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Demonstrating the Pythagorean Intervals
EVE BROWNING COLE

University of Minnesora, Duluth

Cne o' the discoveries of the early Pythagorean schoot which seems to have proven
tremendously exciting to its initiates concerned the relationship between musical
harmonic intervals and the first four natural numbers. The basic harmonic inter-
vals can be understoed in terms of ratios, and the numbers involved in those ratios
display interesting teatures. The octave, achieved by stopping a string at the half-
wuy point along its vibrating length. thus consists of the ratio 2:1; the fifth, 3:2;
the fourth, 4:3. These numbers added (1 + 2 + 3 + 4) equal 10. The number {0,
figured in the pyramid-of-dots shape by which it would havz been represented.
therefore itself containy (in several senses) the numbers composing the harmonies.
Or, a Pythagorean might say, the number 10 is composed of those harmonies. On
this thought at any rate a music-constiiuted cosmology could be constructed. The
pyramid that is 10, inierlocking with other pyramid-10s, can be imagined to con-
struct physical reality. The number 10, referred w by the Pythagoreans as the
mystic “tetractys.” was the perfect number, the number which “contains the fount
and root uf ever-flowing nature.™

Iis method of “containment” is explained somewhat obscurely (by Sextus)
as tollows: '

[Tlhe whoele universe is arranged according to attunement [kara harmonian],
and the attunement is the system of three concords, the fourth, the fifth, and
the octave, and of three concords the propettions are found in the four numbers
just mentioned, in one, two, three, and four.?

The Pythagoreans did not themselves discover these basic harmonic inter
;. They ware already sbiquitously oreseat in tie domain of music practice. 1t

original contribution was intellecs
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cxnerienced world s soothed to serenity by means of a deep-level mathematici-
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zation of reality. But it is highly abstract, and can eastly appear {0 .~:tud§1*ts as
mere numerological mumbo-jumbo. Hence many Instructors _uvmd dwcll}ng' on
ihis aspect of early Greek philesophy. prefermng to tL:csx the more n?uzlfianf
and credible Pythagorean theorem. This seems a puy. for at least two reasons.
Firsi. the rotion of a musical/mathematical univierse has a charm and grace abcuﬁ
it which can be quite attractive to the imagination. \S.ecogd, ihis ge{lex‘?l aspect
of early Greek thought, in which the forcs and potertial of ma&.:emaltlcas' de:uop -
strations are apparently being felt and explored fo_r the ﬁ}'@t time in history of
western culture, deserves particular emphasis. For its .1m;.>hca§10ns are very rich.
It could hardly be denied that a perception of the constitutive character of ﬂurnb—t;-r
itself plays a profound rele in Plato’s thought, and that, for example, the Repu_{)-
lic's final definition of justice in the soul as a musm—h%(s harmony. paired with
the Phaedo’s =arlier proposed definition of the sou_l in teml}s of harmony, i
resiimony to Pythagersan influence of some inferesting sort.” o -

But more broadly, the musical/mathematicas universe or ine rf‘gagqm 1S
displavs kinship to any truly rationalist cosmology. For th_e. rationalist bcheve_s
in & uriverse whose comprehensibility is thoroughly grcdlce}ted upon, and is
quaranteed by, its accessibility Lo mathemaiical {or ma"memaucal:lme; fi]iphﬁsa-
tion. Deductive certainty appears, in such a system. tc be wh;;t is ;esued'al a
satisfactory cpistemology. Mathematical regufus possess paﬁdlgn‘mﬁuc c'ertzf.mxy,
and therefore function as an ideal for philosophical and scientific explanations.

This constellation of ideas is therefere of undeniabl? importance, 20t OPly
in Greek philosophy courses, but also in courses on zarly m(}dem phxlioibopny;
in humanities courses dealing with Greek Cuiture or the rise of modermn science,
and in historicaliv-oriented music theory courscs as »v;]{. o

The Pythagorean intervals are susceptible of a 'v"l"i!d and lucid ciassrooqn.
dersonsiation. which 1 describe in the remainder of this paper. ! have used t‘ns
demonsiration with great success at several levels of %n-.struc:ionv'A hanugu{ is
useful, since the students will become absorbed in the demonstration and forget
o take rotes.
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fmat one does in this demenstraiion s saow
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t reans discevered, probadbly by experimenting on a monochord:
single-stringed instrument). can also be demonstrated on a single string of any
modern siringed instrument. One simply calculates the musical intervals by
measuring the string length (the part of the string that is free to vibrate). On ‘a'
vielin, viola, etc., this is the string length between the nut (raised portion between-
scroll and fingerbeard) and the bridge (thin arched slice of wood which rests op
the beliy of the'instrument). This length (x inches) is then divided into two parts
(to create the interval of the octave), or three parts (to create the {ifth), or four
parts (to create the fourth).’

For cach interval. one shouid sound aiternately the open siring and the
stopped string. The distance berween the two sounds is the musical interval in
question.
he ratio of the ocrave, the Py lhawvr')ﬂm saw, is 2:/. On a violin (for

xample; of average size, the part of the string that is free to vibrate will be
'acout 13 inches long. Thus, the octave interval is a ratio of 13:5.5 So, it we
measure 6.5 inches pram the scroll of a viotin, and mark this spot, we should
have locaied the o cta‘/e=~pmnt or the note that is eight notes above the note
sounded by the open <tring. (Measuring and warking can be done with a ruler
and chalk, and should be done in full view of the students ]

Tre ratio of the fifth (five notes above the open string’s note) is, according
10 the Pythagoreans, 3:2. Thus. staying with the example of the vioiin, w= divide
the 13 inch length into three parts, each of which will measure 4.33 inches. We
then measure 4.33 inches from the scroll-end of the string and make our mark.
This is the location of the interval of the fifth. The fifth is also the interval
between the first and second notes of the song “Twinkle, Twinkle. Little Star™;
i‘ze bravest insuuctor will burst into song “t c‘ns point. It is in addition the

aterval betwesen any two open strings of viclin, viola, or cello, so that the less
unrepld may simply play any twe cxuhb&,r‘mu strings in suceession to show that
the chalk-marked, Pythagoreanly-derived fifth really is a fifth.

The ratio of the fourth (four notes above the ope
we are using a /voln we wx!l dw
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The tetractys replicates e musical intervals perfectly, since tgnf ratio
petween the top WO 1ayLr corresponds to that of the cctave; tFe; rai;o te Wi;i
the second (w0 MITTOTS the rau(, of the fifth: and the re,l’auon o‘ tn:}1 ot imf
layers rmirrors the ratio of the fourth. This “frequency bmét 1t:) rt fzﬁ LHEC a
kind of sonar coherence, made the etractys a perfect candidate for the basic

eailly.
it ?qﬁnvsti};dmc to the Pythagoreans, the world is in a very real sense
ons. ‘Na do not hear, and therefore
iselv because it is a.’wa:;f,s there.

We tune it out, in the same way that we tune out U:c- 1am'ADu7z of the ;x:lo:ea;:r:t
light fixtures in some classrooms. Some more mystical ad hcre:_x:s‘ UI‘ 1ese Views
h;VC maintained that, through meditatiorn and strict mPnt.u d1~mp‘me, weﬁcari
develop the ability t© hear the myster: ‘ous music emonating frem th :3 hjal o
ity. Others have maintained that its beauty 1s 00 greul f*d would mt,l( oy
z:uwlcdged thai the Pythagore

t patural law w be
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us. However this may be. it is gencrally ac iged |
musical intervals in their ;)umerlcal ratios represent the 1irs

formulated mathematically.?
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Notes

am indcbted to Pref. Janc M.

out this demonstration e M
For considerabie help in work ing ted 10 Prof. Janc M.

Snyder, of Ohio State umvpr"lw s Classics Department. An 2nonyr
journal provided helprul criticisms of an earlier draft.
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i the languag
ne svineels in ! M.B,‘ book is writien in the ma mvmanzoe
Lihe svmbols are s, circles, and other geomeirical fizares, without
it 15 impossibie 0 roﬁmﬁn:m?_ a singie word of it wiihout iw%v cpe
ix cq; a dark labyunth,” Guthrie's nczBmoz {rom the physicist Weiz-
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sacker, on pp. 225-6 of History of Gresk Philozophy, vol. 1, is also

. The idea for this demonsiration came originally from a diagram in Robinson’s
beok. Unicriunately there is an error in Robinson’s description of the ratios. The ratios
he refers to are all (in terms of his diagram) “AB to AC”; thus the line of text 535 iately
above the diagram is mistzken. Also. the diagram itself misrcpresents the lengths of the
fifth and fourth intervals.

7. The lcagths are thus nc
irraticnals or surdgs to demonst
ratios RvanEma that are cn

fon

i perfect integers themselves, and so we are using
¢ harmony among rational ?cmc clements, but it is the
al to the F E::oa:z insight. A purist might insist that
e use string harmonics, s s of varving lengrh so that their le ngths é:..& cotresgond
o perfect integers: 2:4, 3iZ, .v.u, Bur siring harmonics are much too difficult for the

aateur fo achieve relinble T. ' ssion rasults. T fact, the use of irrationals
?? can larer be peinted out in ¢ n for the Pvthagoreans.
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