1t is the

the demonstration
SARNY
De vonk, ¥,

\ h\./y,

hire ave arithmetiv prohlems that
o child of 10 can understand bt
that Jave neverlheluss remained
vedd hundveds and ey
sonsands of years. For a Tomg, tin
as thonghit that il o prablem of arith-
weti could be aceuvately siated, anly
in.aflicient ingemity stood in the way of
ity solurion, wnd that if a problem vous
srolvad, o solntion would altineately be
found throngh the apylication of a new
paethed or the more ingenious upplica-
Vion of an ol one, Metulogic, s ured ol
cal Jogie, €=

e

¢+ iens,

poslem)d A
vl that th
of the
ay b die not to lnck of ingevnity
ther b inherent Yinntations of ke
R lies of bolh men awd wachines,
This pussibility gives metalogie philo-
5 6_:0.,_:,, well us muthematical ksfrvast
1t wits theongh o refiaement ot suiie
i CGreek witns tha mathewatiead
e inte being in the tate It
id the sarly 200h ventary. Hmue ouc
covnt beains vath Arvistothe, who jue
wonted Ladic. He did so in vesponse to
vt demands, one _vrm_io_,._:ﬂ;_ and
one wathematical, The —v_.mr..,,c—._aﬁ..__ de-
mand aroie i response o the streme
vty of arguments with which he d
16 deal, Thates had argoed that e busic
sulf ol 1l worlit is Lnaximander
that it is not one thing bul i indetestai-
wale somuthing or other; Heraclitus Tl
granerd thut all things e in maolion,
Parmenides that no things ave; Piotag-
aras had argued that ethical judgments
wre relative, Socrates that .._,_wv‘ are ot
arel so on. Aristodle o had W be pre-
pared to deai wvith puraduxes, such as
Zewn's paadox of Achilles and the tor-
toisc or quasiiegal arguments such as the
one alleged lo have tuken place between
Protagoras aiid Enathlus {see illustra-
tions an pages 32 end 53]. There was u
need o luy down general prineiples that

elic piob-
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nature of arithotetie th

that there

it can solve. Indeed, one of the triumphs of mathematie

are _:.:_.__E:m that can never be solved

at it can posc more ?.cr:::m

than

wondd 2

gnishing vorrecl acginent [

t.

Mathematics, and specifically geante-  me:
e ronger
the Pytlugore-
ol hwe discovered the existente

provided au
to logic:

PHILOSOPHERS AND MATHEMATICIANS ponde
1. Acivtotle ¢384-322 ) foanded 1o

nardn Bry
dvaenl by Pythag

$de sybopostie v nd di

mcommensuraoles,

incot-
cure of all vatuval numbers (1, 2,
andl 50 on). A numbur was understond

molive

EUCLID

s G 580-500 a.C.} snd Zena tor 490430 s.c.) g Enchid ¢

Commensurate
1§ huving a comuwion measue, wned
it is ohvions that the uait is the common

as
g a nltitnde composed of wnits.
The witlmetical vuit was thuught to be

£ nrodvability in this drawing by Bere

i1 order to dval with sauh issues a8

al T.ﬁ? s -
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v s 1/2 or 2/3
naivere understond ot as being @ part of .
ihit but always as being ane unit out of
twvo, bwo ont of three ind so o4, On the
basis of this arithmetic it was probably
shvions that given any two lengths there
Jiad 10 be a geometric unit .o small that
cither length woukl be a multiple of it.
[t would then follow thue every two

_E_w._a would he in a definite fixed pro-
portion to each other: lirst length is
second length as xis 1oy, where ¢ is the
arnber of geomelric unils in the fist
length and y is the number of wits in
the secuncl.

Civen the »uu\n_:—ﬁ;_.ﬁ_:w‘ quaireli-
gious belief in number as the unilying
m..._.:o_._v_c nl arithinetic, geomelry, coss
mology il philosuphy. their diseovery
uf nconmncosurale Jeagihs mast have
been a shock, the fiest of many clushes
between  scicace wnd _::c_,_ iu the
West. The disvovery cuine in the form of
u proof that the side aud the diagonal of
a square have no cowrmon meastre [s+
hottom iltustration oo puge 54]. Further

KART FRigDRICH

examples of proofs that clashed with
strong beliels held on other grounds—in.
cluding some fallacious “pronfs” such us
the argunsent +f Achillos and the tactoise
~raised the question of the exact uature
and reliability of prool,

Aristorelian Logic

Hence it was in response 1o hoth phil-
and mathenatical
de invented log

tidern-

. He

concentrated his sltention on fonr gune

eval tvpes o praposition: the nniversal
atirmative, the universal negative, the
particular afirmative and the particy
weastive. Exumples of ench i wr
“E

»

rv wian is white,” “No man s
*Soine man i white” avd “Seine
il white” Aristotle cansiderd
whit argoments are valid it two sueh
propositions sharin

i lerm are axsine:d

m. For «
¢ white” und
vot white”

mple,
*Some
there i

wer victiny are

KURT
GEORGCANTOR 0% DEL

&hUSS

8.C.) applicd Arisiotls ax
rich Gauss {1777-1855) und ?

e method to gevnetiy, Kael Fried-
I. Lobachevsky $1793-1856) d
oped nonEuclidesn gesmetry, Georg Contue (185-19181 fuunds

ed set 1heury,
ele eresl . purad

d theorems

thin which Berteand Bossell (1873~1970) f

only one validly drawn  conclusion:
“Sume cancer victims are not men.” The
three propositiins 3«2_:4.‘ constitute a
syllogism, Logic was undesstoodd ta e a
study of the connecticns between prem-
and conclusinn. That i) to assert
that an argument is valid is to assest not
thitt the pramises are tene Lt ruthes ¢hat
if the premises are true, then the conclu-
sion s also true, Aristotle went further
and eonsidered what he called o dem-
tion, a vulid syllugisin
v lrue premises. He tha
answver ta the question of when some-
thing is proved in o
is proved in g

gave an

2teys A proposi-
2 the con-

e, not detwon-

vident

ledy i
strutive, Oue st stare with 5.4
truths (which ave not don uble) wnd
proceed svllagi-ically o ¢ s,
conceplion luy the grnm of the trae
diticnal axiamatic methocl.

The classic sxample of thu methund
is Eaclids Elemeni, which dats Trom
shovtly alter Avistorles time, Euclid he-
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some —4_.0_,3:_.9: that eanuot be _:‘:..é?
so there must also be some lenns that
cannot be defined. (By uying to define
ol his geometric tenns Euchid was fud
into cireularity, for example in has defini-
tian of o straight line “iha which lies
eveuly with the puinls on itsel,y The
analogy gues farther. Jist as all proposs
siony st be proved dn tenms ol un-
_...:..x_ c_d?_m:m::f o il leams must
he defined in lerms of wndefined test
Delinitions are therelore throreticallv
pot necessary they seve only the pure
pose ol abbreviatiot.

The axioius f @ formal system e al-
fowed to conlitin suly wndelied svms
Yiobs. Thus i one sense the axiows e
abiout suavthings the nu

i

aol

Gupehst s end d have & COMMON IMeasUIe.
Than

¢
N

s

Prere xoand ¥ are natwal numters

th o CrMMEn divsor.
\f e sansars Both sides.
YIS :
w... i xn
P
oy Ing Pythagniean theorem,
G st gt =38
1 an we have
Mu _ mw _ 1 _ .nu
@ 2t 2
Hencg, yt s 2:3 fromvshich 1t fsllows
haty s ewen. SO ¢ must be odd.

ac commos drvisor.

ginc2 rand ¥ nave
=2z und

1§y 18 euan, ey
Y s = 2. arg 50 4% =227

trom which it fctiows that » :3 pven, Since
|t 1s impossitle for a number Lo be Doth

cdd anc even, sanc d cannot hav2 A

ccmmen MEasure. (hat s, they represent
incommeasurate largtns.

_ZﬁOv_v_mZmCﬂ..::P—.-Jn
theougd st prool, ziven bere
that the side and Jiagonak of
s commen measure. The proot
1the Pythagureun thesrems e sguare of
the: hypotmmse of o right triangle is eipad
to the sum of the squares of the two sies.

was discovared
in wmoders fovw.
a square have
wilized

54

proving theoresns mitkes 1o relvrence to
the possible meauings of the nuclefined
terms. In another sense the axiouts are
auy sl of nhjects that make the
avioms tve; for example, the axioms of
a particulaw formal svstem adght be true
when :_m_vza; 10 the natwal numbers,
The Tuet that the sdefined teyms v
axioms apply o ammy dillerent things
il be thou I Lo represent & delect
in U Tovmal aviomati metheord. Insteand
it yepresents the mnthol’s gret strength
| versaliliiy, beeause it mukes it pos-
sible to work oul anee s el Tov alla Tege
Lodw ol Breorews Wl e trae Tor ey
set of s fuv which the asivins a6
lynes,

To
sider
_e_ Vi nan 08
Iying face np on lahle hetween twa
plavers. The plavers take nuns picking
aeanl, 1od h player trigs 10 he the
fiest tor ohtain theee © ds swhose suns is

13, The goue is sructaralty similar 10
ektektae, The siva Gty i wol abvions
it one imagines putting the cirds s a
tiektacktne arid so that, instead of pick-
g <, the players &n wunk e
altornatively with o O (sewr ilhes-
sration on page 581 Thas it is easy te
e that (or ench awel ggnne thuere is i
me b ticktacktoe andd viee ve
wrm the @ id opwbles anyone who
; the shintegy of oue gawe to apply
it o the other gwme. That, in clivet, 3
what the mathensitician stwlying a for-
mal system ¢lues. He stuclies the sty
wive ab both ™ and derives stute-
aments deseriting the structure hat are
teue of either “game.”

A lovinel system has sene analogy
with 2 natsral fangnage. Lt symhnls cor-
respand 1o letters ol the alphubet, pone
tustivn ks, numerals aud S0 forth.
The leamation rules o ﬁ_:_:b to the
o ammatical rules ol 2 natwrt! imguay
The traosfusuation vutes eowrespond to
varinus operations iy speaker can per-
fugm o the Janguage, such as chauging
A senlene trom active 1o passive, The
asioms have fewer identifiable  corre-
sponling itesns in the nutueal lnguage,
althongh ey wight be considesed com-
parable Lo auch sentences as “\Whaever
is, i or A is A There ave of course im-
portunt dillerences between natural fan-
anages and {ormal systems, but the anal-
ogy is close enough so that when fovaad
systels e jnterpreted they are often
ealled artiBuinl languages.

When transformation rules are 2%:.&
to the asioms, the vesult is a theorem.
“The exhibition of the application of the
rules 15 @ ?ccw. More p../,z_wn:_%. W _.:ccn

abeut

aot a Secling for this fentue, con-
in which there e ning

i Mn.»:_:..
e andt 2 twnugh 9~

e-

gaunes”

3
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TRADITIONAL AXIOMATIC MEYiG XA APPLIED

DESCRIPTION

. B
[Symbols.}ot exphicitly tisted: presumabty - -
symbals from the natual )

wcluded ordmary
languags.

Illll|\ll|\|\|\|||\|l|}

[Formation rules.] Nt explicitly stateds .
presumably included the ordinary grammatica
files of the natural language.

i

Definitions. Oefinilinns weré intended %o be
abjective and true and were 10 nclude alt
besic georneli: terms.

]tlt'\lllll‘lllllll\llll‘ﬂ

Pastulates. Intended (0 be seit-guident |
sruths or construchicns that apoly specit- [
icaily lo geometry. H

ideat wuths that ¢

Carnman actians. Seif-

- At

TO GEOMETRY)

. EXAMPLES

FORMAL AX
XIOMATIC METHOD (AS APPLIED TO ARITHMETIC)

BESCRIPTION

EXAMPLES

List of symhols, M
ols. Mustinclude all
wou.w.m ,WMM .m.‘__J Mzn wwﬂ_w:._. For mxmnmw.__wg_m
2 individval veriables {Ihal
Mrnmﬁ Mnma.,—u”%m«om:%ﬁa? o,msm _Boams
. P ¢ sitional « ’
(thatis, can stand for any o.oc_cm_mwn_w_mw

>‘=o§ is that which has a0 pa:t,

Formation ¢ i
ules. Indicate wi
i ays N whic
w_ﬁmwww hn_c be legally no:.c«:mu _m:__ .,w.
fluce fan al sentences. For example, s = 1"
ormial seatence whersas 'y = =~ :lsmw
5 not.

Ifvand v arsin
g individual w1
v = s formal wa_:m:m_w abes. then

_“Aline is breadlbless length,
htline is a ling that lies
. evenly wilh the peinis on itsell,

A straight line can be drawin frem any

MWMM...J;E:& Definitions are gliminaled
§ince 1om a theoretical point of viev
{hey serve no functicn. qﬂ only us

is a praclical avbrewiative one yuse

pol o any poiat,
Aciicle can be dravn
‘and any distance.
ght angles are equal to one anolher.

ilh any cenler

(Arithmatic) axi i
oms, A list of forme
%mn“mwﬁ: gss_n_, vie starl, :amm: mu.mc»nm
dre inlen led lo be nlerpreted as anthmelic
e =‘:. ._.w. although na reference is made
s i1 the Gavelopiment of the sysiem

imy
(x+0) =g
{x+O=0

Things (hat are equal to the zame shing

avght also apaly to cther sciences, for exan I’

peto anthmetic.

PR

{Rules of inference.] Mot expiicilly sialed g_,,

ﬂa equal. The witole 1s greater than the part,

are.equal to one another.
I equais be added ta equals, the wholes

{Logscal) axioms. Whi
K . Wher alerpre
m_waan%_ m~.~.~..._3_u_53. The oé.ﬂ%_.%mw J_m%oa_o
a caas: U p s trug, then if g is true. Y
1w 0:s e, a

(po{asp)

presumably inciuded ordinaty inbsilive infet-
ences, such as “if p, and it pamp es q. i
thena.”
..|||\|\|\|\|\|||\|||\|||||||||--
Theorems.Mongvdent truths ot 3

Y

constructions O3 finile sizaight Yine i) is possible to

Transtormation nides,

mampuiate
o A formal senleaces 1o prodice
"

Rutes by vihich we

for instance, from

thris a formal
i senlerce conl
wdividual wariabie, infer e &”...ﬁ__ w.m:

1EAce v i i
S, e b the individual variable replaced

inlended to be proved in sucha

remaove o\ legilimate doubt {by "MQ psn,m;a..:m 20k 1 ogual &

any assumptions lo snter a pioof exceot Y 13l to the sum of th

ase contained in the definitions. peslu .,e_ the sides. @ squares
Jaies. COMMON NOIVAS and areviously proves,

heorems)- |

FORMAL AXIOMATIC AETHOD, aluog
with tlie shgebeaie method, wanstored log

is a finite seyuence of formal semences
such that each formul sentence s a0,
axiom ot follows from an eattier tonmd |
wtence by the application of u transs
formation sule. The last Yine uf the proof
is w theorem. The ransformation rules ,
romst be sueh that it is merely a mechauk .
cal 1:5%—?,0 (o determine whether 06

., ¢ . ]
not a given seyuence of furmal sentences

is w provt. “

Propertics of Formal Systems |
i

 Cousider a set of ubjects that ave it}
dependent of some formal system it »

¢uestion. We give an interpretation %)
the system by assiguing members of thi

Wiy as o %SM_S an equilaterat trianglc.

he square of the hypolenuse of a right tii-

n.hwwm.m.ﬂw _..wm.r,.u_ hnes in prools, Sach
2 £000f mus ixion
or _o.:a.&. ?y? an mml_mww_zm_. T A iom
application of & traasto:maticn rule

e by the

10 arithntetic dev
wtetic developed ont of the traditionat

s¢l
.__”.. ﬁ._.u”_c.m.:.:_“c_m i such a way that
e 2.: cm_v _.__o tine :.a the elements of
then oot ~o. jects, This set of objects is
T, Mm._ ___..p,x_c_. for the sesten, The
Srr s e e
sy .:. m:. e sy stew is the
ot Eznm . he formal system is the
B, W:..,.cn. becuse it is the object
alk. For example, if we suy, “Tu

system S wi
e cul ¥ .
teace 14} =  eve the formal sen-

Matement iy .

— we we _::—z.m:m il
)
the metalangnage about

lel1<gn
,_z:m—._amM H.m.._ a ‘m::n_:w_: in the object
o - That is why the analysis of the

Hamal propertics
el pertics of systents has come
be knawn q¢ metidogic. . o

- Consi er nuw {
A sid, g
now a tormal system ?,...»: i

o x
li

< x

Dok applied

of geo
fomatic wethaod soomely,

”.»W.L set up with the intention of formale
izing the rules for the addition of .z::w&
nuenbers. It is possible to prove that such
a systeat is “consistent,” that is :::. ic is
impoisible for any theorem _,c he :._”
negation of any other themem, For :.c.
wn.n..m.em. the proof enswres that if“1 + 1 =
2" is a theovem, then *1 4 1 o 27 ﬁ..»_cpﬂ..
uot equal 2") will not be a theorem I
M,.: :._y,c be shown thut A+ is * cc:nm_ ~
hiat s or ) y
i vt 1t st s
o ppte ) 2l numbers,
I enwore, A+ ean be shown to he
complele,” that is, every truth about
the uatural aumbers a.e_.:\d ble m”_ the
symllism of the system is a nroc:u._..e
Finally, it can be shown that the mv.ﬁm:h

with w

bivl it ix compared here. The elements of 3
ents B

VU sestems are desor 4 eme
13 st descrilied and ex. nples of ench element ase ciwed
! are {8

:P.ﬁ a"decision procedure,” that is. ther
exists a method whereby every _:..c_y_ ._n
@u._:.ﬁum_v_e in A+ can be solved in nrﬁ_ .
nite smumber of steps. Decision ?:nn.H
m:_,n.wm.lﬂ,:_:_,.:._:ﬁ culled algarithims—ace
fumiliar in evervduy mathematies _Ao._.
example, the technique of long %,..7: n
represents a decision _z.s...ﬁ_ﬁu... ,.c.mzu :
predicate “x is divisible by 4,” wher .:m
and t can be any aatural _..:._r..._,m.rﬁ..r
Q.i__nie is 20 open sentence: onv __:.:
.m..: va...nc.:n“icm by assigning nantes to
ity varjubles.) Although this predicate
__;..._:_...,ﬁ_:w an infinite number of _.:,..v:.
....w:m. :_o.w are m&e_..:.s:w similar, so that
wone familiar with long division bus
an algarithm by which he can solve p...k




Squaring the circle: constructing a

Trisecting an {arbitrary) angle:

PROBLEMS Duplication of the cube
UNSOLVED a cube with twice the vi square with an area equal lo that o ing an arhitiary given angle
=)3 gwven cube. a given gircle. into three equal paris,
ANCIENT
GREEKS
e = N
— v
(1]
A 8 A ] a
) co= =y
2. (volurtie of A) = wlume o B _ areaof A=weani8
UNSOLVED Problem of perfect numbers. Goldbach's conjecture. In \7u2 Fermat's last thearem. Fermat
PROBLEMS A periect rumber is A OB Golttbach corect hat guery ~lavnad (6 have a prool fwhich
0OF number £0udl o thi- sum of tis en na'u uniber greati-« than was neves fouad) foe the stata-
ARITHMETIC Gragors feschuding its: 2% the sum of two premes {a ment that for alt nawral num-
prung s a aatueal nember grealer Lersx.y. 2.0
thar: 1 that :s divisible only by s mra
ssetf and b). For exanple, ="
order are 26, 196, 8%, 336 =7 + 13, B9 = 5 - 83, 7000 = 3 + 6807
BSRGBL056, 137438691329, Problem: Prove this o find ar All Farmat’s other claims
Praitern: Deterrmne wheihir natural rurmer hal cannol be so abaul mathematcs liguwi i
there s a finite of 3 represenied. been confirmed or ‘etuted. Hence
number of them, | the name *'1ast theorem.”

SOME UNSOLVED PROBLEMS «f geometcy
Vsted, For 1)
the ox

division problem given him in
amotn:t of lime without wny aew in-
sights,

The existence of o deci
decreases the theoretieal iuterest in wa
e only a finite qumber of
e weluadly heen car
al terent

ion provedure

aren. Al
long, eivisn
ried vl

probioms are prac 1 nnes, The exis.
tence of o decision provedure Tor a for-
mal systemt e resolves the theo-
vetival prubbens far ali models Tor the
systens, Suctess with a numbey of sys-
tems ded by 1930 1 the: hape, if vat the
a,z_x.n._t::_r Uit e e\ ..,..,75@ priwe
aefil systems thare A+ viight b proved
W be cousistent, correct mued cumplate
and o pussess a tevision provedure.

In particulyy, it was hoperl that a fuif
systen bor arithetic—eall 3L A~conld I
provisl o have there quadities. (By “Mi)
system ™ 55 muaat the wddition andd mlti-
plication of nitural numbers and all oge
erations defuable in terms of addition
and multiplication, such as  division.)
Such a proot would emuble mathemati-
ciuns to solve the theoretical prohlems of
aritlimetios it was evon concervable that
all the problems of mathe:atics might
be solved it similar way,

It was one of the great achievemenls
of mathematical logicians to show thag
these hopes cannot be fulfilled. As ex-
anples of how this «vas done 1 shall dis-
cuss the iucompleteness throrem dis-
covered by Kurt Codel in 1930 and a

54

and acithwmetic mentry e conete

o lved bes

theorem put farward by Alonzs Charch
1936, These theovems and some uth-
ers like them are sometimes called limi-
ttive theorems, since they suggest fim-
itations on naan's abilities,

Gidol’s Throrem

The detailed statement f Gindel's dn-
cannpletencss thearem is Jilfienlt, and a
great deud of bi kgroundd knoviludye is
necessary o undorstand e full praot,
The spitit o the proof van nenetheless
Le roughly conveyed Lwee dlusiration on
page 591, Consider the “liay proadox”
[asnuluted by the it Greeks, which
can be restated s the pyoblem of decid-
ing whether or not the folliwing sen-
tenve B trae: “Tlis sentencr is not true.”
A contradictivn yesidts Frone assuming
that the lar simience i« either (rne ov nut
true, sad hewce any mul system in
which it s expressible s inconsistent.
Now suppnse the expressive powers of
some  formal syst were soch  that
“provable” or "nuprovalile” could he ex-
pressedd but not “true” or “folie” The
analogue of the lar sentence would then
he “This sentence is not provable,” Call

this sentence £ The existence of P does

not make the system inconsistent, Dut it
does produce something disconcerting:

P is true if and anly if P is nol provable,

Hence we conclude that if we have a

system rich enough to express P, then

the cozy relation between teuth and
provability that one attetipts 10 achieve

Bigaisible, The arithnstic probleas, on the other W
Al avuikible v

ws—by 1hese Ymited neais—weer proved
oy muy be
sve them,

inadespate t

a formal system, namely that the set
senterces lrue uoder any inlerpretas
o that nakes D axioms true be idene
tical with the set of provable sentences,
is destroyed. The liar las disappesred
but his gein, like the Cheshire cut’s, re-

Gordel's incompleteress theoven states
(ronghly) that for sy of the kiunvn lor-
wiad systems [or arithmetic theve ave for-
wal sentenees aualogens Lo P, that is,
either the system is incomvect (proves
fulselinods) or it is complete (rontuins
truths nab provible in the systear), Just
as licktackior awd the related cavd game
arg stroctunally identical, so, Gidel was
able to show, arillpnelical sen-
tences are siructurally identieal with 2.
Gidet did this by developing a wode
{analognus to the ticktickloe grid) by
weans of which he conll demonstrate
that statestcuts auel rewonings abuat a
system its metalinguage) could be
reflectedd in the system (in its object fan-
suage). Fumilingity with he details of
the code is not important for our pur-
poses [see "Cidel’s Proat,” by Eroest
Nagel and James R. Newman; Scien-
TIFIC AMEWEAN, June, 1956]. Sulfice it
to say that Ciilel assigne:dl a unique
numnber to each symbol, seutence and
praol 5o that they can be ordeved and
one can speak, for example, of symbol
Na. Y ar proof No. 15,
Let us now consider Gidel's argnment

st

in a litth: more detail, Let C stand for

the seutence “For any natwad number %

o

]
:»

1

)

+

No, x is

tol a proof in A of sen-

tence No. n." We shall assmac what

~ Godel showed: that n can be so chosen
that it is the number of the sentence &
itself. If we exumine the situatinng close-
ly, we come ucross the curivns phenome-
non of wincompleteness [vee illustration
on page 59). A formal system is emincom-
plete if it contains a generalization ol
which it is possible to prove every nu-
merical instance but it is not possible to
prove the generalization. And il is just
with regard to a-incompleteness that
mathematical logic may throw light on
some of the unsolved proldems of aritl.
metic.

For example, in the case of Coldhach's
conjecture [see llustration on apposite
pagel, for auy given even number it is u
completely mechani process 1o Jeter-
mine if the nomber is the s of 1w
primes. Snppose, huwever, Goldbach’s
confjecture, like G, iMustrates weitcom-
pleteuess in A, We could 1hen prove
each and every one of the following
without being ble o prove the general
statement: “4 is the snm ol 1wo rimes,
G is the sum of two prities, 8 is the sumn
of two primes...." In ot worrds, he
reason the conjecture remiaing undeci:le:l
iy be that, [rom the assnmptions wut)-
ematicians have actually made swhen try-
ing to decide it, there is no proof or vel-
utetion, Looking at it another way, o
standard tech e in m __:w_s::».u.
w,?: of dividing a proof into cases.
Caldbach’s conjectuse is an illusts t
of wincompleteness, we huve an exani-
ple of a probiem that breaks dow it
an jnfinite nuiber of casest

On the other hund, if we conld meta-
SE._E:::R dly prove thut Galtbacl’s
conjecture i an ilustration of meincom-
_,_aﬁn_.wﬁ in 4, we wnuld prove (as in the

_n_..””_n. -Hua._.,mmuvﬁmw.:wmﬁ\w w..w_n of the .::.:..ﬁ_
w trtes w-incon v_n:_m _u,»,c.éh.“ri W
shaw that it is “:_ > n.ww_ o fnd o o
- Possi e to :_1_ weven
! er greater than 2 that is wnt the
Ww_:w MM ,.M”“v ?Mwm»u, ..:.M_.::v, is equivalent
ey _M . “.”.. EM,\.EV‘ eveu :_...:_:..
an 2 sumy of two primes,
‘5..?:, such a proof would menn is that
by, B e s
ose o ¢ e n m:{; trancending
wethock ow g m.. ic, for m...,.:m:_v_n the
ments oo 75 ...___...c_:w. v_/::_:.. m:zm.
oo, - .m ,.wsn i about Fermat’s Lt
pugel 1o, z.w. Ml:,,.:\_:c.._ on ppusile
. r:.cE M_~__,U_M F.. _m-..w_qr;,:ui_ z.:; :..‘..nr.
hize m.ow:,d 4 %._ _.:.._ noE_Ecr. S confec-
Jirithe F.Tb u st theorem illusteates
Q:.E:z_.._: :5...,.”.. in A, but fronn what we
o v“ ..52 they may, .
Hreh’s theoremn abso ithestrates the

mumlocm

difficultics we may be fuced with in Te-
gard to the unsolved problems of arith-
metic. It states (roughly) that there is no
man..?_: procedure for any tocal gys.
tem ‘i arithmetic, An aunlogy may ‘he
belptul. To bisect an arhitrary angle in
plane growetry is easy: one does not
have to know everything that can be
doue with straightedge and compass,
All e s to do is construct o bisector,
T vomteast, to show that it i impossille

T
W nck 10%1‘\” A
£ 16 S UEOPLE 1y [0R
fo BLGRE WP D
RLHCE T My
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PARADOX OF THE POSTMAN b »iucilur to ]

net curdaine themselvas, Unlike Rassells

i general to trisect an augle requirey 1
precise definition of al) possible construe.
tions with a straightedge and campass.
Becuuse the ancient Greeks ed such
a definition they wete never iy position
to prove the impossibility of wisection,
Similarly, decision procedures have ox.
istecdd foe thouwsands of yeurs, but us
the 1930% no one gave un exact mathe-
wiatic I aualysis of the concept, With
thi, vsis Chareh was sbile

T

LPPOSED. AL
HE M
,nﬁ,%wm..ao OLE

Berteand Russell™

o _ pard
v Ainpoge (st

aposed of ewstly. Fur csumple, e eun deny that suel o postman deos indeed cxisl

s el exist,

parsdox abnt sets thi do
% hwwrver, this popularized version eun



<how that there can be no algorithm to
solve the predicate “Sentence x expresses
a tnth of arithmetic” in the way that
there is a long-division algorithm 1o solve
the predicale “x is divisible by y.”
Church praved his theorem by an ar-
gument thit hus similarities both to
sadel’s argument and to Cantor's argn-
ment showing thut there are mare vent
pumbers than natural numbers, Clinrels
provk « amonstited that the assnmption
that there is a decision provedure for
arithmetic leads 10 an absurdity. This
peoans Wiat theve s vo algorithm that
will uhwavs work for Anding avithmetical
fruth—vot wercly that we have not vet
found such an algorithin. Tn olher words,
jird as there is 1o method in ticktacktoe
Mt will guarntee @ win against all
strategien, so theye is no method in asith-
watic that will guarautee a proof for all
tethis. Tt follows that thers will alwavs
Danetical tenihs Lo which present

b
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methods will not work and that the crea-
tion of new methads will forever he
NeCessury.

The limitative theorems of Gidlel and
Chureh appear lo have far-reaching phil-
osophical consequences, and yet sone-
one might objeet: “I deny that any philo-
saphical conelusions can be deawn from
these two thorems. Godel and Chureh
fhave shown that all the known formal
svstenns for arithmelic e incorplete
and lack a devision procedure, but this
y more significan: than the

is hardly
fact that one cannol square the civele o
wiseet an angle. It is perfeetly posiibie
to do these things, but not with merely
a slruighledge and enmpass. Sinnilarly,
all that the theorems of Gidel and
Church come to is Uhat given the means
they huve selected (jurt as Enclid se-
lected a straightedge and compuss), theic
conelusions follow, There is oo philo-
sophical import to their theorems, which

| J
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&
Y
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STRATEGY for a
dding to 17
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wen to b identical with the strategy for tivktuchive, Similurly, math malis
clans Josk for tdentics] structures in seeas of mahematics that ure apparently dilly

simply suggest that we must look for
ather means.”

This uvbjection would have a great
desk of sting if it were not for one ¢ir-
cumstance: Theve do not appear 10 be
any other means. This profound conclu-
sion was arvived al through the follnw.
ing reasoning, Luelid hod stodied ideal
triangles in an effort to nderstand the
concept of space, In an analogous way
Emil Post in the 1930°s undertook an
analysis of whal au ideal human comput-
er does «when he computes, in an eflort
ta understand the concept of i decision
proceduce, Independently and at abont
the same time A. M. Turing undertook a
corresponding s, for the same por-
pose, of an ideal computing nwachine,
The wo amalyses were shoven @ be
equiralent. Church suggest-d thal wny
aetmd comprtation by men or machines
conld be duplicated by the ideal man or
ideal machine. Chureh's thesis is v em-
pivical onc, but the evidence lor it is
overvhelming. 1 we aceept it the ling-
wtive aspeets of Gidel's wnd Chureh’s
theoreins can be made explicit {see il-
testration i page 601, fn fact, Eug e
1. Gulanter has suggested that the limi-
ttive theorems of Gidel and Church
e "the only known psychological taws
cuniparable i exactitude with the
of physic:.”

Unanswerable Questinns

The centeal change that the limitative
tirorems requivad of it previous theo-
vies ol the nature of mathematics vas the
ecognilion that there are unansw Whie
questions in the subject. Eadiey it fad
been thought that if a question conld be
wade precise, thal question had an wn-
swer. Now jt was seen that perhaps some
precise questions do noc have precise an-
swers. By way of analogy, think of w isb-
jrce, say a light bulb. 1f you then ask, “Is
it made partly of gliss?” the answer will
probably be yes; if you ask the ¢uestion,
“Is it made partly of cork®” the answer
will probably be no. If, huwever, you
ask, “Does it weigh exactly 3.1 ounces:™
the question js probubly unanswerable,
The reality toward which the question is
directed is indeteruinate i some ways.
Such judeterminateness is churacteristic
of procucts af the imagination, including
artistic creations. (How often did Juliet
sneeze during the year before she met
Romeo?) In these aveas it is pointless to
ask questions about things that are not
determined by evidence,

Compared with imaginative creations,
physical reality is determinate, and yet
the resulls of quantum theory suggest
that physical reality is also indeterminate

o

LIAR PARADOX

GOOEL'S ARGUMENT

GODEL'S ARGUMENT (IN MORE DETAIL)

This sentence is not true

This sergence is not provable.

For any nalu:al number 1, proof « s »ol a proot in A of sentence .

Let L be the name of the
ahove sentence.

Let @ be the name of lhe
above sentence.

Lel G be Ihe name of the above &
N N Glue
sachosen that senlence nis G _m.wm_a.:n (715 @ nalual numeer

Suppose L is true. Then
what it says is correct
and ¢ says that it is nat
true. So if L is trug, it

is nct true, frue.

Suppose P is provabie. Then,
since it stales that it is not
provabie, ilis nol frue. So

it P is provable, if 1s not

Suppose G is pro-able in ti i

P -ahle e format system A, Assuming A 15 correc!

mﬁ:ﬂmm%mﬁmm_www ”._m Nm%,, M.osh?mn m M xpresses that G M not a.o,\mmm.m
sisiency. Hence if 4 1s consistent, G is not '

provabie. This means that each of the fallowing is true: st

Wa.oo* 1is not a proot in A o selence o,
100f 2 is bt a proof in A of sentenre n.
Proot 3is 1ot a proof in 4 of sentence n.

.

It can be shown Lhat each is al

i 6 pro-able. But “For any nate.
number X, praof £ is nol & proot in A of sentence ™ i oo
able, Hence if A is consistent,
pro:able but G itsei is nat. Any formal sys é

se! . system that contains a (formal
mm:_m:n such that each and e ery numerical instance 1g _u.osma._m. _:w. et

e gene:al slatement, is called wi-ncomplete. Hence if A is consistent

G is not provahie ane A is - incompiete. '

15 ot prov-
each and every aumericat inslance of G is

Suppose L 1s not true,
Then what & says 15
incorrect and . must be
true. 56 if £ 15 not true,

itis true, itis bue.

Suppose P is nol provable,
Then, since It states that

Wt is not provable, it is

true. So 1f P1s not provabe,

not provable,

uppose 1ol - G is orovabie in the formal Sysier = e
S 2§l .

pup , : , \ _:. | system A (nol-G =il is faly
aumerical instance of G is P

ce we ko that each acd every

. rovaiie, we have a s m
exists a (formal) sentence cach and every _:imsmwnw.. Ln_..%”omm_:ma
.ﬁ, _m,.ww%,.c.ﬁ_m "mn mwmmwmo: _.x i_w_c: i also provable, Since each
3 ) is Irue (provided that A is consistent),
of not- G is a proof of a falsehcorl. Hence, if A is no:mwwnﬂ_wmdmm proo

Therefore, L. is true it anil
only if L is not truc.

,no:n’:umo:” The system
in which L 15 exprassible
is inconsistent.

GOBEL'S PROOF Af fix |
gy with v <18

w paradox™ ol the

e certain ways. Just as indeterminate-
ness, previously considered peculiar to
maginative creations, was found ju the
Physical world with the discovery of the
Guantunr theory, su indetenminatencss
;..E also found in mathematics with the
m_an?.a&s of the limitutive theoraws. The
impact of this discovery is comparable to
that of (he Pythagoreans’ discovery of
the incommensiirabit y of the side amd
the diagonut of a square, [t upsets bunda-
mental phiksophical conceplions,
n_..ﬂ.m philossphical impact can be in-
Euchdzan geommtry. W e il
limited 1o W_.L:c:u.m»_.w is .__“PPN““._—WHMC“M
Prove the existence of a square wl
! A J—-.-.Q whose
“ﬂ.m:_v a_a:;_ to that of @« given circle.
. ES.“._ _mma. coneeptual _:.::.‘_:o_‘.a the
g :rm of such a square is aecidentul;
either vecewsury wor impossibl,

Therefore, Pis true if and
only if P is rol provable,

Conclusion: The sysiem in
which P is expressibie is
either incarrect (that is,
proves falsehoods) or :ncom-
plete (that is, contains truths
aot pravabie in the sysiem).

wpleteness theo

neivnt Greehs, Glided deslt

0 is sogpented by with provahility vl

al ystein for

The indetemminacy is due to a refusal o
nuke additional assumplions, The inde-
terminuey in arithetic, in coudiust, is
due to u systematic inability to enlurge
our assumplions 50 that they wre ade-
quate to prove all the truths of ariths
metic. Feom the point of view of any
particular human being (heve must ozmvw
accidental truths of acithimetic, that is,
slatements thut ave true but ave such that
nothing he assumes vould enable him to
prove them to be true; they would be
neither necessary nor impossible. What
the limitative theorems represent, then,
7 the discovery of un abstract structive
for which it is impossible lor any human
being to make systemuticully mc::__io
and correct assumptions. Just as our sen-
sory perceptions huve limits thal can be
extended but not eliminuted by certain
techuiques {for example by & micro-

Therelore, G 13 lrue of the nat ;
) wial numbers if and oniy i puery
numerical instance of G is provabie in A bul G 1s nol wiwlmym.m.i A

Conctusion: The system in which G i

: syste -h G is expressible (that is, A) i
erlher incarrect (hal is, proves s_mmsoocﬂv o anom_..v,m"..s..n._.ﬂwa
conlains truths not provable in the system). ' '

v othao with trueh, Wht be shovoed s thit
arithetie st b

et or incomple:,

mnc_.&. so one abstract nc:com:.c:m are
limited and the methods of mathematics
iutended 1o extend them {fo exmnple
mathemalical induetion) ave at best pur-
tin) i their offect. Our powers of con-
ceptual discrimination have limils just as
our powers of perceptuat discrimination
do.

There does not seem o be iy way
around Lhese conclusions; indeed, the re-
sults reach still further. Ly order to pur-
ceive this a distinction must be deawn
between the wndeciclable and the un-
solvable. A senteuer is undeciduble in a
given system il neither it aor its negation
is provable in the system. The concept i
undecidable is reltive to a system; what
is undecidable in one systemn may be de-
ciduble in auother. For example, G i un-
decicabl A but is, as we have scen,
ducidable {ind true) in the larger systen
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that C js wudeaid
the conept of unsolvability i
.-h. —.2_::1 :_-:_r-\. o BT R 1 i
§ Tvable if it is solvable by
idead Luman eomprler {or ideal comprt-
ing maclitic) wentiones) above; olt
wive it s secursively amsolvahle, oy
instanen, the nmnerical § redical: “x is
sively salvabie,
al arith-

o the acgnment
st,

alwolute.

i,
able. This does not mes that foe some
given valne of the prodicate we can-
not solve the 1_.:7_:_:. Fur exauple,
01 4 1= 2 s sentence 2,467 in A,
then “Sentence 2,407 cxpresses o wuth
of arithmetic” is both trae and provable.
What unsodvahifity mosng is that there i
no lechmigque whitsoever that will -
ways W ork, as long Jivision  always
wocks, The question waturally arises of
whether or not some well-knowu prob-
Jem of clemoentary arithuelic is vecur-
sively unsolvable, There scems 1o be no
reason sy Uit conld not be the vase.
For expmple, the predicate “x s a Jivi-
sor of a pediet number” might very well
be recursively violvable and ther Huore,
on the s i Churely's thesis, wusolv-
abde in the ordinary sense, that B, e
sotvable by any man ov compaster.

Practical Problems

As il this were not evough, there we
further poesible difficultios. T have been
duscribang what might be called the the.
uretically nondecidable wnd the theorcti
cally unsolvabie. There alzo exist the
phesnmuena of practical undeidabifity
aned practical wnsolvability, A formal
sentence js practically nndecidabile if it
is theoretically decidibile but the prool is
50 tong as to be physically impnssible to
carry oul. For example, it might be that
Goldbach's conjectwre is true but that
the shortest proof in a given system
would require more ponuds of ink than
thiere are atoms in the universe, Or if the
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h he-

conjecture is fulse, tliee Giest even numler
that is not e suim of two primus may be
ar Chat the chanee o discovering it
is virtuatly ail. Actnadly the conjuctine
ws been cliceked into the millions witl-
out hring shovm Lo be false, but it may
nevertheless be faise. Or again, w predi-
cate is practically unsolvable it it & the-
aritically sofvable but the techniques of
salution are physically impossihle to cu-
vy ont. Foy example. the tecluiques for
sulution of U predicate "x is a divisor
ol a perfect number” may be s copli-
cated that ey would e beyond the ca-
pacity of any conceivable human bring
or eomputer. The ability of both men
v mnchines 1o deal with complications
imited, whercas arithmetie presents
problems whose solutions are arbitracily
complicated. We huve: as yel no way of
heing sure whecher or not senie of the
well-kuown prablems of arithmetic have
solutions of auly the most extreme com-
plexity.

1t might be usked: “Grant thut we can-
nut prove the completeness of forwal
systems of arithimetic and Wsnt there is vo
duvision procedure, Grant [urther that
there may be serious problans of peac
tieal undecidability and practieal unsolv-
ability for writhinetic, Can we al least
prove that these systems of arithmetic
are consistent?” So fur the avswer is yes
and 50, There are proofs for consisteney
hused on methods so complieated as o
lse move ju doubt than the consistency of
the systems. On the othey haud, i we
tianit oneselves to methuds no more coms
plicated than aritheutic jtsedf, then we
can indeed prove a formal sentence ox-
pressing consisteuey. In oeder to be sore
that the formaul senlence expresses cons
sisteney, however, we have to assume
that arithmetic is consistent! As Cadel
noted, the questing of consistency turs
on our ability "to replece [the axioms of
elassical inathematics] abaut abstract en-
tities of an objective Platanic veabn by
insights about the given operations of
our wind.”

»0

2

1o the effeet that any actual computation by a man or
chine e he duplica

Thisre exists a setof problems of anthmenc that
no consisient compoing maching can te proarammied
1o salve.

Lol by an ideanl wan oc aa idead nichine.

A

Asithmetical tuth thus has an “ideal”
or ..1_,9_:&:..6.. nature, {The terms have
heen swgzested by Join Myhill) The
analogy of a game is useful in explaining
this uotion. 1t often happens that a game
is invented and rales are Jaid down Uhat
define it but that later a circumstance
arises for which the cules give no guid-
auee, At this point a decision has to be
wade as to what will henceforth be the
role coneeruing that cirenmstaace. The
decision might be made on the ground
of fairsess or of what procedure nuakes
for a betler spectator sport or increases
the danger or has some other effect. It
comtot b made on the basis of the mles
of the game, however, Liegnuse the rules
are incompletely defined. Now part of
the impact of the limilative theoretns is
that the wles by which we define and
Jiscoyer witlmetical tath not anly are
but must he incompletely defined. We
are thevelove forced to define the notion
of writhetical nuth listorically; it can-
ot be esplicated vuce and fue all but
must he redelined cuntinnally, We have
seen how Loth Gauss and Lobachevsky
e to the conclusive that the problams
of wuth in non-Euclilean geometry re-
quired them to go heyond the datu of
pure geowelty. I an analogous way we
must go beyond the data of arithmetic in
ardey to define arithmetical vuth, Maa
tas invented a game of avithimetic that is
incomplete, appasently because of the
incommenswrability of man’s ideals and
his wbilitics,

Yet the temptation is stiong to say that
although aithmetic may be a game, it is
a game in which we learn about reality-
abstract reality, There is, then, an incom-
mensurubility between abstract reality
and ouwr ability to understand it com-
pletely. 1 the predicate “Sentenee X ex-
presses a truth of acithmetie” were solv-
able, arithmetic would become theoreti-
cally boriug. It is not solvable, and so
aritlanetic will continue to absorb our
interest precisely because its jnvestiga-
tion demunds human creativity,
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