treat has been preserved by Pro- 
clus, who most probably derived it from the work of 
Eudemus. I give it here at length, because I shall fre- 

quently have occasion to refer to it in the following pages. 

After attributing the origin of geometry to the Egyp- 

tians, who, according to the old story, were obliged to in- 

and is not free from inadvertencies and 

even errors, yet I have derived advan- 

tage from the part which concerns Py- 

thagoras and hisideas. Hankel’s book 
contains some fragments of a great work 
on the History of Mathematics, which 

was interrupted by the death of the 

author. The part treating of the ma- 
thematics of the Greeks during the first 

period—from Thales to the foundation 

of the School of Alexandria—is fortu- 

nately complete. This is an excellent 
work,and is in many parts distinguished 
by its depth and originality. 
The monograph of M. Bretschneider 

is most valuable, and is greatly in ad- 
vance of all that preceded it on the 

origin of geometry amongst the Greeks. 
He has collected with great care, and 

has set out in the original, the fragments, 
relating to it, which are scattered in 

ancient writers; I have derived much 

aid from these citations. . 

2° New editions of ancient Mathema- 

tical works, some of which had become 

extremely scarce, e. g.— 

VOL. IH. 

Theodosii Sphaericorum libri Tres, 
Nizze, Berlin, 1852; Nicomachi Gera- 

seni /ntroductiones Arithmeticae, lib. 

11., Hoche, Lipsiae, 1866 (Teubner) ; 

Boetii De Inst. Arithm., &c., ed. G. 
Friedlein, Lipsiae, 1867 (Teubner); 

Procli Diadochi in primum Euclidis 

Elementorum librum commentarii, ex 

recog. G. Friedlein, Lipsiae, 1873 (Teu- 

bner); Heronis Alexandrini Geometri- « 

corum et Stereometricorum Reliquiae 
e libris manuscriptis, edidit F. Hultsch, 

Berolini, 1864; Pappi Alexandrini 
Collectiones quae supersunt e libris 
manuscriptis Latina interpretatione 

et commentarits instruxit F. Hultsch, 

vol. 1, Berolini, 1876: vol. II, #5, 

1877. 
Occasional portions only of the Greek 

text of Pappus had been published at 
various times (see De Morgan in Dr. W. 
Smith’s Dictionary of Biography). An 

Oxford edition, uniform with the great 

editions of Euclid, Apollonius, and 

Archimedes, published in the last cen- 

tury, has been long looked for.
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vent it in order to restore the landmarks which had been 

destroyed by the inundation of the Nile, and observing 
that it is by no means strange that the invention of the 

sciences should have originated in practical needs, and that, 

further, the transition from sensual perception to reflection, 

and from that to knowledge, is to be expected, Proclus goes 

on to say that Thales, having visited Egypt, first brought 

this knowledge into Greece; that he discovered many things 

himself, and communicated the beginnings of many to his 

successors, some of which he attempted in a more abstract 

manner (KkafoAwwrepov), and some in a more intuitional or 

sensible manner (aiodnrıxörepov). After him, Ameristus [or 
Mamercus], brother of the poet Stesichorus, is mentioned 

as celebrated for his zeal in the study of geometry. Then 

Pythagoras changed it into the form of a liberal science, 
regarding its principles in a purely abstract manner, and 

investigated its theorems from the immaterial and intellec- 

tual point of view (aiAwe kaì voepwe); he also discovered the 
theory of incommensurable quantities (rüv aAdywv xpaypa- 
relav), and the construction of the mundane figures [the 
regular solids]. After him, Anaxagoras of Clazomenae 
contributed much to geometry, as also did Oenopides of 

Chios, who was somewhat junior to Anaxagoras. After 

these, Hippocrates of Chios, who found the quadrature of 

the lunule, and Theodorus of Cyrene became famous in geo- 

metry. Of those mentioned above, Hippocrates is the first 
writer of elements. Plato, who was posterior to these, con- 

tributed to the progress of geometry, and of the other ma- 

thematical sciences, through his study of these subjects, and 

through the mathematical matter introduced in his writ- 
ings. Amongst his contemporaries were Leodamas of 

Thasos, Archytas of Tarentum, and Theaetetus of Athens, 

by all of whom theorems were added or placed on a more 
scientific basis. To Leodamas succeeded Neocleides, and 

his pupil was Leon, who added much to what had been
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done before. Leon also composed elements, which, both in 

regard to the number and the value of the propositions 

proved, are put together more carefully; he also invented 

that part of the solution of a problem called its determina- 

tion (Sroptouéç)—a test for determining when the problem 
is possible and when impossible. Eudoxus of Cnidus, a 

little younger than Leon and a companion of Plato's 
pupils, in the first place increased the number of general 

theorems, added three proportions to the three already 

existing, and also developed further the things begun by 

Plato concerning the section,* making use, for the pur- 

pose, of the analytical method (raîc avadéceow). Amyclas 

of Heraclea, one of Plato’s companions, and Menaechmus, 

a pupil of Eudoxus and also an associate of Plato, and his 

brother, Deinostratus, made the whole of geometry more 

perfect. Theudius of Magnesia appears to have been dis- 

tinguished in mathematics, as well as in other branches of 

philosophy, for he made an excellent arrangement of the 

elements, and generalized many particular propositions. 

Athenaeus of Cyzicus [or Cyzicinus of Athens] about the 
same time became famous in other mathematical studies, 

but especially in geometry. All these frequented the 

Academy, and made their researches in common. Her- 

motimus of Colophon developed further what had been 

done by Eudoxus and Theaetetus, discovered many ele- 

mentary theorems, and wrote something on loci. Philip- 
pus Mendaeus [Medmaeus |, a pupil of Plato, and drawn by 
him to mathematical studies, made researches under Plato’s 

direction, and occupied himself with whatever he thought 

?Does this mean the cutting of a and synthesis are first used and de- 
straight line in extreme and meanratio, fined by him in connection with theo- 

“sectio aurea” ? or is the reference rems relating to the cutting of a line in 

to the invention of the conic sections? extreme and mean ratio. See Bret- 
Most probably the former. In Zuclid’s schneider, Die Geometrie vor Euklides, 

Elements, Lib., xiti., the terms analysis p. 168. 

M 2
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would advance the Platonic philosophy. Thus far those 

who have written on the history of geometry bring the 
development of the science.’ 

Proclus goes on to say, Euclid was not much younger 

than these; he collected the elements, arranged much of 

what Eudoxus had discovered, and completed much that 
had been commenced by Theaetetus; further, he substi- 

tuted incontrovertible proofs for the lax demonstrations 

of his predecessors. He lived in the times of the first 

Ptolemy, by whom, it is said, he was asked whether there 

was a shorter way to the knowledge of geometry than by 

his Elements, to which he replied that there was no royal 

road to geometry. Euclid then was younger than the dis- 

ciples of Plato, but elder than Eratosthenes and Archimedes 

—who were contemporaries—the latter of whom mentions 

him. He was of the Platonic sect, and familiar with its 

philosophy, whence also he proposed to himself the con- 

struction of the so-called Platonic bodies [the regular 
solids] as the final aim of his systematization of the Ele- 
ments.‘ 

I. 

The first name, then, which meets us in the history of 

Greek mathematics is that of Thales of Miletus (640- 
546 B.C.). He lived at the time when his native city, and 
Ionia in general, were in a flourishing condition, and when 

an active trade was carried on with Egypt. Thales himself 

was engaged in trade, and is said to have resided in Egypt, 

and, on his return to Miletus in his old age, to have brought 

with him from that country the knowledge of geometry and 

3 From these words we infer that the pp. 299, 333, 352, and 379. 

History of Geometry by Eudemus is 4 Procli Diadochi in primum Euclidis 

most probably referred to, inasmuch as elementorum librum commentari. Ex 
he lived at the time here indicated, and  recognitione G. Friedlein. Lipsiae, 1873, 
his history is elsewhere mentioned by pp. 64-68. 

Proclus.—Proclus, ed. G. Friedlein,
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astronomy. To the knowledge thus introduced he added the 

capital creation of the geometry of lines, which was essen- 

tially abstract in its character. The only geometry known 

to the Egyptian priests was that of surfaces, together with 
a sketch of that of solids, a geometry consisting of some 

simple quadratures and elementary cubatures, which they 

had obtained empirically ; Thales, on the other hand, intro- 

duced abstract geometry, the object of which is to establish 

precise relations between the different parts of a figure, so 

that some of them could be found by means of others in a 

manner strictly rigorous. This was a phenomenon quite 

new in the world, and due, in fact, to the abstract spirit of 

the Greeks. In connection with the new impulse given to 

geometry, there arose with Thales, moreover, scientific 
astronomy, also an abstract science, and undoubtedly a 

Greek creation. The astronomy of the Greeks differs from 
that of the Orientals in this respect, that the astronomy of 
the latter, which is altogether concrete and empirical, con- 

sisted merely in determining the duration of some periods, 

or in indicating, by means of a mechanical process, the 
motions of the sun and planets, whilst the astronomy of the 

Greeks aimed at the discovery of the geometric laws of the 
motions of the heavenly bodies. 

s The importance, for the present 

research, of bearing in mind this ab- 
stract character of Greek science con- 
sists in this, that it furnishes a clue 
by means of which we can, in many 
cases, recognise theorems of purely 
Greek growth, and distinguish them 

from those of eastern extraction. The 

neglect of this consideration has led 
some recent writers on the early history 

of geometry greatly to exaggerate the 
obligations of the Greeks to the Orien- 

tals; whilst others have attributed to 

the Greeks the discovery of truths which 
were known to the Egyptians. See, in 
relation to the distinction between ab- 

stract and concrete science, and its 

bearing on the history of Greek Ma- 
thematics, amongst many passages in 

the works of Auguste Comte, Système 
de Politique Positive, vol. 111., ch. $v., 
p- 297, and seg., vol. I., ch. i., pp. 424- 

437; and see, also, Les Grands Types 
de l'Humanité, par P. Laffitte, vol. 11, 

Leçon 15ième, p. 280, and seg.— Ap. 

préciation de la Science Antique.
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The following notices of the geometrical work of Thales 
have been preserved :— 

(a). He is reported to have first demonstrated that the 
circle was bisected by its diameter ;* 

(5). He is said first to have stated the theorem that the 
angles at the base of every isosceles triangle are equal, “or, 

as in archaic fashion he phrased it, Ze (éuoïac) ; ?? 

(c). Eudemus attributes to him the theorem that when 
two straight lines cut each other, the vertically opposite 
angles are equal ;® 

(d). Pamphila’® relates that he, having learned geometry 

from the Egyptians, was the first person to describe a right- 

angled triangle in a circle; others, however, of whom 

Apollodorus (6 Aoyvorwóc) is one, say the same of Pythago- 

ras ; ! 

(e). He never had any teacher except during the time 
when he went to Egypt and associated with the priests.’ 

Hieronymus also says that he measured the pyramids, 

making an observation on our shadows when they are of 

the same length as ourselves, and applying it to the pyra- 
mids." To the same effect Pliny—“ Mensuram altitudi- 
nis earum omniumque similium deprehendere invenit 

Thales Milesius, umbram metiendo, qua hora par esse cor- 

pori solet ; ” ™ 

(This is told in a different manner by Plutarch. Niloxe- 
nus is introduced as conversing with Thales concerning 

Amasis, King of Egypt.—“ Although he [Amasis] admired 
you [Thales] for other things, yet he particularly liked the 

6 Proclus, ed. Friedlein, p. 157. ed. C. G. Cobet, p. 6. 

1 Ibid, p. 250. 11 6 3è‘Iepéruuos ral experpiical paow 
* Ibid, p. 299. abrby ras wupauldas dx ris oxtas wapa- 

* Pamphila was a female historian ryphoayra Bre fuir loopeyéders eit. 
who lived at the time of Nero; an Epi- Diog. Laert., I., c. 1, n. 6., ed. Cobet, 

daurian according to Suidas, an Egyp- p. 6. 
tian according to Photius. 13 Plin. Hist, Nat., xxxvi. 17. 

10 Diogenes Laertius, I., c. 1, n. 3,
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manner by which you measured the height of the pyramid 
without any trouble or instrument ; for, by merely placing 

a staff at the extremity of the shadow which the pyramid 
casts, you formed two triangles by the contact of the sun- 

beams, and showed that the height of the pyramid was to 

the length of the staff in the same ratio as their respective 

shadows ’’).1? 
(/). Proclus tells us that Thales measured the distance 

of vessels from the shore by a geometrical process, and that 

Eudemus, in his history of geometry, refers the theorem 

Eucl. i. 26 to Thales, for he says that it is necessary to use 
this theorem in determining the distance of ships at sea 

according to the method employed by Thales in this inves- 

tigation ; * 

(g). Proclus, or rather Eudemus, tells us in the passage 

quoted above 17 exfenso that Thales brought the knowledge 
‘of geometry to Greece, and added many things, attempt- 

ing some in a more abstract manner, and some in a more 

intuitional or sensible manner." 

Let us now examine what inferences as to the geometri- 

cal knowledge of Thales can be drawn from the preceding 
notices. 

First inference.— Thales must have known the theorem 

that the sum of the three angles of a triangle is equal to 
two right angles. 

Pamphila, in (d), refers to the discovery of the property 

of a circle that all triangles described on a diameter as base 
with their vertices on the circumference have their vertical 

angles right.'* 

19 Plat. Sept. Sap. Conviv. 2.vol iii., 
P. 174, ed. Didot. 

M Proclus, ed. Friedlein, p. 352. 
18 Zid, p. 65. 

16 This is unquestionably the dis- 
covery referred to. The manner im 

which it has been stated by Diogenes 
Laertius shows that he did not distin- 

guish between a problem and a theo= 

rem; and further, that he was ignorant 

of geometry. To this effect Proclus— 
‘ When, therefore, anyone proposes to
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Assuming, then, that this theorem was known to Thales, 

he must have known that the sum of the three angles of 

any right-angled triangle is equal to two right angles, for, 

if the vertex of any of these right-angled triangles be con- 

nected with the centre of the circle, the right-angled tri- 
angle will be resolved into two isosceles triangles, and 

since the angles at the base of an isosceles triangle are 

equal—a theorem attributed to Thales (d)—it follows that 

the sum of the angles at the base of the right-angled tri- 
angle is equal to the vertical angle, and that therefore the 

sum of the three angles of the right-angled triangle is equal 

to two right angles. Further, since any triangle can be 

resolved into two right-angled triangles, it follows imme- 

diately that the sum of the three angles of any triangle is 

equal to tworight angles. If, then, we accept the evidence 

of Pamphila as satisfactory, we are forced to the conclusion 

that Thales must have known this theorem. No doubt the 
knowledge of this theorem (Zuchd i., 32) is required in the 
proof given in the elements of Euclid of the property of the 

circle (iii., 31), the discovery of which is attributed to 

Thales by Pamphila, and some writers have inferred hence 

that Thales must have known the theorem (i., 32).” Al- 
though I agree with this conclusion, for the reasons given 

nscribe an equilateral triangle in a 
circle, he proposes a problem.: for it is 

possible to inscribe one that is not 

equilateral, But when anyone asserts 

that the angles at the base of an isosce- 

les triangle are equal, he must affirm 

that he proposes a theorem: for it is 

not possible that the angles at the base 

of an isosceles triangle should be un- 

equal to each other. On which account 

if anyone, stating it as a problem, should 

say that he wishes to inscribe a right 
angle in a semicircle, he must be con- 

sidered as ignorant of geometry, since 

every angle in a semicircle is necessa- 
rily a right one.”—Taylor’s Proclus, 

vol, I., p. 110. Procl. ed. Friedlein, 

pp..79, 80. 
Sir G. C. Lewis has subjected himself 

to the same criticism when he says— 
‘According to Pamphila, he first solved 

the problem of inscribing a right-angled 

triangle in a circle.’ —G. Comewall 

Lewis, Historical Survey of the Astro- 

nomy of the Ancients, p. 83. 

7 So F. A. Finger, De Primordiis 
Geometriae apud Graecos, p. 20, Heidel- 

bergae, 1831.
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above, yet I consider the inference founded on the demon- 

stration given by Euclid to be inadmissible, for we are in- 

formed by Proclus, on the authority of Eudemus, that the 

theorem (Zuclid i., 32) was first proved in a general way by 
the Pythagoreans, and their proof, which does not differ 

substantially from that given by Euclid, has been preserved 
by Proclus. Further, Geminus states that the ancient 

geometers observed the equality to two right angles in 

each species of triangle separately, first in equilateral, then 

in isosceles, and lastly in scalene triangles,” and it is plain 

that the geometers older than the Pythagoreans can be no 

other than Thales and his successors in the Ionic school. 

If I may be permitted to offer a conjecture, in confor- 

mity with the notice of Geminus, as to the manner in which 

the theorem was arrived at in the different species of tri- 

angles, I would suggest that Thales had been led by the 

concrete geometry of the Egyptians to contemplate floors 

covered with tiles in the form of equilateral triangles or 

regular hexagons,” and had observed that six equilateral 

triangles could be plated round a common vertex, from 
which he saw that six such angles made up four right 

angles, and that consequently the sum of the three angles 

of an equilateral triangle is equal to two right angles(c). 

The observation of a floor covered with square tiles 

would lead to a similar conclusion with respect to the 

isosceles right-angled triangle.” Further, if a perpen- 

1 Proclus, ed. Friedlein, p. 379. 

1 Apollonii Conica, ed. Hallejus ‚p. 
9, Oxon. 1710. 

® Floors or walls covered with tiles of 
various colours were common in Egypt. 

See Wilkinson’s * Ancient Egyptians,” 
vol. ii., pp. 287 and 292. 

31 Although the theorem that “only 

three kinds of regular polygons—the 

equilateral triangle, the square and the 

hexagon—can be placed about a point 

so as to fill a space,” is attributed by 

Proclus to Pythagoras or his school 

(cori 7d Oedpnua todTo Tludaydpeov. 

Proclus, ed. Friedlein, p. 305), yet it 

is difficult to conceive that the Egypt- 

ians—who erected the pyramids—had 

not a practical knowledge of the fact 

that tiles of the forms above mentioned 

could be placed so as to form a con- 

tinuous plane surface.
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dicular be drawn from a vertex of an equilateral triangle 

on the opposite side,” the triangle is divided into two 

right-angled triangles, which are in every respect equal 

to each other, hence the sum of the three angles of each of 

these right-angled triangles is easily seen to be two right 

angles. If now we suppose that Thales was led to examine 

whether the property, which he had observed in two dis- 

tinct kinds of right-angled triangles, held generally for 

all right-angled triangles, it seems to me that, by com- 

pleting the rectangle and drawing the second diagonal, he 
could easily see that the diagonals are equal, that they 

bisect each other, and that the vertical angle of the right- 
angled triangle is equal to the sum of the base angles. 

Further, if he constructed several right-angled triangles 

on the same hypotenuse he could see that their vertices 
are all equally distant from the middle point of their com- 

mon hypotenuse, and therefore lie on the circumference 

of a circle described on that line as diameter, which is the 

theorem in question. It may be noticed that this remark- 

able property of the circle, with which, in fact, abstract 

geometry was inaugurated, struck the imagination of 

Dante :— 
“ O se del mezzo cerchio far si puote ° 

Triangol sì, ch’un retto non avesse.” 

Par. c. xiii. ror. 

Second inference.—The conception of geometrical loci 

“ is due to Thales. 

We are informed by Eudemus (/) that Thales knew 
that a triangle is determined if its base and base angles 

are given; further, we have seen that Thales knew that, 

2 Though we are informed by Pro- the square, could not be ignorant of its 
clus (ed. Friedlein, p. 283), that Oeno- mechanical solution. Observe that we 

pides of Chios first solved (é{#rnoer) are expressly told by Proclus that Thales 

this problem, yet Thales, and indeed attempted some things in an intuitional 

the Egyptians, who were furnished with or sensible manner,
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if the base is given, and the base angles not given sepa- 

rately, but their sum known to be a right angle, then there 

could be described an unlimited number of triangles 

satisfying the conditions of the question, and that their 

vertices all lie on the circumference of a circle described 

on the base as diameter. Hence it is manifest that the 

important conception of geometrical loct, which is attributed 

by Montucla, and after him by Chasles and other writers 
on the History of Mathematics, to the School of Plato,” 
had been formed by Thales. 

Third inference.—Thales discovered the theorem that 

the sides of equiangular triangles are proportional. 

The knowledge of this theorem is distinctly attributed 

to Thales by Plutarch in a passage quoted above (e). On 

the other hand, Hieronymus of Rhodes, a pupil of Aris- 

totle, according to the testimony of Diogenès Laertius,™ 

says that Thales measured the height of the pyramids by 

watching when bodies cast shadows of their own length, 
and to the same effect Pliny in the passage quoted above (e). 

Bretschneider thinks that Plutarch has spun out the story 

told by Hieronymus, attributing to Thales the knowledge 

of his own times, denies to Thales the knowledge of the | 

theorem in question, and says that there is no trace of any 

theorems concerning similarity before Pythagoras.* He 
says further, that the Egyptians were altogether ignorant 

of the doctrine of the similarity of figures, that we do not 
find amongst them any trace of the doctrine of proportion, 

and that Greek writers say that this part of their mathe- 

B Montucla, Histoire des Mathéma- 

tiques, Tome i., p. 183, Paris, 1758. 
Chasles, Aperpu Historique des Métho- 
des en Géométrie, p. 5, Bruxelles, 1837. 
Chasles in the history of geometry be- 
fore Euclid copies Montucla, and we 

have aremarkable instance of this here, 

for Chasles, after Montucla, calls Plato 

“ ce chef du Lycée.” 
2 But we have seen that the account 

given by Diogenes Laertius of the dis- 

covery of Thales mentioned by Pam- 

phila is unintelligible and evinces 
ignorance of geometry on his part. 

25 Bretsch. Die Geometrie und Geo- 

meter vor Euklides, pp. 45, 46.;
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matical knowledge was derived from the Babylonians or 

Chaldaeans.* Bretschneider also endeavours to show that 

Thales could have obtained the solution of the second 
practical problem—the determination of the distance of a 

ship from the shore—by geometrical construction, a method 

long before known to the Egyptians.” Now, as Bretschnei- 
der denies to the Egyptians and to Thales any knowledge 
of the ‘doctrine of proportion, it was plainly necessary, on 

this supposition, that Thales should find a sufficient extent 

of free and level ground on which to construct a triangle 

of the same dimensions as that he wished to measure; and 

even if he could have found such ground, the great length 
of the sides would have rendered the operations very diffi- 

cult.* It is much simpler to accept the testimony of 

Plutarch, and suppose that the method of superseding such 

operations by using similar triangles is due to Thales. 
If Thales had employed a right-angled triangle,” he 

could have solved this problem by the same principle which, 
we are told by Plutarch, he used in measuring the height 

of the pyramid, the only difference being that the right- 

abaisser une perpendiculaire sur une 

ligne du point qui en est éloigné seule- 
% Ibid, p. 18. 

#1 Zid, pp. 43, 44- 
2% In reference to this I may quote 

the following passage from Clairaut, 
Elémens de Géométrie, pp. 34-35. 
Paris, 1741. 
“La méthode qu’on vient de don- 

ner pour mesurer les terrains, dans 
lesquels on ne sçauroit tirer de lignes, 

fait souvent naître de grandes difficultés 
dans la pratique. On trouve rarement 

un espace uni et libre, assez grand pour 
faire des triangles egaux à ceux du ter- 

rain dont on cherche la mesure. Et 
même quand on en trouveroit, la grande 

longueur des côtés des triangles pour- 

roit rendre les opérations trés-difficiles : 

ment de 500 toises, ce seroit un ouvrage 

extrêmement pénible, et peut-être im- 

practicable. Il importe donc d’avoir 
un moyen qui supplée à ces grandes 

opérations. Ce moyen s’ offre comme- 

de lui-même. Il vient, &c.’’ 

8? Observe that the inventions of the 

square and level are attributed by Pliny 
(Nat. Hist., vii., 57) to Theodorus of 

Samos, who was a contemporary of 

Thales. They were, however, known 

long before this period to the Egyptians; 

so that to Theodorus is due at most the 
honour of having introduced them into 
Greece.
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angled triangle is in one case in a vertical, and in the 

other in a horizontal plane. 

From what has been said it is plain that there is a 

natural connection between the several theorems attributed 

to Thales, and that the two practical applications which 

he made of his geometrical knowledge are also connected 

with each other. 

Let us now proceed to consider the importance of the 
work of Thales :— 

I. In a scientific point of view :— 

(a). We see, in the first place, that by his two theorems 

he founded the geometry of lines, which has ever since 
remained the principal part of geometry.” 

Vainly do some recent writers refer these geometrical 
discoveries of Thales to the Egyptians; in doing so they 

ignore the distinction between the geometry of lines, which 

we owe to the genius of the Greeks, and that of areas and 
volumes—the only geometry known, and that empirically, 

to the ancient priesthoods. This view is confirmed by an 
ancient papyrus, that of Rhind," which is now in the 

British Museum. It contains a complete applied mathe- 

* matics, in which the measurement of figures and solids 

plays the principal part; there are no theorems properly so 

called; everything is stated in the form of problems, not. 
in general terms but in distinct numbers, e. g.—to measure 

a réctangle the sides of which contain two and ten units of 

length ; to find the surface of a circular area whose diame- 

ter is six units; to mark out in a field a right-angled triangle 

% Auguste Comte, Système de Poli-  thematiques, p. 69. Since this Paper 
tique Positive, vol. iii., p. 297. È. was sent to the press, Dr. August 
# Birch, in Lepsius’ Zeitschrift für  Eisenlohr, of Heidelberg, has published 

degyptische Sprache und Alterthums- this papyrus with a translation and 
kunde (year 1868, p. 108). Bret- commentary under the title ‘‘ Zin Ma- 
schneider, Geometrie vor Euklides, thematisches Handbuch der alten . 
p. 16. F. Hoefer, Histoire des Ma- <gyfter.”
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whose sides measure ten and four units; to describe a 

trapezium whose parallel sides are six and four units, and 

each of the other sides twenty units. We find also in it 

indications for the measurement of solids, particularly of 
pyramids, whole and truncated. 

It appears from the above that the Egyptians had 
made great progress in practical geometry. Of their pro- 

ficiency and skill in geometrical constructions we have 
also the direct testimony of the ancients; for example, 
Democritus says: ‘No one has ever excelled me in the 

construction of lines according to certain indications—not 

even the so-called Egyptian Harpedonaptae.” * 

(6). Thales may, in the second place, be fairly con- 

sidered to have laid the foundation of Algebra, for his first 

theorem establishes an equation in the true sense of the 
word, while the second institutes a proportion." 

II. In a philosophic point of view :— 

We see that in these two theorems of Thales the first 

type of a natural law—t. e., the expression of a fixed de- 

pendence between different quantities, or, in another form, 

the disentanglement of constancy in the midst of variety— 
has decisively arisen.™ 

III. Lastly, in a practical point of view :— 

Thales furnished the first example of an application of 

theoretical geometry to practice,” and laid the foundation 

of an important branch of the same—the measurement of 
heights and distances. 

I have now pointed out the importance of the geome- 

trical discoveries of Thales, and attempted to appreciate 
his work. His successors of the Ionic School followed 

32 Mullach, Fragmenta Philosopho- Pos. vol. iii., p. 300). 

rum Graecorum, p. 371, Democritus ap. % P. Laffitte, Les Grands Types de 

Clem. Alex. Strom. I. p. 357, ed. Pot- D Humanité, vol. ii., p. 292. 

ter. 3 Jbid, p. 294. 
33 Auguste Comte (Système de Pol.
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him in other lines of thought, and were, for the most part, 

occupied with physical theories on: the nature of the 

universe—speculations which have their representatives at 

the present time—and added little or nothing to the de- 

velopment of science, except in astronomy. The further 

progress of geometry was certainly not due to them. 

Without, doubt Anaxagoras of Clazomenae, one of the 
latest representatives of this School, is said to have been 

occupied during his exile with the problem of the qua- 

drature of the circle, but this was in his old age, and after 

the works of another School—to which the early progress 

of geometry was really. due—had become the common 

property of the Hellenic race. I refer to the immortal 
School of Pythagoras. 

II. 

About the middle of the sixth century before the Chris- 
tian era, a great change had taken place: Ionia, no longer 

free and prosperous, had fallen under the yoke, first of Lydia, 

then of Persia, and the very name Ionian—the name by 

which the Greeks were known in the whole East—had 

become a reproach, and was shunned by their kinsmen on 
the other side of the Aegean.” On the other hand, Athens 

and Sparta had not become pre-eminent ; the days of Ma- 

rathon and Salamis were yet to come. Meanwhile the 

glory of the Hellenic name was maintained chiefly by the 

Italic Greeks, who were then in the height of their pros- 

perity, and had recently obtained for their territory the 
well-earned appellation of 1 ueyaAn 'EAAac.” It should be 
noted, too, that at this period there was great commercial 

intercourse between the Hellenic cities of Italy and Asia; 
and further, that some of them, as Sybaris and Miletus on 

theonehand, and Tarentum and Cnidus on the other, were 

* Herodotus, i. 143. i, p. 141, 1844. 

* Polybius, ii., 39; ed. Bekker, vol.
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bound by ties of the most intimate character.” It is not 
surprising, then, that after the Persian conquest of Ionia, 
Pythagoras, Xenophanes, and others, left their native 

country, and, following the current of civilization, removed 
to Magna Graecia. 

As the introduction of geometry into Greece is by com- 

mon consent attributed to Thales, so all” are agreed that 

to Pythagoras of Samos, the second of the great philoso- 
phers of Greece, and founder of the Italic School, is due 

the honour of having raised mathematies to the rank of a 

science. 

The statements of ancient writers concerning this great 

man are most conflicting, and all that relates to him per- 

sonally is involved in obscurity; for example, the dates 

given for his birth vary within the limits of eighty-four 

years—43rd to 64th Olympiad.” It seems desirable, how- 

ever, if for no other reason than to fix our ideas, that we 

should adopt some definite date for the birth of Pythagoras; 
and there is an additional reason for doing so, inasmuch as 

some writers, by neglecting this, have become confused, 

and fallen into inconsistencies in the notices which they 
have given of his life. Of the various dates which have 

been assigned for the birth of Pythagoras, the one which 

seems to me to harmonise best with the records of the most 

trustworthy writers is that given by Ritter, and adopted by 

Grote, Brandis, Ueberweg, and Hankel, namely, about 

580 B. C. (49th Olymp.) This date would accord with the 
following statements :— 

That Pythagoras had personal relations with Thales, 

then old, of whom he was regarded by all antiquity as the 

38 Herod., vi. 21, and iii, 138. History of Philosophy, Book ii, c. ii., 
% Aristotle, Diogenes Laertius, Pro- where the various dates given by 

clus, amongst others. scholars are cited. 
“See G. H. Lewes, Biographical
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successor, and by whom he was incited to visit Egypt,“— 

mother of all the civilization of the West ; 

That he left his country being still a young man, and, 

on this supposition as to the date of his birth, in the early 

years of the reign of Croesus (560-546 B. C.), when Ionia 

was still free ; 
That he resided in Egypt many years, so that he learned 

the Egyptian language, and became imbued with the philo- 
sophy of the priests of the country ;“ 

That he probably visited Crete and Tyre, and may have 
even extended his journeys to Babylon, at that time Chal- 

daean and free ; 
That on his return to Samos, finding his country under 

the tyranny of Polycrates,* and Ionia under the dominion 
of the Persians, he migrated to Italy in the early years of 
Tarquinius Superbus ; “ 

And that he founded his Brotherhood at Crotona, where 
for the space of twenty years or more he lived and taught, 
being held in the highest estimation, and even looked on 
almost as divine by the population—native as well as Hel- 

lenic; and then, soon after the destruction of Sybaris 

(sto B. C.), being banished by a democratic party under 

Cylon, he removed to Metapontum, where he died soon 

afterwards. 

All who have treated of Pythagoras and the Pythago- 
reans have experienced great difficulties. These difficulties © 

are due partly to the circumstance that the reports of the 
earlier and most reliable authorities have for the most part 

been lost, while those which have come down to us are not 
always consistent with each other. On the other hand, we 
have pretty full accounts from later writers, especially those 

lTamblichus, de Vita Pyth.,c.ii.,12. ap. Porphyr., de Vita Pyth., 9. 

€ Isocrates is the oldest authority for “ Cicero, de Rep. U., 15; Tusc. Disp., 
this, Busiris, c. 11. I., xvi., 38. 

@ Diog. Laert., viik 3; Aristoxenus, 

VOL. II. N
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of the Neo-Pythagorean School; but these notices, which 

are mixed up with fables, were written with a particular 

object in view, and are in general highly coloured; they 

are particularly to be suspected, as Zeller has remarked, 

because the notices are fuller and more circumstantial the 

greater the interval from Pythagoras. Somerecent authors, 

therefore, even go to the length of omitting from their ac- 

count of the Pythagoreans everything which depends solely 
on the evidence of the Neo-Pythagoreans. In doing so, 

these authors no doubt effect a simplification, but it seems 

to me that they are not justified in this proceeding, as the 

Neo-Pythagoreans had access to ancient and reliable au- 

thorities which have unfortunately been lost since.“ 

Though the difficulties to which I refer have been felt 
chiefly by those who have treated of the Pythagorean #/z- 

losophy, yet we cannot, in the present inquiry, altogether 

escape from them ; for, in the first place, there was, in the 

whole period of which we treat, an intimate connection 

between the growth of philosophy and that of science, each 

re-acting on the other; and, further, this was particularly 

the case in the School of Pythagoras, owing to the fact, 

that whilst on the one hand he united the study of geo- 
metry with that of arithmetic, on the other he made num- 
bers the base of his philosophical system, as well physical 

as metaphysical. 

It is to be observed, too, that the early Pythagoreans 
published nothing, and that, moreover, with a noble self- 

denial, they referred back to their master all their discover- 
ies. Hence, it is not possible to separate what was done 

by him from what was done by his early disciples, and we 

45 For example, the History of Geo- of whom lived in the reign of Justinian. 

metry, by Eudemus of Rhodes, one of Eudemusalso wrote a History of Astro- 

the principal pupils of Aristotle, is omy. Theophrastus, too, Aristotle's 
quoted by Theon of Smyrna, Proclus, successor, wrote Histories of Arithme- 

Simplicius, and Eutocius, the last two tic, Geometry, apd Astronomy.
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are under the necessity, therefore, of treating the work of 

the early Pythagorean School as a whole.“ 

All agree, as was stated above, that Pythagoras first 

raised mathematics to the rank of a science, and that we 

owe to him two new branches—arithmetic and music. 

We have the following statements on the subject :— 

(a). In the age of these philosophers [the Eleats and 

Atomists], and even before them, lived those called Pytha- 

goreans, who first applied themselves to mathematics, a 

science they improved : and, penetrated with it, they fancied 

that the principles of mathematics were the principles of all 

things; * 

(3.) Eudemus informs us, in the passage quoted above z7 
cxtenso, that Pythagoras changed geometry into the form 

of a liberal science, regarding its principles in a purely 

abstract manner, and investigated his theorems from the 

immaterial and intellectual point of view; and that he also 

discovered the theory of irrational qualities, and the con- 
struction of the mundane figures [the five regular solids]; ‘* 

(c.) It was Pythagoras, also, who carried geometry to 

perfection, after Moeris‘ had first found out the principles 
of the elements of that science, as Anticlides tells us in 

the second book of his //tstory of Alexander ; and the part 

4 « Pythagoras and his earliest suc- 
cessors do not appear to have commit- 

ted any of their doctrines to writing. 
According to Porphyrius (de Vita Pyth. 

p. 40), Lysis and Archippus collected in 
a written form some of the principal 

Pythagorean doctrines, which were 
handed down as heirlooms in their 

families, under strict injunctions that 

they should not be made public. But 
amid the different and inconsistent 
accounts of the matter, the first publi- 
cation of the Pythagorean doctrines is 

Pretty uniformly attributed to Philo- 

laus.”—Smith's Dictionary, in v. Phi- 
lolaus. Philolaus was born at Cro- 
tona, or Tarentum, and was a contem- 

porary of Socrates and Democritus. 
See Diog. Laert. in Vita Pythag., vii, 

and in Vita Democriti, ix., vi, 6. 

See also Iamblichus, de Vita Pythag., 

c. 18, s. 88. 

#1 Aristot. Met, i., 5, 985, N. 23, 

ed. Bekker. 

# Procl. Comm., ed. Friedlein, p. 65. 

© An ancient King of Egypt, who 

reigned 900 years before Herodotus. 

N2
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of the science to which Pythagoras applied himself above 

all others was arithmetic ; ° 

(d.) Pythagoras seems to have esteemed arithmetic above 

everything, and to have advanced it by diverting it from the 

service of commerce, and likening all things to numbers ; °' 

(e.) He was the first person who introduced measures 
and weights among the Greeks, as Aristoxenus the musi- 

cian informs us ; ® 

(/.) He discovered the numerical relations of the musica? 
scale ; ® 

(g.) The word mathematics originated with the Pytha- 
goreans ; * 

(4.) The Pythagoreans made a four-fold division of 

mathematical science, attributing one of its parts to the 

how many, ro moeóv, and the other to the how much, ro 

nAlcov,; and they assigned to each of these parts a two- 

fold division. Discrete quantity, or the how many, either 

subsists by itself, or must be considered with relation to 

some other; and continued quantity, or the how much, is 

either stable or in motion. Hence arithmetic contem- 

plates that discrete quantity which subsists by itself, but 

music that which is related to another; and geometry con- 

siders continued quantity so far as it is immovable; but 

astronomy (rijv opapwñv) contemplates continued quantity 

so far as it is of a self-motive nature ; * 

(£.) Favorinus says that he employed definitions on 

6e Diog. Laert., viii. 11, ed. Cobet, 

p. 207. 
51 Aristoxenus, Frag. ap. Stob. 

Eclog. Phys., I., ii., 6; ed. Heeren, 
vol. L, p. 17. 

53 Diog. Laert., viii., 13, ed. Cobet, 
p. 208. 

53 róp re xaydva toy dr pias xopdijs 

eöpeiv. Diog. Laert., viii., tI, ed. 
Cobet, p. 207. 
& Procli Comm, Friedlein, p. 45. 

% Procli Comm., ed. Friedlein, p. 

35- As to the distinction between rd 

wnAlxoy, continuous, and rd socér, 
discrete, quantity, see Iambl., in Nic. 

G. Arithm. introd. ed. Ten., p. 148.
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account of the mathematical subjects to which he applied 

himself (Spore xoficao0a: Già ric naßnuarıxac VAnc).* 

As to the particular work done by this school in geo- 
metry, the following statements have been handed down 

to us:— 

(a.) The Pythagoreans define a point as unity having 

position (uovada rpordafBovoav dior); * 

(3.) They considered a point as analogous to the monad, 
a line to the duad, a superficies to the triad, and a body to 

the tetrad ; * 

(c.) The plane around a point is completely filled by six 

equilateral triangles, four squares, or three regular hexa- 

gons: this is a Pythagorean theorem ; ® 
(d.) The peripatetic Eudemus ascribes to the Pythago- 

reans the discovery of the theorem that the interior angles 

of a triangle are equal to two right angles (Zucl. i. 32), and 

states their method of proving it, which was substantially 

the same as that of Euclid; “ 

(e.) Proclus informs us in his commentary on Euclid, 

i.,,44, that Eudemus says that the problems concerning the 

application of areas—in which the term application is not 

to be taken in its restricted sense (rapaBoAn) in which it 
is used in this proposition, but also in its wider significa- 
tion, embracing ürepßoAn and EA eue, in which it is used in 

the 28th and 2gth propositions of the Sixth Book,—are old, 

and inventions of the Pythagoreans ; * 

and defect of areas are ancient, and are % Diog. Laert., viii., 25, ed. Cobet, 
‘ due to the Pythagoreans. Moderns bor- P. 215. 

8 Procli Comm. ed. Friedlein, p. 95.  rowing these names transferred them to 

% Ibid., p. 97. the so-called conic lines—the parabola, 
9 Ibid., p. 305. the hyperbola, the ellipse ; as the older 

© Jbid., p. 379. school in their nomenclature concerning 
" Zid., p. 419. The words of Pro- the description of areas in Plano on a 

clas are interesting :— finite right line regarded the terms 
“ According to Eudemus, the inven- 

tions respecting the application, excess, 

thus :— 

‘ An area is said to be applied (rapa
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(f.) This is to some extent confirmed by Plutarch, who 
says that Pythagoras sacrificed an ox on account of the 

geometrical diagram, as Apollodotus [-rus] says :— 

“‘Hvixa IIvôayópns TO repuxAeès eüpera ypappa, 
Keiv’ ép’ rw AauTpyv ijyero Bovbvainy, 

either the one relating to the hypotenuse— namely, that the 

square on it is equal to the sum of the squares on the 

sides—or that relating to the problem concerning the ap- 
plication of areas (eire rpdBAnua wegi tov xwplov ric wapa- 

Bodjic) ;* 
(g.) One of the most elegant (yewuerptkwräroic) theorems, 

or rather problems, is to construct a figure equal to one 

and similar to another given figure, for the solution of 

which also they say that Pythagoras offered a sacrifice : 
and indeed it is finer and more elegant than the theorem 

which shows that the square on the hypotenuse is equal 

to the sum of the squares on the sides ; ® 
(A.) Eudemus, in the passage already quoted from Pro- 

clus, says Pythagoras discovered the construction of the 

regular solids ; * 

Bdireıv) to a given right line when an 

area equal in content to some given one 

is described thereon ; but when the base 

of the area is greater than the given 

line, then the area is said to be in ex- 

cess (SwepBdAAew) ; but when the base 

is less, so that some part of the given 

line lies without the described area, 

then the area is said to be in defect 

(éAAelwe). Euclid uses in this way, in 
his Sixth Book, the terms excess and 
defect. . . +. The term application 

(wapaßdirew), which we owe to the 
Pythagoreans, has this signification.’’ 

€2 Plutarch, „on posse suaviter vivi 
sec. Epicurum, c. xi. ; Plut., Opera, ed. 

Didot, vol. iv, p. 1338. Some authors, 

rendering wepì Tod xwplov rijs rapaBo\ñs 
“ concerning the area of the parabola,’” 
have ascribed to Pythagoras the qua- 

drature of the parabola—which was in 
fact one of the great discoveries of Ar- 
chimedes ; and this, though Archimedes 

himself tells us that no one before him 

had considered the question; and though 

further he gives in his letter to Dosi- 
theus the history of his discovery, 

which, as is well known, was first ob- 

tained from mechanical considerations, 

and then by geometrical reasonings. 

© Plutarch, Symp., viii, Quaestio 2, 
c. 4. Plut. Opera, ed. Didot, vol. iv., 

p. 877. 
 Procl. Comm, ed. Friedlein, p. 65.
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(z.) But particularly as to Hippasus, who was a Pytha- 

gorean, they say that he perished in the sea on account 

of his impiety, inasmuch as ‚he boasted that he first 

divulged the knowledge of the sphere with the twelve 

pentagons [the ordinate dodecahedron inscribed in the 

sphere]: Hippasus assumed the glory of the discovery to 

himself, whereas everything belonged to Him—for thus 

they designate Pythagoras, and do not call him by 

name ;* 

(7.) The triple interwoven triangle or Pentagram—star- 

shaped regular pentagon—was used as a symbol or sign of 

recognition by the Pythagoreans, and was called by them 

Health (vyızla) ; * 
(%.) The discovery of the law of the three squares (Zurl. 

L, 47), commonly called the Theorem of Pythagoras, is 
attributed to him by—amongst others—Vitruvius, ". Dio- 
genes Laertius,* Proclus,* and Plutarch(/). Plutarch, 

however, attributes to the Egyptians the knowledge of this 
theorem in the particular case where the sides are 3, 4, 

and 5 ;” 

(Z) One of the methods of finding right-angled tri- 
angles whose sides can be expressed in numbers—that 

& Iambl., de Vit. Pyth., c. 18, s. 88. 
 Scholiast on Aristophanes, Aub. 

611; also Lucian, gro Lapsu in Sa- 

lut., s. 5. That the Pythagoreans used 

such symbols we learn from Iamblichus 
{de Vit. Pyth., c. 33, ss. 237 and 238). 
This figure is referred to Pythagoras 

himself, and in the middle ages was 
called Pythagorae figura. It is said to 

have obtained its special name from his 

having written the letters v, y, 1, 0 (=«ı), 
a, at its prominent vertices. We learn 

from Kepler (Opera Omnia, ed. Frisch, 

vol. v., p. 122) that even so late as Pa- 

racelsus it was regarded by him as the 

symbol of health. See Chasles, Histoire 
de Geometrie, pp. 477 et seqq. 
© De Arch., ix., Praef. 5, 6, and 7. 

© Where the same couplet from 

Apollodorus as that in (/) is found, 

except that xAcırhy #yaye occurs in 
place of Aauxphy Hyero. Diog. Laert., 

vii, 11, p. 207, ed. Cobet. 

© Procli Comm., p. 426, ed. Fried- 

lein. 

© De Is. et Osir.,c. 56. Plut. Op, 

vol. iii., p. 457, Didot.
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setting out from the odd numbers—is attributed to Pytha- 
goras ;” 

(m.) The discovery of irrational quantities is ascribed 

to Pythagoras by Eudemus in the passage quoted above 

from Proclus ;"* 

(#.) The three proportions—arithmetical, geometrical, 
and harmonical, were known to Pythagoras ;” 

(o.) Formerly, in the time of Pythagoras and the mathe- 

maticians under him, there were three means only—the 

arithmetical, the geometrical, and the third in order which 

was known by the name ürevavrla, but which Archytas and 

Hippasus designated the harmonical, since it appeared 

to include the ratios concerning harmony and melody 

(neraxindeioa Bri rode karà To apuoouévoy cat iuperèc épalvero 
Adyove repiéxousa);"* 

(6.) With reference to the means corresponding to these 
proportions, Iamblichus says :”—We must now speak of 

the most perfect proportion, consisting of four terms, and 

properly called the musical, for it clearly contains the 

musical ratios of harmonical symphonies. It is said to be 

an invention of the Babylonians, and to have been brought 
first into Greece by Pythagoras ;" 

7 Procli Comm., ed. Friedlein, p. 
428; Heronis Alex., Geom. et Ster. 

with the numbers themselves, (Nicom. 
Instit, Arithm. ed. Ast. p. 153, and 

Rel., ed. F. Hultsch, pp. 56, 146. 

13 Procli Comm, ed. Friedlein, p. 65. 

73 Nicom. G. Introd. Ar. c. xxii., ed. 

R. Hoche, p. 122. 

% Jamblichus in Nicomachi Arith- 

meticam a S. Tennulio, p. 141. 
15 Ibid., p. 168. 

16 Ibid., p. 168. As an example of 

this proportion, Nicomachus gives the 
numbers 6, 8, 9, 12, the harmonical and 

arithmetical means between two num- 

bers forming a geometrical proportion 

Animad., p. 329; see, also, Iambl., sr 
Nicom. Arithm. ed. Ten., pp. 172 et 

seq.) 
Hankel, commenting on this pas- 

sage of Iamblichus, says: ‘* What we 
are to do with the report, that this 
proportion was known to the Baby- 
lonians, and only brought into Greece 

by Pythagoras, must be left to the 

judgment of the reader.” — Geschichte 

der Mathematik, p. 105. In another 
part of his book,, however, after refer-
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(g.) The doctrine of arithmetical progressions is attribu- 
ted to Pythagoras ;” 

(r.) It would appear that he had considered the special 

case of frsangular numbers. Thus Lucian :—IIYG. Eir’ éwi 
zuvreoisıw apiôuéev. AT. Oida Ka viv apıdusv. IIYO. Mog 
apÔuteic ; AT. "Ev, S60, rpla, rérrapa. IIYO. ‘Opac; è od do- 

«tec rérrapa, ravra Sika ëori Kai rplywvov évreèc Kal muérepov 

doxiov.”® 

(s.) Another of his doctrines was, that of all solid 

figures the sphere was the most beautiful; and of all plane 

figures, the circle.” 

(4) Also Iamblichus, in his commentary on the Catego- 
ries of Aristotle, says that Aristotle may perhaps not have 

squared the circle; but thatthe Pythagoreans had done so, 

as is evident, he adds, from the demonstrations of the Py- 
thagorean Sextos who had got by tradition the manner of 

proof.” 

On examining the purely geometrical work of Pythago- 

ras and his early disciples, we observe that it is much 
concerned with the geometry of areas, and we are indeed 

struck with its Egyptian character. This appears in the 

theorem (c) concerning the filling up a plane by regular 

polygons, as already noted; in the construction of the 

regular solids (2)—for some of them are found in the Egyp- 
tian architecture ; in the problems concerning the applica- 

tion of areas (e); and lastly, in the law of the three 

ring to two authentic documents of the 
Babylonians which have come down to 

us, he says: ‘ We cannot, therefore, 

doubt that the Babylonians occupied 

themselves with such progressions 
{arithmetical and geometrical] ; and a 

Greek notice that they knew propor- 

tions, nay, even invented the so-called 
perfect or musical proportion, gains 
thereby in value.” —J0id., p. 67. 

11 Theologumena Arithmetica, p. 153, 
ed. F. Ast, Lipsiae, 1817. 
7 Lucian, Bley xpaots, 4, vol. i., 

p- 317, ed. C. Jacobitz. 

19 Ka) ray oxnudrer td xdAXiotoy 

ogaipay elva Tür oTepeër KükAor, 
Diog. Laert., in Vita Pyth., vii, 19. 

80 Simplicius, Comment, &c., ap. 

Bretsch., Die Geometrie vor Euklides, 

p. 108.
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squares (£), coupled with the rule given by Pythagoras 

for the construction of right-angled triangles in num- 

bers (/). 
According to Plutarch, the Egyptians knew that ‘a tri- 

angle whose sides consist of 3, 4, and 5 parts, must be 

right-angled. “The Egyptians may perhaps have ima- 

gined the nature of the universe like the most beautiful 
triangle, as also Plato appears to have made use of it in 

his work on the State, where he sketches the picture of 

matrimony. That triangle contains one of the perpendicu- 

lars of 3, the base of 4, and the hypotenuse of 5 parts, the 

square of which is equal to those of the containing sides. 
The perpendicular may be regarded as the male, the base 

as the female, the hypotenuse as the offspring of both, and 

thus Osiris as the originating principle (apxn), Isis as the 
receptive principle (ùmrodoxíú), and Horus as the product 
(aworéXeopa).” °* ; 

This passage is remarkable, and seems to indicate the 

way in which the knowledge of the useful geometrical 

fact enunciated in it may have been arrived at by the 

Egyptians. The contemplation of a draught-board, or of 
a floor covered with square tiles, or of a wall ruled with 

squares," would at once show that the square constructed 

on the diagonal of a square is equal to the sum of the 
squares constructed on the sides—each containing four of 

the right-angled isosceles triangles into which one of the 

squares is divided by its diagonal. 

Although this observation would not serve them for 

practical uses, on account of the impossibility of presenting 
it arithmetically, yet it must have shown the possibility of 

80» Plutarch, De /s. et Osir. c. 56, rately with squares before the figures 
vol. iii., p. 457, ed. Didot. were introduced. See Wilkinson’s 

61 It was the custom of the Egyp- Ancient Egyptians, vol. ii., pp. 265, 

tians, where a subject was to be drawn, 267. 
to rule the walls of the building accu- "
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constructing a square which would be the sum of two 

squares, and encouraged them to attempt the solution of the 

problem numerically. Now, the Egyptians, with whom 
speculations concerning generation were in vogue, could 

scarcely fail to have perceived, from the observation of a 

chequered board, that the element in the successive forma- 

tion of squares is the gnomon (yv@uwv),* or common car- 

penter’s square, which was known to them.” It remained 
then for them only to examine whether some particular 

gnomon might not be metamorphosed into a square, and, 
therefore, vice versa. The solution would then be easy, 

being furnished at once from the contemplation of a floor 
or board composed of squares. 

Each gnomon consists of an odd number of squares, 
and the successive gnomons correspond to the successive 

© Fréuwy means that by which any- 
thing is known, or criterion ; its oldest 
concrete signification seems to be the 
carpenter’s square (norma), by which 
a right angle is known. Hence, it 
came to denote a perpendicular, of 
which, indeed, it was the archaic name, 

as we learn from Proclus on Euclid, i., 
12:—Toûro 1d æpéBAmua rpèror Olvo- 
Tièns éffrrnoer xphoiuor abrd pds 
dorporoylay olönevos‘ òvond(er 88 Thr 
xdberoy dpyalxas xath yvépova, 8671 
nal 5 yvbpcov pds 5p0ds dori rE dpllovri 
(Procli Comms., ed. Friedlein, p. 283). 
Gnomon is also an instrament for mea- 
suring altitudes, by means of which the 
meridian can be found; it denotes, 

further, the index or style of a sundial, 
the shadow of which points out the 
hours. 

In geometry it means the square or 

rectangle about the diagonal of a square 
or rectangle, together with the two 

complements, on account of the resem- 

blance of the figure to a carpenter’s 

square ; and then, more generally, the 
similar figure with regard to any paral- 
lelogram, as defined by Euclid, ii, 
Def. 2. Again, in a still more general 
signification, it means the figure which, 
being added to any figure, preserves 
the original form. See Hero, Defini- 

tiones (59). 
When gnomons are added succes- 

sively in this manner to a square 
monad, the first gnomon may be re- 
garded as that consisting of three 
square monads, and is indeed the con- 
stituent of a simple Greek fret; the 
second, of (five square monads, &c. ; 
hence we have the gromonic numbers, 
which were also looked on as male, or 

generating. 

8 Wilkinson’s Ancient Egyptians, 
vol. ii., p. 111.
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odd numbers,“ and include, therefore, all odd squares. 

Suppose, now, two squares are given, one consisting of 16 

and the other of g unit squares, and that it is proposed to 

form another square out of them. It is plain that the square 

consisting of 9 unit squares can take the form of the fourth 

gnomon, which, being placed round the former square, will 

generate a new square containing 25 unit squares. Simi- 

larly, it may have been observed that the 12th gnomon, 

consisting of 25 unit squares, could be transformed into a 

square, each of whose sides contain 5 units, and thus it 

may have been seen conversely that the latter square, by 

taking the gnomonic, or generating, form with respect to 

the square on 12 units as base, would produce the square of 

13 units, and so on. 

This, then, is my attempt to interpret what Plutarch 

has told us concerning Isis, Osiris, and Horus, bearing in 

mind that the odd, or gnomonic, numbers were regarded 

by Pythagoras as male, or generating.” 

# It may be observed here that we 

first count with counters, as is indicated 

by the Greek ymplfew and the Latin 

calculare. The counters might be 

equal squares, as well as any other like 

objects. There is an indication that 
the odd numbers were first regarded in 
this manner in the name gromonic 
numbers, which the Pythagoreans ap- 
plied to them, and that term was used 

in the same signification by Aristotle, 

and by subsequent writers, even up to 

Kepler. See Arist. Phys., lib. iii., ed. 

Bekker, vol. i. p. 203; Stob., Eclog., 

ab Heeren, vol. i., p. 24, and note; 

Kepleri Opera Omnia, ed. Ch. Frisch, 

vol. viii., Mathematica, pp. 164 et seq. 
% This seems to me to throw light on 

some of the oppositions which are found 

in the table of principles attributed by 

Aristotle to certain Pythagoreans (Afe- 

taph., i., 5, 986 a, ed. Bekker). 

The odd—or gnomonic— numbers are 
finite ; the even, infinite. Odd num. 

bers were regarded also as male, 

or generating. Further, by the ad- 

dition of successive gnomons—con- 

sisting, as we have seen, each of an 
odd number of units—to the original 
unit square or monad, the square form 
is preserved. On the other hand, if we 

start from the simplest oblong (érepo- 

hanes), consisting of two unit squares, 

or monads, in juxtaposition, and place 
about it, after the manner of a gnomon 

—and gnomon, as we have seen, was 

used in this more extended sense also at 

a later period—4 unit squares, and
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It is another matter to see that the triangle formed by 
3, 4, and 5 units is right-angled, and this I think the 

then in succession in like manner 6, 8, 
... unit squares, the oblong form 

trepo-ufices will be preserved. The 
elements, then, which generate a square 

are odd, while those of which the ob- 
long is made up are even. The limited, 
the odd, the male, and the square, 
occur on one side of the table: while 
the unlimited, the even, the female, and 
the oblong, are met with on the other 
side. 

The correctness of this view is con- 
firmed by the following passage pre- 

served by Stobaeus :—’Erı 82 rf povdd: 

ray dpelijs repioo@v yvupdyur wepırı- 

Cendveey, à yırbuevos del Terpdyands tari. 

riv Bè Apriav duolws weprriOdpever, ére- 

pophwers Kal Émioo: xdyres kwoBalvovow. 

loor 32 iodeis oddels. 
“Explicanda haec sunt ex antiqua 

Pythagoricorum terminologia. l'réuoves 

nempe de quibus hic loquitur auctor, 
vocabantur apud eos omnes numeri im- 
pares, Fok. Philop. ad Aristot. Phys., 

L ü, p. 131: Kal of dpdunrwol Bè 

yrépovas zaloücı xdvras robs wepirrods 
dpBgobs. Causam adjicit Simplicius 
ad eundem locum, I'vépovas 82 éxdaouy 
Toùs wepırrods of Iluba-yÉperos Bubrt xpoo- 

réueros Toîs rerpayérois, Td abrd 

cxûua puAdrrousi, Sorep xa) of dv yew~ 

nerplg yvépoves. Quae nostro loco le- 
guntur jam satis clara erunt. Vult 

nempe auctor, monade addita ad pri- 

mum gnomonem, ad sequentes autem 
summam, quam proxime antecedentes 
numeri efficiunt, semper prodire nume- 

res quadratos, 7. c. positis gnomonibus 

3: 5, 7,9 primum I + 3 = 23, tunc porro 

1+3 (i e. 4) + 5=3°,9+7=4°, 
16 + 9= 5°, et sic porro, cf. Tiedem. 

Geist der Speculat. Philos., pp. 107, 

108. Reliqua expedita sunt.” Stob. 

Eclog. ab Heeren, lib. 1, p. 24 and 

note. 

The passage of Aristotle referred to 
is—onpetov 8 elvas robrov 7d cvuBaîror 
dm) ray Apıöpär. zrepiridendvor yap rar 

poudres wep) 1d by nal xwpls drè mèr 

Bro del ylyveodas rd elBos. Phys., 

ii, 4, P. 203%, 14. 

Compare, 4a’ for: riva abkfavdnera 
à oùx dAAoroörras, oloy Td rerpéywror 
yvdpovos wepıreddvros nöËnra: udy, àA- 
Aoiérepor Bè obdty yeyéynra:. Cat. 14, 
15%, 30, Arist., ed. Bekker. 
Hankel gives a different explanation 

of the opposition between the square 
and oblong— 

<< When the Pythagoreans discovered 

the theory of the Irrational, and recog- 

nised its importance, it must, as will be 

at once admitted, appear most striking 
that the oppositions, which present 

themselves so naturally, of Rational 
and Irrational have no place in their 

table. Should they not be contained 

under the image of square and rectangle, 

which, in the extraction of the square 

root, have led precisely to those ideas ?”” 
Geschichte der Mathematik, p. 110, 
note. 

Hankel also says— Upon what the 

comparison of the odd with the limited 
may have been based, and whether 

upon the theory of the gnomons, can ‘ 

scarcely be made out now.” bid. 
Pp. 109, note. 
May not the gnomon be looked on 

as framing, as it were, or limiting the 
squares ?
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Egyptians may have first arrived at by an induction 
founded on direct measurement, the opportunity for which 

was furnished to them by their pavements, or chequered 

plane surfaces. 
The method given above for the formation of the square 

constructed on 5 units as the sum of those constructed on 

4 units and on 3 units, and of that constructed on 13 units 

as the sum of those constructed on 12 units and 5 units, 

required only to be generalized in order to enable Pytha- 

goras to arrive at his rule for finding right-angled triangles, 
which we are told sets out from the odd numbers. 

The two rules of Pythagoras and of Plato are given by 
Proclus:—“ But there are delivered certain methods of 
finding triangles of this kind [sc., right-angled triangles 
whose sides can be expressed by numbers], one of which 
they refer to Plato, but the other to Pythagoras, as origi- 

nating from odd numbers. For Pythagoras places a given 

odd number as the lesser of the sides about the right angle, 
and when he has taken the square constructed on it, and 

diminished it by unity, he places half the remainder as 

the greater of the sides about the right angle; and when 
he has added unity to this, he gets the hypotenuse. Thus, 

for example, when he has taken 3, and has formed from it 
a square number, and from this number g has taken unity, 
he takes the half of 8, that is 4, and to this again he adds 

unity, and makes 5; and thus obtains a right-angled tri- 
angle, having one of its sides of 3, the other of 4, and the 

hypotenuse of 5 units. But the Platonic method originates 
from even numbers. For when he has taken a given even 

number, he places it as one of the sides about the right 
angle, and when he has divided this into half, and squared 
the half, by adding unity to this square he gets the hypo- 
tenuse, but by subtracting unity from the square he forms 

the remaining side about the right angle. Thus, for ex- 

ample, taking 4, and squaring its half, 2, and thus getting
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4, then subtracting 1 he gets 3, and by adding 1 he gets 

5; and he obtains the same triangle as by the former 

method.” * It should be observed, however, that this is not 

necessarily the case; for example, we may obtain by the 
method of Plato a triangle whose sides are 8, 15, and 17 

units, which cannot be got by the Pythagorean method. 

The #‘* square together with the 2 gnomon is the 

(2 + 1) square; if the 2‘ gnomon contains m7 unit squares 
. n - 1 

m being an odd number, we have zu + 1 =#°, … n = — Fa; , 

hence the rule of Pythagoras. Similarly the sum of two 

successive gnomons contains an even number of unit 

Squares, and may therefore consist of 7° unit squares, 
where m is an even number; we have then (2 2 — 1) + (2 2 

3 

+1) =m’, orn = (2) : hence the rule ascribed to Plato by 

Proclus.® This passage of Proclus, which is correctly in- 

terpreted by Hoefer, was understood by Kepler,® who, 

indeed, was familiar with this work of Proclus, and often 
quotes it in his Harmonta Mundt. 

Let us now examine how Pythagoras proved the the- 

orem of the three squares. Though he could have disco- 

vered it as a consequence of the theorem concerning the 

proportionality of the sides of equiangular triangles, attri- 

buted above to Thales, yet there is no indication whatever of 

his having arrived at it in that deductive manner. On the 

® Procli Comm., ed, Friedlein, p. capable of further extension, e. g. : the 
428. Hero, Geom., ed. Hultsch, pp. 

56, 57. 
# This rule is ascribed to Architas 

{no doubt, Archytas of Tarentum] by 

Boetius, Geom., ed. Friedlein, p. 408. 

® Hoefer, Histoire des Math., p. 112. 
® Kepleri Opera Omnia, ed. Frisch, 

vol. vi, pp. 163 et seq. It may 

be observed that this method is 

sum of 9 (an odd square number) suc- 
cessive gnomons may contain an odd 
number (say 49 x 9) of square units ; 
hence we obtain a right-angled triangle 
in numbers, whose hypotenuse exceeds 

one side by 9 units—the three sides 
being 20, 21, and 29. Plato’s method 
may be extended in like marner.
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other hand the proof given in the Elements of Euclid clearly 
points to such an origin, for it depends on the theorem that 

the square on a side of a right-angled triangle is equal to 
the rectangle under the hypotenuse and its adjacent seg- 
ment made by the perpendicular on it from the right an- 

gle—a theorem which follows at once from the similarity 
of each of the partial triangles, into which the original 

right-angled triangle is broken up by the perpendicular, 

with the whole. That the proof in the Elements is not the 
way in which the theorem was discovered is indeed stated 
directly by Proclus, who says :— 

“If we attend to those who wish to investigate anti- 
quity, we shall find them referring the present theorem to 
Pythagoras, . .. For my own part, I admire those who first 
investigated the truth of this theorem: but I admire stilt 
more the author of the Elements, because he has not only 
secured it by evident demonstration, but because he re- 
duced it into a more general theorem in his sixth book by 
strict reasoning [Euclid, vi., 31]. ” 

The simplest and most natural way of arriving at the 
theorem is the following, as suggested by Bretschneid- 
er *:— 

A square can be dissected into the sum of two squares 
and two equal rectangles, as in Euclid, ii., 4; these two rect- 
angles can, by drawing their diagonals, be decomposed 
into four equal right-angled triangles, the sum of the sides 
of each being the side of the square: again, these four 
right-angled triangles can be placed so that a vertex of 
each shall be in one of the corners of the square in such a 
way that a greater and less side are in continuation. The 
original square is thus dissected into the four triangles as 

% Procli Comm. ed. Friedlein, p. 426. Camerer, Zuclidis Element., vol. i., P- 
91 Bretsch., Die Geometrie vor Eu- 444, and references given there. 

klides, p. 82. This proof is old: see
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before and the figure within, which is the square on the hy- 
potenuse. This square then must be equal to the sum of the 

squares on the sides of the right-angled triangle. Hankel, 

in quoting this proof from Bretschneider, says that it may 

be objected that it bears by no means a specifically Greek 
colouring, but reminds us of the Indian method. This hy- 
pothesis as to the oriental origin of the theorem seems 

to me to be well founded. I would, however, attribute the 

discovery to the Egyptians, inasmuch as the theorem con- 

cerns the geometry of areas, and as the method used is 

that of the dissection of figures, for which the Egyptians 

were famous, as we have already seen. Moreover, the theo- 

rem concerning the areas connected with two lines and their 

sum (Euclid, ii., 4), which admits also of arithmetical in- 

terpretation, was certainly within their reach. The gnomon 
by which any square exceeds another breaks up naturally 
into a square and two equal rectangles. 

I think also that the Egyptians knew that the difference 

between the squares on two lines is equal to the rectangle 

under their sum and difference—though they would not have 

stated it in that abstract manner. The two squares may be 

placed with a common vertex and adjacent sides coinciding 
in direction, so that their difference is a gnomon. This 

gnomon can, on account of the equality of the two com- 

plements,” be transformed into a rectangle which can be 

constructed by producing the side of the greater square so 

that it shall be equal to itself, and then we have the figure 

of Euclid, ii.,5, or to the side of the lesser square, in which 

case we have the figure of Euclid, ii, 6. Indeed I have 

little hesitation in attributing to the Egyptians the contents 

#1 This theorem (Euclid, i. 43) Bret- gnomon was not used in it either as de- 
schneider says was called the ‘‘theorem fined by Euclid (ii, Def. 2), or in the 

of the gnomon.” I do not know of more general signification in Hero 
any authority for this statement. If (Def. 58). 
the theorem were so called, the word 

VOL. III. o
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of the first ten propositions of the second book of Euclid. 
In the demonstrations of propositions 5, 6, 7, and 8, use is 

made of the gnomon, and propositions 9 and ro also can 

be proved similarly without the aid of Euclid, i., 47. 

It is well known that the Pythagoreans were much oc- 

cupied with the construction of regular polygons and solids, 

which in their cosmology played an essential part as the 

fundamental forms of the elements of the universe.” 

We can trace the origin of these mathematical specula- 

tions in the theorem (c) that “the plane around a point 

is completely filled by six equilateral triangles or four 

squares, or three regular hexagons,” a theorem attributed 

to the Pythagoreans, but which must have been known as 

a fact to the Egyptians. Plato also makes the Pythago- 

rean Timaeus explain—“ Each straight-lined figure consists 

of triangles, but all triangles can be dissected into rectan- 

gular ones which are either isosceles or scalene. Among 

the latter the most beautiful is that out of the doubling of 
which an equilateral arises, or in which the square of the 

greater perpendicular is three times that of the smaller, or 

in which the smaller perpendicular is half the hypotenuse. 

But two or four right-angled isosceles triangles, properly 
put together, form the square; two or six of the most 

beautiful scalene right-angled triangles form the equilateral 

triangle; and out of these two figures arise the solids which 
correspond with the four elements of the real world, the 
tetrahedron, octahedron, icosahedron, and the cube.” ® 

This dissection of figures into right-angled triangles 

may be fairly referred to Pythagoras, and indeed may have 
been derived by him from the Egyptians. 

se Hankel says it cannot be ascer- nate dodecahedron was known to them. 
tained with precision how far the Py- Hankel, Geschichte der Mathematik, 
thagoreans had penetrated into this p. 95, note. 

theory, namely, whether the construc- ® Plato, 7îm., c. 20, s. 107. 
tion of the regular pentagon and ordi- 
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The construction of the regular solids is distinctly 
ascribed to Pythagoras himself by Eudemus, in the passage 

in which he briefly states the principal services of Pytha- 

goras to geometry. Of the five regular solids, three—the 
tetrahedron, the cube, and the octahedron—were certainly 

known to the Egyptians, and are to be found in their archi- 
tecture. There remain, then, the icosahedron and the 

dodecahedron. Let us now examine what is required for 
the construction of these two solids. 

In the formation of the tetrahedron, three, and in that 

of the octahedron, four, equal equilateral triangles had 

been placed with a common vertex and adjacent sides co- 

incident, and it was known too that if six such triangles 

were placed round a common vertex with their adjacent 

sides coincident, they would lie in a plane, and that, there- 

fore, no solid could be formed in that manner from them. 

It remained then to try whether five such equilateral tri- 
angles could be placed at a common vertex in like man- 
ner: on trial it would be found that they could be so 
placed, and that their bases would form a regular penta- 
gon. The existence of a regular pentagon would thus be 
known. It was also known from the formation of the cube 

that three squares could be placed in a similar way with a 
common vertex, and that, further, if three equal and regu- 

lar hexagons were placed round a point as common vertex 
with adjacent sides coincident, they would form a plane. 

It remained then only to try whether three equal regular 

pentagons could be placed with a common vertex, and in 
a similar way; this on trial would be found possible, and 

would lead to the construction of the regular dodecahedron, 
which was the regular solid last arrived at.” 

We see then that the construction of the regular penta- 
gon is required for the formation of each of these two 

% The four elements had been repre- the dodecahedron was then taken sym- 
sented by the four other regular solids;  bolically for the universe. 

O 2
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regular solids, and that therefore it must have been a dis- 

covery of Pythagoras. We have now to examine what 

knowledge of geometry was required for the solution of 

this problem. 

If any vertex of a regular pentagon be connected with 

the two remote ones, an isosceles triangle will be formed 

having each of the base angles double the vertical angle. 

The construction of the regular pentagon depends, there- 

fore, on the description of such a triangle (Euclid, iv., 10). 
Now, if either base angle of such a triangle be bisected, 

the isosceles triangle will be decomposed into two trian- 

gles, which are evidently also both isosceles. It is also 

evident that the one of which the base of the proposed is a 

side is equiangular with it. From a comparison of the 

sides of these two triangles it will appear at once by the 

second theorem, attributed above to Thales, that the pro- 

blem is reduced to cutting a straight line so that one seg- 

ment shall be a mean proportional between the whole line 

and the other segment (Euclid, vi., 30), or so that the rect- 

angle under the whole line and one part shall be equal to 

the square on the other part (Euclid, ii.,11). To effect this, 

let us suppose the square on the greater segment to be 

constructed on one side of the line, and the rectangle under 

the whole line and the lesser segment on the other side. 

It is evident that by adding to both the rectangle under 

the whole line and the greater segment, the problem is 

reduced to the following:—To produce a given straight 

line so that the rectangle under the whole line thus pro- 

duced and the part produced shall be equal to the square 

on the given line, or, in the language of the ancients, to 

apply to a given straight line a rectangle which shall be 
equal to a given area—in this case the square on the given 
line—and which shall be excessive by a square. Now it is 

to be observed that the problem is solved in this manner 

by Euclid (vi., 30, 1st method), and that we learn from
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Eudemus that the problems concerning the application of 
areas and their excess and defect are old, and inventions of 

the Pythagoreans (e)." 

The statements, then, of Iamblichus concerning Hip- 

pasus (z)—that he divulged the sphere with the twelve 

pentagons; and of Lucian and the scholiast on Aristo- 

phanes (7)—that the pentagram was used as a symbol of 

recognition amongst the Pythagoreans, become of greater 

importance. We learn too from Iamblichus that the Py- 

thagoreans made use of signs for that purpose.” 

Further, the discovery of irrational magnitudes is 
ascribed to Pythagoras in the same passage of Eude- 

91 It may be objected that this reason- 
ing presupposes a knowledge, on the 

part of Pythagoras, of the method of 
geometrical analysis, which was in- 

vented by Plato more than a century 

later. 
While admitting that it contains the 

germ of that method, I reply in the 
first place, that this manner of reason- 

ing was not only natural and sponta- 

neous, but that in fact in the solution 

of problems there was no other way of 

proceeding. And, to anticipate a little, 
we shall see, secondly, that the oldest 
fragment of Greek geometry extant— 

that namely by Hippocrates of Chios— 

contains traces of an analytical method, 

and that, moreover, Proclus ascribes 

to Hippocrates, who, it will appear, 
was taught by the Pythagoreans the 

method of reduction (&raywyf), a sys- 
tematization, as it seems to me, of the 

manner of reasoning that was sponta- 

neous with Pythagoras. Proclus de- 
fines dwarywyf to be ‘‘ a transition from 

one problem or theorem to another, 

which being known or determined, the 

thing proposed is also plain. For ex- 

ample: when the duplication of the 

cube is investigated, geometers reduce 

the question to another to which this 

is consequent, 5. e. the finding of two 
mean proportionals, and afterwards 
they inquire how between two given 

straight lines two mean proportionals 

may be found. But Hippocrates of 
Chios is reported to have been the first 

inventor of geometrical reduction (ära- 
ywyh): who also squared the lunule, 

and made many other discoveries in 

geometry, and who was excelled by no 

geometer in his powers of construc- 

tion.”’—Proclus, ed. Friedlein, p. 212. 
Lastly, we shall find that the passages 
in Diogenes Laertius and Proclus, 

which are relied on in support of the 

statement that Plato invented this me- 
thod, prove nothing more than that 

Plato communicated it to Leodamas 
of Thasos. For my part, I am con- 
vinced that the gradual elaboration 

of this famous method—by which ma- 
thematics rose above the elements—is 

due to the Pythagorean philosophers 

from the founder to Theodorus of 
Cyrene and Archytas of Tarentum, 
who were Plato’s masters in mathema- 

tics. 
9 Iambl. de Pyth. Vita, cxxxiii., 

p- 77, ed. Didot.
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mus (#), and this discovery has been ever regarded as one 
of the greatest of antiquity. It is commonly assumed that 

Pythagoras was led to this theory from the consideration 
of the isosceles right-angled triangle. It seems to me, 

however, more probable that the discovery of incommen- 

surable magnitudes was rather owing to the problem—To 

cut a line in extreme and mean ratio. From the solution 

of this problem it follows at once that, if on the greater 

segment of a line so cut a part be taken equal to the less, 

the greater segment, regarded as a new line, will be cut in 
a similar manner; and this process can be continued with- 

out end. On the other hand, if a similar method be adopted 

in the case of any two lines which are capable of numerical 

representation, the process would end. Hence would arise 
the distinction between commensurable and incommensur- 

able quantities. 

A reference to Euclid, x., 2, will show that the method 

above is the one used to prove that two magnitudes are in- 

commensurable. And in Euclid, x., 3, it will be seen that 

the greatest common measure of two commensurable mag- 

nitudes is found by this process of continued subtraction. 
It seems probable that Pythagoras, to whom is attribu- 

ted one of the rules for representing the sides of right- 

angled triangles in numbers, tried to find the sides of an 
isosceles right-angled triangle numerically, and that, fail- 

ing in the attempt, he suspected that the hypotenuse and a 

side had no common measure. He may have demonstrated 

the incommensurability of the side of a square and its dia- 

gonal. The nature of the old proof—which consisted of a 
reductio ad absurdum, showing that if the diagonal be com- 

mensurablé with the side, it would follow that the same 

number would be odd and even *—makes it more probable, 
however, that this was accomplished by his successors. 

% Aristoteles, Analyt. Prior.,1.,c.23, for its historical interest only, since the 
41, a, 26, and c. 44, 50, a, 37, ed. Bek- _ irrationality follows self-evidently from 

ker. x., 9; and x., 117, is merely an ap- 
Euclid has preserved this proof, x, | pendix Hankel, Geschichte der Math., 

117. Hankel thinks he did so probably p. 102, note.
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The existence of the irrational, as well as that of the 

regular dodecahedron, appears to have been regarded also 

by the school as one of their chief discoveries, and to have 
been preserved as a secret; it is remarkable, too, that a 

story similar to that told by Iamblichus of Hippasus is 

narrated of the person who first published the idea of the 

irrational, namely, that he suffered shipwreck, &c.™ 

Eudemus ascribes the problems concerning the appli- 

cation of figures to the Pythagoreans. The simplest cases 

of the problems (Euclid, vi, 28, 29)—those, namely, in 

which the given parallelogram is a square—correspond to 

the problem : To cut a straight line internally, or externally, 

so that the rectangle under the segments shall be equal to 

a given rectilineal figure. Onexamination it will be found 
that the solution of these problems depends on the problem 

Euclid, ii., 14, and the theorems Euclid, ii, 5 and 6, which 

we have seen were probably known to the Egyptians, to- 

gether with the law of the three squares (Euclid, i., 47). 

The finding of a mean proportional between two given 

lines, or the construction of a square which shall be equal 

to a given rectangle, must be referred, I have no doubt, to 

Pythagoras. The rectangle can be easily thrown into the 

form of a gnomon, and then exhibited as the difference 

between two squares, and therefore as a square by means 

of the law of the three squares. 

Lastly, the solution of the problem to construct a 
rectilineal figure which shall be equal to one and similar 

to another given rectilineal figure is attributed by Plutarch 

to Pythagoras. The solution of this problem depends on 
the application of areas, and requires a knowledge of the 

theorems :—that similar rectilineal figures are to each other 

as the squares on their homologous sides; that if three 

NU Untersuchungen über die neu auf- Dr. Joachim Heinrich Knoche, Her- 

gefundenen Scholien des Proklus Dia- ford, 1865, pp. 20 and 23. 

dochus su Euclid's Elementen, von
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lines be in geometrical proportion, the first is to the third 

as the square on the first is to the square on the second ; 

and also on the solution of the problem, to find a mean 

proportional between two given straight lines. Now, we 

shall see later that Hippocrates of Chios—who was in- 

structed in geometry by the Pythagoreans—must have 

known these theorems and the solution of this problem. 

We are justified, therefore, in ascribing this theorem also, 

if not with Plutarch to Pythagoras, at least to his early 

successors. 

The theorem that similar polygons are to each other in 

the duplicate ratio of their homologous sides involves a 

first sketch, at least, of the doctrine of proportion. 

That we owe the foundation and development of the 

doctrine of proportion to Pythagoras and his disciples is 

confirmed by the testimony of Nicomachus (z) and Iambli- 

chus (o and #). 

From these passages it appears that the early Pythago- 

reans were acquainted not only with the arithmetical and 

geometrical means between two magnitudes, but also with 

their harmonical mean, which was then called trevayria. 

When two quantities are compared, it may be con- 

sidered how much the one is greater than the other, what is 

their difference; or it may be considered how many times 

the one is contained in the other, what is their guofsent. 
The former relation of the two quantities is called their 

arithmetical ratio; the latter their geometrical rato. 
Let now three magnitudes, lines or numbers, a, 6, c, be 

taken. If a—6=4-c, the three magnitudes are in arithmeti- 

cal proportion; but if a :5::6:c, they are in geometrical 
proportion.” In the latter case, it follows at once, from the 

% In dines we may havec=a—b,or then the sum of the other two lines, 

a:b:a-b. This particular case, in and is said to be cut in extreme and 

which the geometrical and arithmetical mean ratio. This section, as we have 

ratios both occur in the same propor- seen, has arisen out of the construction 

tion, is worth noticing. The line e is of the regular pentagon, and we learn
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second theorem of Thales (Euclid, vi, 4), that ab: bc 

::@:6, whereas in the former case we have plainly a — è 

:b-¢::a:a. This might have suggested the considera- 

tion of three magnitudes, so taken thata -5:d-c::a:c; 

three such magnitudes are in harmonical proportion. 

The probability of the correctness of this view is indica- 

ted by the consideration of the three later proportions— 

a:¢::6-c:a-6 ... thecontrary of the harmonical ; 
bic::5-c:a-d 
a:b::b-c:a-b 

The discovery of these proportions is attributed to Hip- 

pasus, Archytas, and Eudoxus. 

We have seen also (2) that a knowledge of the so-called 

most perfect or musical proportion, which comprehends in 

it all the former ratios, is attributed by Iamblichus to Py- 

thagoras— 

} . . . the contrary of the geometrical. 

a+b 2ab 
ai :: 

2 zit 

We have also seen (g) that a knowledge of the doctrine 
of arithmetical progressions is attributed to Pythagoras. 

This much at least seems certain, that he was acquainted 

with the summation of the natural numbers, the odd num- 

bers, and the even numbers, all of which are capable of 

geometrical representation. 

Montucla says that Pythagoras laid the foundation of 

the doctrine of. Jertmetry by proving that of all figures 
having the sau.c perimeter the circle is the greatest, and 

from Kepler that it was called by the 
moderns, on account of its many won- 

‘ derful properties, sectio divina, et pro- 

Portio divina. He sees in it a fine 

image of generation, since the addition 

to the line of its greater part produces 

a new lime cut similarly, and so on. 

See Kepleri Opera Omnia, ed. Frisch, 

vol. v., pp. 90 and 187 (Harmonia 

Mundi) ; also vol. i. p. 377 (Literae de 

Rebus Astrologicis). The pentagram 

might be taken as the image of all this, 
as each of its sides and part of a side 

are cut in this divine proportion. 

9% Iambl. in Nic. Avith., pp. 142, 159, 
163. See above, p. 163.
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that of all solids having the same surface the sphere is the 

greatest.” 

There is no evidence to support this assertion, though it 

is repeated by Chasles, Arneth, and others; it rests merely 

on an erroneous interpretation of the passage (s) in Dioge- 

nes Laertius, which says only that “ of all solid figures the 

sphere is the most beautiful ; and of all plane figures, the 

circle.” Pythagoras attributes perfection and beauty to 

the sphere and circle on account of their regularity and 

uniformity. That this is the true signification of the pas- 

sage is confirmed by Plato in the Timaeus,” when speaking 

of the Pythagorean cosmogony.” 

We must also deny to Pythagoras and his school a 

knowledge of the conic sections, and, in particular, of the 

quadrature of the parabola, attributed to him by some 

authors, and we have already noticed the misconception 

which gave rise to this erroneous conclusion.’ 

Let us now see what conclusions can be drawn from the 

foregoing examination of the mathematical work of Pytha- 

goras and his school, and thus form an estimate of the state 

of geometry about 480 B. C. :— 

First, then, as to matter : — 

It forms the bulk of the first two books of Euclid, and 

includes, further, a sketch of the doctrine of proportion— 

which was probably limited to commensurable magni- 

tudes—together with some of the contents of the sixth 
book. It contains, too, the discovery of the irrational 

(&Aoyov), and the construction of the regular solids; the 

9 «€ Suivant Diogène, dont le texte 
est ici fort corrompu, et probable- 

ment transposé, il ébaucha aussi la 

doctrine des Isopérimètres, en démon- 

trant que de toutes les figures de même 
contour, parmi les figures planes, c'est 

le cercle qui est la plus grande, et par- 

mi les solides, la sphère.” —Montucla, 

Histoire des Mathématiques, tom. 1, 
p. 113. 

% Timaeus, 33, B., vol. vii., ed. 
Stallbaum, p. 129. 
% See Bretschneider, Die Geometrie 

vor Euklides, pp. 89, 90. 
100 See above, p. 182, note.
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latter requiring the description of certain regular polygons 

—the foundation, in fact, of the fourth book of Euclid. 

The properties of the circle were not much known at 

this period, as may be inferred from the fact that not one 

remarkable theorem on this subject is mentioned; and we 

shall see later that Hippocrates of Chios did not know 

the theorem—that the angles in the same segment of a 

circle are equal to each other. Though this be so, there is, 

as we have seen, a tradition (£) that the problem of the 

quadrature of the circle also engaged the attention of the 

Pythagorean school—a problem which they probably de- 

rived from the Egyptians. 

Second, as to form :— 
The Pythagoreans first severed geometry from the needs 

of practical life, and treated it as a liberal science, giving 

definitions, and introducing the manner of proof which 

has ever since been in use, Further, they distinguished be- 
tween discrete and continuous quantities, and regarded geo- 
metry as a branch of mathematics, of which they made the 
fourfold division that lasted to the Middle Ages—the guad- 
rivium (fourfold way to knowledge) of Boetius and the 
scholastic philosophy. And it may be observed, too, that 

the name of mathematics, as well as that of philosophy, is 

ascribed to them. 

Third, as to method :— 

One chief characteristic of the mathematical work of 

Pythagoras was the combination of arithmetic with geo- 

101 This problem is considered in the 
Papyrus Rhind, pp. 97, 98, 117. The 

point of view from which it was regarded 
by the Egyptians was different from that 
of Archimedes. Whilst be made it to 
depend on the determination of the 
ratio of the circumference to the dia- 

meter, they sought to find from the 

diameter the side of a square whose 

area should be equal to that of the 

circle. Their approximation was as 
follows :—The diameter being divided 
into nine equal parts, the side of the 

equivalent square was taken by them to 
consist of eight of those parts.
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metry. The notions of an equation and a proportion— which 

are common to both, and contain the first germ of algebra 

— were, as we have seen, introduced amongst the Greeks 

by Thales. These notions, especially the latter, were ela- 

borated by Pythagoras and his school, so that they reached 

the rank of a true scientific method in their Theory of Pro- 
portion. To Pythagoras, then, is due the honour of having 

supplied a method which is common to all branches of 

mathematics, and in this respect he is fully comparable to 

Descartes, to whom we owe the decisive combination of 

algebra with geometry. 

It is necessary to dwell on this at some length, as mo- 

dern writers are in the habit of looking on proportion as a 

branch of arithmetic’*—no doubt on account of the arith- 

metical point of view having finally prevailed in it— 

whereas for a long period it bore much more the marks of 
its geometrical origin! 

That proportion was not thus regarded by the ancients, 

merely as a branch of arithmetic, is perfectly plain. We 

learn from Proclus that “Eratosthenes looked on propor- 

tion as the bond (aúvòeopov) of mathematics.” 1% 
We are told, too, in an anonymous scholium on the Ele- 

ments of Euclid, which Knoche attributes to Proclus, that 

the fifth book, which treats of proportion, is common to 
geometry, arithmetic, music, and, in a word, to all mathe- 

matical science." 

And Kepler, who lived near enough to the ancients to 

reflect the spirit of their methods, says that one part of 

10 Bretschneider (Die Geometrie vor 1% Procl. Comm.,ed. Freidlein, p. 43. 

Euklides, p. 74) and Hankel (Ge- 105 Euclidis Ælem. Graece ed. ab 
schichte der Mathematik, p. 104) do so, E. F. August, pars ii., p. 328, Berolini, 
although they are treating of the history 1829. Untersuchungen über die neu 
of Greek geometry, which is clearly a aufgefundenen Scholien des Proklus za 

mistake. Euchd’s Elementen, von Dr. J. H. 
103 On this see A. Comte, Politigue  Knoche, p. 10, Herford, 1865. 

Positive, vol. iii., ch. iv., p. 300.
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geometry is concerned with the comparison of figures and 

quantities, whence proportion arises (‘ unde proportio e<- 

istit’’). He also adds that arithmetic and geometry afford 

mutual aid to each other, and that they cannot be separa- 

ted.'* 

And since Pythagoras they have never been separated. 

On the contrary, the union between them, and indeed be- 

tween the various branches of mathematics, first instituted 

by Pythagoras and his school, has ever since become more 

intimate and profound. We are plainly in presence of not 

merely a great mathematician, but of a great philosopher. 

It has been ever so—the greatest steps in the deve- 

lopment of mathematics have been made by philoso- 
phers. 

Modern writers are surprised that Thales, and indeed 

all the principal Greek philosophers prior to Pythagoras, 

are named as his masters. They are surprised, too, at the 

extent of the travels attributed to him. Yet there is no 

cause to wonder that he was believed by the ancients to 

have had these philosophers as his teachers, and to have 

extended his travels so widely in Greece, Egypt, and the 

East, in search of knowledge, for—like the geometrical 

figures on whose properties he loved to meditate—his phi- 

losophy was many-sided, and had points of contact with 
all these :— 

He introduced the knowledge of arithmetic from the 

Phoenicians, and the doctrine of proportion from the 
Babylonians; 

Like Moses, he was learned in all the wisdom of the 

166 « Et quidem geometriae theoreti- geometria speculativa, mutuas tradunt 
cae initio hujus tractatus duas fecimus  operas nec abinvicem separari possunt, 
partes, unam de magnitudinibus, qua- quamvis et arithmetica sit principium 

tenus fiunt figurae, alteram de compara- cognitionis.”’—Kepleri Opera Omnia, 

tione figurarum et quantitatum, unde ed. Dr. Ch. Frisch, vol. viii., p. 160, 
Proportio existit. Francofurti, 1870. 

‘‘ Hae duae scientiae, arithmetica et
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Egyptians, and carried their geometry and philosophy into 
Greece. 

He continued the work commenced by Thales in ab- 
stract science, and invested geometry with the form which 

it has preserved to the present day. 

In establishing the existence of the regular solids he 
showed his deductive power ; in investigating the elemen- 

tary laws of sound he proved his capacity for induction ; 
and in combining arithmetic with geometry, and thereby 
instituting the theory of proportion, he gave an instance of 

his philosophic power. 

These services, though great, do not form, however, the 
chief title of this Sage to the gratitude of mankind. He 
resolved that the knowledge which he had acquired with 

so great labour, and the doctrine which he had taken such 
pains to elaborate, should not be lost; and, as a husband- 

man selects good ground, and is careful to prepare it for 

the reception of the seed, which he trusts will produce fruit 

in due season, so Pythagoras devoted himself to the forma- 

tion of a society of élite, which would be fit for the reception 
and transmission of his science and philosophy, and thus 

became one of the chief benefactors of humanity, and 
earned the gratitude of countless generations. 

His disciples proved themselves worthy of their high mis- 

sion. We have had already occasion to notice their noble 

self-renunciation, which they inherited from their master. 

The moral dignity of these men is, further, shown by 

their admirable maxim—a maxim conceived in the spirit 
of true social philosophers—a figure and a step ; but not a 
figure and three obolt (ayapa xal Bapa, add’ ob axana Kal reer 
PoAov).!" 

107 Procli Comm.,ed. Friedlein, p.84. which are extant, so that it is probably 
Taylors Commentaries of Proclus, nowhere mentioned but in the present 
vol. i., p. 113. Taylor, in a note on work.” 

this passage, says—“I do not find this Taylor is not correct in this state- 

aenigma among the Pythagoric symbols ment. This symbol occurs in Iambli- 
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Such, then, were the men by whom the first steps in , 

mathematics—the first steps ever the most difficult— were 

made. 

In the continuation of the present paper we shall 
notice the events which led to the publication, through 

Hellas, of the results arrived at by this immortal School. 

chus. See Iambl., Adhortatio ad p.374. Td Bi xporiuard oxfipa nal Bua 
Philosophiam, ed. Kiessling, Symb. roò oxfiua «al rpibporov. 

invi, cap. xxi., p. 317; also Axl. 

GEORGE J. ALLMAN.
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