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kumulierten »dati« und »notizie di ogni genere« zu kommen?2*. Aber miissen
wir denn iiberhaupt annehmen, dafl etwa Epidem. II in der uns vorliegenden
Form von einem »Verfasser« stammt? Koénnen nicht, von wem und wann
auch immer, die beiden »physiognomischen« Abschnitte in diese »Schrift«
ohne Riicksicht auf deren sonstigen Inhalt hineingestopft worden sein? Ein
Zeugnis fiir echte »Weiterarbeit« ist jedenfalls, fiir unser Thema, hier nicht
gegeben.

Ganz anders in Morb. I'V: Hier ist das archaische Ungerade-Prinzip fest in
die allgemeinen Vorstellungen des Vfs. integriert (s. 0.). Wenn wir nun GREN-
SEMANNs Spitdatierung dieser Schrift (s.0.) akzeptieren, dann hitten wir
hier, von unserem Thema aus gesehen, einen eigentiimlichen Fall: Ein Arzt,
der eigentlich die knidisch-koische Schultradition, und damit auch sowohl das
modifizierte Ungerade-Gerade-Prinzip in Epidem. I wie die ganz andere Kri-
senarithmetik des Prognostikon gekannt haben sollte, hiitte dennoch das
archaisch-exklusive Ungerade-Prinzip vorgezogen. Mir personlich schiene
dergleichen, bei diesem Vf., nicht vollig ausgeschlossen.

Kiel FRIDOLF KUDLIEN

24 Vgl. pi BENEDETTO a. O. 257.

nAnyn AND tdoig IN THE HARMONIKA OF
KLAUDIOS PTOLEMAIOS

The discovery that music is ruled by number, that its constituents — pitch
and interval — can be accurately expressed by numerical ratios, was one of the
most significant intellectual events of antiquity. It founded the science of
acoustical physics; moreover, it gave rise to a period of speculation out of
which issued important developments in mathematics, philosophy, cosmology
and astronomy!. According to general opinion no discovery of comparable
magnitude was made until the seventeenth century, when MARIN MERSENNE,
the French mathematician, philosopher and scientist, first explained in his
‘Harmonie Universelle’ the relations obtaining between tension and the fre-
quency of vibration of a stretched string, relations subsequently codified in

! See, for instance, A. DELATTE, Etudes sur la littérature pythagoricienne, Paris 1915,
258 — 259; Sir TH. HEATH, Aristarchus of Samos, The Ancient Copernicus, Oxford 1913, 46 —47;
F. R. LEVIN, Synesis in Aristoxenian Theory, TAPA 103, 1972, 217 — 220.
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*MERSENNE’s Laws’2. If this opinion is correct, then a period of some 2000
years intervened between the discovery of the musical ratios and that of the
relation between tension and frequency of vibration. This paper is written in
the belief, however, that already in the second century A. D. Ptolemy, on the
basis of experiments that he conducted, was in the presence of, if not indeed
possessed of, that knowledge which precipitated MERSENNE’s discovery3. It
will be argued that Ptolemy was led to this knowledge by his dissatisfaction
with accounts of various Pythagorean experiments and, further, that the
discussion in which this knowledge is evinced forms part of a polemic directed
against Nicomachus of Gerasa®.

1. The Musical Ratios

According to numerous ancient authorities, the first one to have revealed
the numerical ratios determining the consonant intervals of the musical scale
was Pythagoras of Samos. Because of the deep and far-reaching implications
which the discovery had for such fundamental branches of knowledge as
mathematics, cosmology and astronomy — implications that extended far
beyond its immediate utility in converting the sensory distinctions of pitch and
interval into objective numerical form — it was treated by the ancients as a
divine revelation. The musical formulae vouchsafed to Pythagoras impressed
the Pythagoreans as a key of universal application, leading them to postulate
number as the element of all things and to promote the study of number per

2 M. MERSENNE, Harmonie Universelle, The Books on Instruments, Paris 1635, trans. R. E.
CHAPMAN, The Hague 1957. See note 52 below. The discovery of these relations was made inde-
pendently by GALILEO, the contemporary of MERSENNE. See A. Woob, The Physics of Music,
London 1944, rev. J. M. BOWSHER, London 1975, 90.

3 On the basis of astronomical observations made by him between 125 A.D. and 141 or 151,
Ptolemy is assumed to have lived during the first three quarters of the second century A.D. Little
is known of him otherwise. See Sir TH. HEATH, A History of Greek Mathematics, Oxford 1921,
vol. 2, 273.

4 Nicomachus' floruir is judged to be c. 100 A.D. See L. TARAN, Asclepius of Tralles: Com-
mentary to Nicomachus’ Introduction to Arithmetic, Transactions of the American Philosophical
Society n.s. 59. 4, 1969, 7-8; F. R. LeviN, The Harmonics of Nicomachus and the Pythagorean
Tradition, American Classical Studies 1, 1975, 8 ~ 10; W. C. McDERMOTT, Plotina Augusta and
Nicomachus of Gerasa, Historia 26, 1977, 193. That Nicomachus was an older contemporary of
Ptolemy is assumed in part from his apparent ignorance of Ptolemy’s work on Harmonics. See
K. voNn JaN, Musici Scriptores Graeci, Leipzig 1895, 211; M. L. D’Oogg, F. E. RosBins, L. C.
KARPINSKI, Nicomachus of Gerasa, University of Michigan Studies, Humanistic Series 16, New
York 1926, 71. The earliest reference to the Harmonika of Ptolemy appears in Nicomachus Exc. 4
(JAN 275, 7 - 9), but may be an interpolation by the excerptor. See I. DURING, Die Harmonielehre
des Klaudios Ptolemaios, Goteborg 1930, 1xxiii.

5 Nicomachus Harmonikon Enchiridion 6 (JAN 246, 6 —7); Boethius De inst. mus. 1, 10
(FRIEDLEIN 197, 3 -- 4).
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seb. In its own turn, music was henceforward to be treated with the rigor of
mathematics, its components — pitch and interval — being now susceptible of
study through the mediation of number.

That the discovery of the numerical ratios was appreciated by the ancients
for what it was — a monument of human genius — is evident. But that Pytha-
goras was in fact its author, as the ancient tradition maintains, has been called
into question on two fundamental grounds: first, there exist no contemporary
reports of Pythagoras’s discovery, the earliest detailed accounts coming from
the second century A. D. and later; second, the experiments described in these
late accounts are mathematically so implausible that their association with
Pythagoras can scarcely be credited; somewhere in the transmission the
apocryphal must have made its appearance’.

The earliest reference to Pythagoras’s discovery comes via a circuitous
route from Xenocrates, who is cited by a certain Herakleides apud Porphyry
In Ptol. Harm. (DURING 30, 1 —8). Apart from the fact that the identity of
this Herakleides is itself a disputed issue8, it is hard also to ascertain at a
critical point in the passage who in fact is being cited by Porphyry®. Despite
these difficulties, however, the passage is valuable for its implication that it
was on the basis of experiments which he conducted that Pythagoras arrived
at his discovery. At the same time, since the passage appears in a context
which concerns speed of motion (taygia popd) as a determinant of pitch (and
not quantity), the reference to Pythagoras appears gratuitous and unmoti-
vated. Herakleides writes about this [sc. Tayegia ¢opd] in his Introduction to
Music as follows:

»Pythagoras, as Xenocrates says, discovered that the intervals in music
have no origin apart from number. For there is intrinsic to them a com-
parative relation of one quantity to another (tocobd npd¢ nosov). Ac-

6 Aristotle Met. 985b 31 —986a 2. Cf. Aristoxenus (fr. 23 WEHRLI): [TuBaydpag ... Tavrta
1@ npaypota anewalwyv toig apduoic. See H. CHERNISS, Aristotle’s Criticism of Presocratic
Philosophy, Baltimore 1935, 386.

7 See W. K. C. GUTHRIE, History of Greek Philosophy, vol. 1, The Earlier Presocratics and
the Pythagoreans, Cambridge 1971, 223 —224; W, BURKERT, Lore and Science in Ancient Pytha-
goreanism, trans. E. L. MINAR, Jr., Harvard: Cambridge 1972, 375 - 376.

8 The identification of this Herakleides with the celebrated Herakleides Pontikos has been
assumed by numerous scholars, the most recent of whom are E. A. LIPPMAN, Musical Thought in
Ancient Greece, New York and London 1964, 142 and G. H. JONKER, The Harmonics of Manuel
Bryennius, Groningen 1970, 381, note on 94. However, F. WEHRLI, Die Schule des Aristoteles,
vol. 2, Aristoxenus, Basel 1945, 102, comm. on fr. 122, and 113, argues that this identification is
without any real basis in fact. The various arguments for and against the identification are review-
ed by BURKERT (n. 7 above), 380 — 381, who himself subscribes to WEHRLI’S position.

9 DURING 30, 6 —7: xai averBav éni Thv Yéveotv TiHg pmviig pn in which the speaker can be
either Xenocrates or Herakleides. On the difficulty of interpretation, see GUTHRIE (n. 7 above),
222.
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cordingly, he proceeded to investigate under what circumstances the
intervals become consonances and dissonances, studying as well the
whole question of attunement and discordancy«. And returning to the
origin of sound, he said: » There must be movement of some sort, if the
interval meant to be heard is a consonance such as results from an
equality of proportion. «

The reference to Pythagoras in the above passage is thus interposed between
two parts of a discussion whose subject is motion, not quantity; and the per-
tinence of quantity (mroco¢) to the context is not clear. However, the reference
to quantity and the subsequent discussion suggest that there was available in
Xenocrates’s account a description of experiments conducted by Pythago-
ras !0, This description, to judge from the discussion, presumably dealt not
with speed of motion but with quantity as the determinant of pitch. Further-
more, if as Xenocrates states, the relation that Pythagoras discovered was one
holding between quantity and pitch, it is reasonable to suppose that Pythago-
ras’s experiments were conducted upon the Monochord-Canon, an instrument
on whose single string the »comparative relation of one quantity to another«
could be accurately demonstrated !!.

Assuming then that Pythagoras had first surmised that string length was
the quantitative factor that determined the pitch of the sound, a logical proce-
dure would have been to section off various lengths of the string and to corre-
late them with the different pitches thus produced 2. This would have revealed
the relations of quantity to quantity, as Xenocrates said, or one string length
to another. Correlating these lengths with the various pitches produced would
have demonstrated that the longer the string, the lower the pitch; and, con-
versely, the shorter the string, the higher the pitch. Translating these quantita-
tive relations into numbers would then have shown that an Octave was
described by two string lengths in the double ratio, 2:1; a Fifth in the hemiolic

10 DURING 30, 4: Eoxoneito Toivuv. See BURKERT ( n. 7 above), 376, who believes it to be un-
likely that Xenocrates failed to mention how Pythagoras arrived at his discovery or that he omit-
ted reference to the instrument on which Pythagoras conducted his experiments, namely, the
ravov, the Pythagorean name for Monochord. See Nicomachus Harmonikon Enchiridion 4 (JAN
243, 14— 15).

It Significantly, Pythagoras on his death-bed is said by Aristides Quintilianus De mus. 3, 2
(WINNINGTON-INGRAM 97, 3 —7) to have advocated experimentation on the Monochord (pnovo-
xopdikev) to his disciples in order to study the relation between pitch and quantity (dxpdétnta
THV £V HOVOIKT] ... 81" apBpdv).

12 This is the method recommended by Ptolemy Harm. 1, 8 (DURING 17, 27ff.) for determin-
ing the relative string lengths necessary for the production of the consonant intervals. And in fact
Gaudentius Harmonike Isagoge 11 (JAN 341, 12ff.) explains that Pythagoras conducted experi-
ments of this sort on the Canon because he was not satisfied with the single procedure thus far
adopted by him involving the use of weighted strings.
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ratio, 3:2; a Fourth in the epitritic ratio, 4: 3. It is possible that in Xenocrates’s
original attribution of the discovery to Pythagoras he included a description
of the experiment that Pythagoras conducted in arriving at his results —
perhaps one similar to that outlined above. Unfortunately, no such descrip-
tion appears in the passage cited. If it existed in the Xenocrates source, it was
presumably omitted by Herakleides (whose words Porphyry reports). Such an
omission would account for the sense of incoherence in Porphyry’s citation
and would suggest a lacuna of indeterminate length in line 6 of DURING’s text.

If a description of the experiments with string lengths had been included in
Xenocrates’ account, the authority of the ancient tradition ascribing to Pytha-
goras the discovery of the musical ratios would have been rendered secure in
its foundations!3. Since such a description is missing from Xenocrates’s
account, however, we are forced to rely on those that have come down to us.
Unfortunately, in these accounts the descriptions of Pythagoras’s experiment
encourage little credence, contravening, as they do, the laws of physics and
mathematics '4. This is especially true of the account recorded by Nicomachus,
Harmonikon Enchiridion 6 (JAN 245, 18 —248, 26), in which the celebrated
tale of Pythagoras and the blacksmith’s hammers makes its first appear-
ancels,

Nicomachus begins his account with Pythagoras pondering the problem of
how to translate the sensory testimony of the ear into some accurate and
visible measure such as is available in the case of the other sensory percep-
tions!6, According to Nicomachus, Pythagoras, while thus deliberating,
chanced to walk by a smithy, where by a fortuitous circumstance he heard the
smith’s hammers beating out upon the anvil a medley of sounds. These sounds
registered upon his unaided ear as the consonances — Octave, Fifth and
Fourth — while between the latter two intervals he heard a single dissonance —
the whole-tone. Amazed at this god-given phenomenon, Pythagoras rushed

13 Of the findings based upon string length dimensions, it is observed by J. BURNET, Early
Greek Philosophy, London 1930, 107: »On the other hand, the statement that he [sc. Pythagoras]
discovered the ‘consonances’ by measuring the lengths corresponding to them on the monochord
is quite credible and involves no error in acoustics. «

14 BURNET (n. 13 above), 106 — 107 argues that while it would be a waste of time to rationalize
these stories, their absurdity demonstrates the existence of a real tradition in that »they are not
stories which any Greek mathematician could have invented«.

15 See BURKERT (n. 7 above), 376; LEVIN (n. 4 above), 69 — 70; H. CHERNISS, Plutarch’s Mora-
lia, xiii, part 1, Loeb Classical Library: Harvard 1976, 306 — 307, n. a.

16 The problem is discussed by Plato Philebus 56b 3 —c 6, in which music is judged by Plato
to be of all the technai the least susceptible of accurate and systematic study precisely because it
lacks the proper tools of measurement. For inasmuch as it is dependent upon the guesswork of the
ear for proper tunings, it is in Plato’s estimation paradigmatic of the imprecise technai. The need
for instruments to serve the senses is discussed at length by Bryennius Harm. 2, 415 (JONKER 174,
12ff.); cf. Harm. 2, 404 (JONKER 150, 20ff.) on the &loyog of the senses.

14
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into the smithy, where he determined by various tests that it was hammers of
different weights that were responsible for the sounds he had heard. After
ascertaining the weights of the hammers, he hurried home to duplicate by a
controlled experiment the results obtained in the smithy. His method for set-
ting up the experiment is explained by Nicomachus as follows (JAN 246,
22-247, 7):

He planted a single stake diagonally in the walls in order that no differ-
ence might arise from this implantation, or, in brief, that no variation
might be detected from the use of several stakes with their own peculiar
properties. From this stake he suspended four strings of the same
material, made of an equal number of strands, equal in thickness and of
equal torsion. He attached a weight to the bottom of each, suspending
each by each in succession. And he contrived that the lengths of the
strings should be exactly equal. Then, plucking two strings simultane-
ously in alternation, he found the aforementioned consonances, one
pair producing one consonance, another pair producing another conso-
nance.

Nicomachus goes on to explain that the suspended weights, which had been
arranged in a graduated series, were of the values: 6, 8, 9, 12; that the string
suspended by the weights of 6 and 12 units produced when plucked an Octave,
those suspended by weights 8 and 12 produced a Fifth, those suspended by 9
and 12 units produced a Fourth. In addition, the pairs 6 and 8 were found to
produce a Fourth, while 6 and 9 produced the Fifth. And the dissonant whole-
tone was discovered to be produced by the pair, 8 and 9. Thereby it was de-
monstrated that (JAN 248, 1 —6):

The Octave is a compound either of the Fifth and Fourth in conjunc-
tion, just as the double ratio (2:1) is a compound of the hemiolic (3:2)
and the epitritic (4:3), as, for example, 12, 8, 6; or conversely, it is a
compound of the Fourth and Fifth, just as the double ratio is a com-
pound of the epitritic and the hemiolic, as, for example, 12, 9, 6, in such
order.

After applying these findings in tests upon various other instruments, such as
Monochords (JAN 248, 16), Pythagoras correlated the numerical values thus
adduced with the pitches he heard (JAN 248, 18 —23):

Hypate (E) 6
Mese (A) 8
Paramese (B) 9
Nete (E') 12



The Harmonika of Klaudios Ptolemaios 211

Inasmuch as the experiment described by Nicomachus could not possibly
yield the results that he reports, it is clear that he did not himself attempt to
verify it. Instead, he seems to have transmitted a tale long since absolved of
absurdities by the weight of ancient tradition!’. The initial absurdity takes the
form of an interchanging of the active and the passive in the process leading to
pitch variation. According to Nicomachus (JAN 246, 7 — 8), the musical conso-
nances heard by Pythagoras were produced by four hammers of different
weights striking upon a single anvil (¢n° &xpow). Moreover, he asserts that
Pythagoras ascertained this fact after having studied four factors — the
weights of the hammers, the dimensions of the hammer-heads, the force of
the hammer blows, and the anvil (on which the iron was being forged; JAN
246, 16 —20). And from this investigation Pythagoras concluded that it was
the different weights of the hammers that determined the variation in the
pitches produced. This account is preposterous, however, since pitch variation
produced by percussion of this primitive sort depends not on the object used
in striking the blow, but on the object affected by the blow. Thus, even
though the affected object is one of the four factors among which the pitch
determinant was to be located by Pythagoras, and even though it is this factor
which in actuality does determine the pitch, Nicomachus has Pythagoras
rejecting it (JAN 246, 19—20: o0d¢ mapd THv ToD &Aauvouévov cidnpov
uetdBeowv) and selecting rather the irrevelant factor of the hammer weights.
In neglecting the role played by the affected object (the anvil) in determining
pitch, and in focussing on that of the hammer weights, Nicomachus appears
to have been ignorant of a basic fact: four hammers of different weight
striking an anvil at the same point would have produced identical pitches —
pitches which would vary in loudness only, depending upon the force of the
hammer blows!8. In this respect an anvil, when set into vibration by the
hammer blow, would function no differently than a bell, cymbal, tuning-fork
or a single bar of a xylophone, which similarly give off each a particular pitch
irrespective of the object with which they are struck'®. In order for four
different pitches to have been produced, it would have been necessary that a
(single) hammer strike four anvils differing in either their size, their shape or
their material composition. Differences in any of these factors or combination
of factors would influence the pitch produced by each anvil.

Indeed, an experiment in which the aforementioned principles are brought
to bear is said by Aristoxenus (fr. 90 WEHRLI = Schol. Plato Phaedo 108 d)
to have been conducted by Hippasus of Metapontum. Using four bronze discs
of identical diameter, the comparative thicknesses of which were in the pro-

17 Cf. LEVIN (n. 4 above), 73 - 74.
18 Cf. GUTHRIE (n. 7 above), 223.
19 See WooD (n. 2 above), 147 — 148; 150 — 155.

14*
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portions, 4:3, 3:2 and 2:1, Hippasus is reported to have found that these
discs produced when struck the consonances, Fourth, Fifth and Octave,
respectively, this enabling the musician Glaukos of Rhegium to play a tune
upon them. Were the tradition which makes Hippasus a contemporary and
dissident disciple of Pythagoras more reliable, it could be argued that Hippa-
sus’s experiment was conducted along lines proposed by Pythagoras?’. As
matters stand, however, the uncertainty regarding Hippasus’s date and
position among the Pythagoreans does not permit us to refer Aristoxenus’s
evidence even inferentially to Pythagoras. Nonetheless, it does demonstrate
that the ancients understood certain basic principles of sound production
which are found utterly perverted in Nicomachus’s account?'.

It remained for Ptolemy to incorporate the primitive causes of sound
— percussion (tAnyn), substance (oboia) and motion of air (t®v &épwv xivn-
o1g) — into a comprehensive theory, one in which the attributes of sound
— pitch and timbre — are referred respectively to the appropriate categories
of material quantity and quality 22, As Ptolemy demonstrates, the role of per-
clission in the production of sound is far more complex than had thitherto
been realized. Furthermore, although this was not its intent, Ptolemy’s expo-
sition of the several factors involved in percussion effectively disposes of Ni-
comachus’s misrepresentation of the facts, and in this sense it may be regar-
ded as a critical commentary on Nicomachus’s text.

II. nAnyn

Like Archytas before him, Ptolemy Harm. 1, 3 (DURING 6, 14ff.) refers
the cause of sound to percussion (ntAny1) occasioned by the impact of one ob-
ject against another 3. An example of such a (primitive) type of percussion is
the blow of a hammer against an anvil 2. But Ptolemy recognized that percus-
sion is also manifested — if less obviously — in the operation of string and
wind instruments. Ptolemy thus proposed that there are various means by
which percussion is induced and that these means, in connection with other
factors, account for differences in sound.

In his discussion of this passage DURING argues that Ptolemy intends by
nAny" the characteristic sound produced by diverse instruments, as for exam-

20 The problems surrounding Hippasus are discussed by J. A. PHiLip, Pythagoras and Early
Pythagoreanism, Toronto 1966, 26 — 27.

2l Cf. BURKERT (n. 7 above), 377.

22 Ptolemy’s contribution to musical theory is acknowledged by MERSENNE (n. 2 above), Sec-
ond Book of String Instruments, Prop. 1V, 84: »Ptolemy is the most knowledgeable of all those
who have taught us Greek music«.

23 Archytas Vors. 47B 1 (DIELS-KRANZ 432, 10433, 6).

24 See note 44 below.
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ple, the »gong« (Schlag) of a metal plate, the »twang« (Ausschlag) of a
plucked string or the »blast« (Stof3) of a wind instrument. For this reason he
finds it difficult to express the sense of mtAnyn by a single word (»Ferner ist die
Bedeutung von nAnyn schwer mit einem Wort zu fixieren«)%5. But DURING’s
interpretation of nAnyn, apart from raising the difficulty noted by him, does
not do justice to the line of investigation adopted by Ptolemy. For Ptolemy
treats TAnyn not as the (characteristic) sound (»die Reaktion«, as DURING has
it) but as the immediate cause of the sound2. By doing so, he orders the
acoustical facts in a manner identical to that advanced by modern acousti-
cians. This ordering provides the researcher with the means of studying per-
cussion and its reaction as two separate events. By distinguishing then between
the active and passive agents involved in percussion, acousticians refer the ini-
tiator of sound to the former, and to the latter the pitch and timbre of the
sound produced. This analysis makes it possible to comprehend under percus-
sion not only the primitive type of percussion, but also the methods by which
strings and air-columns are activated: plucking of strings by fingers or plectra
and stimulation of air-columns by the action of mouth-pieces?’. Ptolemy anti-
cipates this scientific method of dealing with acoustical phenomena when he
construes the active percussive agent in wind instruments to be the mouth-
piece: Gpoipiov, ToutéoTt Tob TATTOVTOG (DURING 9, 2~4), and that in
strings to be the act of plucking the string: xpovévtwv (DURING 7, 4)28. Each
of these mechanisms is understood by him to be the initiator which sets into
motion (&pynNVv T7i¢ ®ioems; DURING 6, 22) the entire vibrating system, be it
air-column or string, and which results in the production of the characteristic
sound.

In Harm. 1, 3 (DURING 6, 14 —22), Ptolemy associates with these several
types of percussion three possible causes of pitch variation: 1) force exerted by
the active percussive agent (tniv to0 mAnttovrog Biav); 2) distance (Thv
anoynv) between the active and passive entities; 3) corporeal composition of
the passive receptor (Td¢ COUATIKAG CLUGTAOELG TOU ... TANTTOUEVOVL) and of

25 1. DURING, Ptolemaios and Porphyrios iiber die Musik, Géteborg 1934, 149.

26 Loc. cit.: »fir die Reaktion im Aulos oder in der Luftrohre wiirde man eher ‘Stof3’ sagen«.
By referring mAnyn to the active principle in percussion, Ptolemy evidently followed the analysis
of Aristotle De an. 419b 10— 12: nAnyn yap éotv §f mowoboa. Sitd xai advvatov évdg dvtog
YevEsOaL yoPov: ETEPOV YAP TO TUNTOV Kai TO TURTOUEVOV.

21 See C. A. TAYLOR, The Physics of Musical Sounds, London 1965, 89; A. H. BENADE,
Horns, Strings and Harmony, New York 1960, 39f.; 62; 142f.; 165f.

28 K. SCHLESINGER, The Greek Aulos, London 1939, 71, believes that the mouth-piece,
OgpoApiov, described by Ptolemy as tob mAnttovtog, must refer to the single »beating-reed
mouthpiece of the Aulos«. This interpretation of tod rAnttovtog, »the beating thing«, as she
translates it, is then claimed to constitute the only literary reference to the existence of a single
reed Aulos. Since SCHLESINGER’s proposal rests upon a forced interpretation, the passage in Pto-
lemy can hardly be treated as the evidence SCHLESINGER alleges.
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the active agent (tob 8t o0 1 nAnyn)?. In characteristically difficult lan-
guage, Ptolemy approaches the problem of pitch variation as follows30:

A difference obtains between sounds, as between all other things, which
is qualitative and quantitative. It is impossible properly to demonstrate
under which of these aforesaid categories highness and lowness should
be subsumed until we examine the causes of such an occurrence. These
causes seem to me to be factors which are somehow integral to the dif-
ferences arising from percussion of diverse types. For the sensations re-
sulting from these various types of percussion differ with respect to the
force of the agent executing the blow, the corporeal composition of the
item struck and of that by which the blow is executed, and, further, the
distance of the item struck from the point of origin of the motion.

Of the three factors adduced by him for their possible bearing upon pitch va-
riation, Ptolemy rejects force on the grounds that it produces changes in loud-
ness only, having no effect upon the pitch at all (DURING 6, 27 -7, 1): Bia
ueyédoug v in poévov aitia xai odxn d&vtntog fi Bapvtntog. Further, the
corporeal composition of the agent of excitation is mentioned by Ptolemy
only insofar as it concerns the quality of the sounds produced by wind instru-
ments. For inasmuch as mouth-pieces of wind instruments are reckoned by
him to be percussive agents3!, he ascribes differences in sound quality to dif-
ferences in the mouth-pieces employed — reeds and lips, for example
(DURING 7, 11): olov 1@V yYAWoo®dV %ai TdV 6TOpdtwv. Apart from this ref-
erence to mouth-pieces, the composition of the active percussive agent (the
initiator) enters not at all into Ptolemy’s analysis. The remaining factors
— composition of the passive agent and distance — are thereby determined as
responsible for pitch variation.

The factor, distance (drnoyxn, didotaoig), is treated by Ptolemy only as it
pertains to string and wind instruments; that is, in speaking of the distance
between the object struck and the point of origin of the motion, Ptolemy is
not considering the distance obtaining in the case of simple or primitive per-
cussion, as, for example, that occurring on the impact of a hammer upon an
anvil. For distance in a percussion of this type would have no influence upon

29 The material of the active agent in percussion is treated as a causative factor inasmuch as it
must be rigid enough for sound to be produced at all. Cf. Aristotle De an. 419b 6 — 8; Porphyry
In Ptol. Harm. (DURING 39, 4 — 5). In discussing this problem we follow Porphyry In Ptol. Harm.
(DURING 38, 23 - 24) in treating the active agent in conjunction with the passive receptor, thus as
constituting a single causative factor.

30 The infelicities in Ptolemy’s style throughout the treatise appear to result more often than
not from his grappling with the inadequacies of the language. Cf. R. P. WINNINGTON-INGRAM,
Mode in Ancient Greek Music, Cambridge 1936, 67.

31 See p. 213 above.
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the pitch produced, but only upon the force exerted32. Rather, Ptolemy in-
tends distance in the case of plucked strings, where the distance extends be-
tween the fixed bridge and the movable bridge of a Monochord, for example.
In this situation, the lesser the distance between these bridges, the higher is the
pitch produced (DURING 8, 27 -9, 2)33. In respect to wind instruments, the
same principle obtains between the mouth-piece and the finger holes. For the
sounds thus produced grow progressively higher in pitch as the finger holes
are succesively opened in the direction of the mouth-piece (DURING 9, 1 —4),
this operation being equivalent to shortening the length of the air-column34,
On this basis, the factor, distance, and hence measurable length, is determined
by Ptolemy to be an attribute of quantity, and this quantity is specifically cor-
related with pitch, whose highness and lowness is found to be reciprocally pro-
portional to the distance (DURING 8, 15 —21)33;

On this basis, it appears that the difference between sounds with respect
to highness and lowness is a species of quantity (nosdétnrtog €idog elvai
T1) and, moreover, dependent upon the inequality of the distances be-
tween the item affected by the percussion (tob T& tAnttonévov) and the
agent executing the percussion (tod nAntrovrog). For quite clearly, the
difference in pitch is implicated in the size of these distances. Highness
of pitch is consequent on the lesser distances owing to the vigor (of mo-
tion) issuing from a more limited dimension; lowness of pitch is conse-
quent on the greater distances owing to the slackening (of motion) is-
suing from a larger dimension. The result is that sounds are in a recipro-
cal proportion to the distances.

Ptolemy next considers percussion in its relation to the factor, corporeal
composition (DURING 7, §—8):

The difference between sounds which proceeds from the means by
which percussions are executed depends then on the primary substance
of the corpus (td¢ np@d@TOG TOD CONATOC CLOTAGELS), that is, on those
elements according to which each thing is accounted to be rare or dense,
thin or thick, smooth or rough.

32 See Porphyry In Ptol. Harm. (DURING 53, 11— 14), who explains that distance, as it per-
tains to simple percussion, is a factor inseparable from force and hence has no bearing upon pitch
variation.

33 Cf. Porphyry In Ptol. Harm. (DURING 54, 15 -21).

34 Cf. Porphyry In Ptol. Harm. (DURING 54, 21 —26; 55, 20— 22). See SCHLESINGER (n. 28
above), 43 — 44.

35 At the same time the sounds are inversely proportionate to the speed of motion. Cf. Nico-
machus Harmonikon Enchiridion 4 (JAN 244, 6 — 11). See DORING (n. 25 above), 151 on 8, 17.
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Accordingly, Ptolemy argues that the corporeal material of 10 rAnTTonEVOV
ultimately determines not only the timbre of the sound produced, but the
pitch as well. Thus the substance of the item struck is referred by him to the
categories of quality and quantity alike3¢. For the material attributes of 16
nAnTToOnEvov are, he says, not only responsible for the characteristic sounds
(timbres) produced, as for example (DURING 7, 13): natayot xai dobnow xai
poval ®oi xAayyai xai popia 6ca towadta — but also for their inherent
pitch range. He thereupon explains (DURING 7, 29) that striking upon metal
produces a higher pitch than striking upon wood.

As we have seen, the material attributes which bear upon the pitch and
timbre of the sounds produced are recognized by Ptolemy to be density and
rarity, thickness and thinness, roughness and smoothness. Of these attributes,
roughness and smoothness are referred by him to the category, quality, inas-
much as their effect on the sounds produced is specifically qualitative and im-
material to pitch change (DURING 7, 17): 611 ®ai avTar modTNTEG Eiot
®upiwg. But since density and rarity, thickness and thinness, admit of quanti-
tative differences, and these differences have a direct bearing on the highness
or lowness of the sound, it is to these quantitative factors that pitch must be
referred (DURING 7, 22 —31)37:

For that which is denser contains a greater mass of substance distributed
within the same radius; and that which is thicker contains a greater
amount of the same material distributed over the same length. The more
compact and the thinner the item, the higher is the pitch produced; the
more rarified and the thicker the item, the lower is the pitch produced.
In other words, the higher is said to be such by virtue of its association
with the thinner item, just as the duller is associated with the thicker
item. For the thinner items produce a more concentrated percussion in
proportion to their ability to be penetrated more quickly; while the den-
ser items produce a more concentrated percussion in proportion to their
greater mass. For this reason bronze produces a higher pitch than wood;
and a lyre string produces a higher pitch than a thread, for the former
items are of a denser material.

In the foregoing passage, Ptolemy refers the pitch difference that obtains
between two objects to quantitative factors — greater and lesser density and
thickness — in the material of which those objects are composed. Thus, the
greater the density of the material, the higher is the pitch produced; on the
other hand, however, the greater the thickness of the material, the lower is the

36 Cf. Porphyry In Ptol. Harm. (DURING 44, 5 -9).
37 Thus Porphyry In Ptol. Harm. (DURING 44, 9-10): dfjlov obv ®¢ 1} Bapuing tdv
@BOYYWV ®ai /| 0EVTNG ig TV toocotta avayBioetal.
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pitch produced . In this analysis pitch is shown to be a function of factors
that inhere in the material properties of an object. Later in the chapter
(DURING 7, 30— 8, 8), Ptolemy shows that there is another respect in which
quantity affects pitch. As we shall see, this respect concerns not only the
nature of the material of which an object is composed, but also the size and
shape which that material assumes or is made to assume.

Before explaining how changes in the size and shape of an object may yield
variation in pitch, Ptolemy first considers the basic problem of inherent pitch,
i.e., that pitch produced on percussion of a single object without any altera-
tion in its size or shape. Such an object, Ptolemy argues, produces when
struck a single and undeviating pitch, which is itself a consequence of the con-
tinuous and unchanging compression and rarefaction generated in the sur-
rounding air by the percussion (DURING 8, 12— 14)3%, The inherent pitch of an
affected object is described by him accordingly (DURING 6, 24 —27):

The difference between sounds construed with respect to the composi-
tion of the object struck would be negligible (0086Awg) or at least im-
perceptible (o0x aicOnTi} ye) owing to the fact that the change in air mo-
tion remains constant in its progress to the ear.

By attributing the inherent pitch of an object to its material composition and
to the unchanging periodic motion produced in the air on its percussion, Pto-
lemy expresses what modern acousticians term free vibration. Thus, WooD*0:

Any source of sound if set into vibration and left to itself vibrates in its
own natural frequency, producing a note which gradually dies away as
the vibrations decrease, but remains constant in pitch [italics mine].

In order for an individual object to produce on percussion a change in its
natural pitch, it is required that some alteration be made in its corporeal com-
position. As Ptolemy explains it, a deviation in any one of the three factors

adduced by him will cause a consequent change in the sound (DURING 6,
22 -24)41:

38 MERSENNE (n. 2 above), Third Book of String Instruments, Ninth Rule, 178, demonstrated
this effect on pitch using strings of brass, gut, steel, gold and silver. Applying the same amount of
tension to strings of different density, he found that the string of less dense material (as, e.g.,
gold) produced a lower pitch than that of more dense material (as, e.g., steel). To bring such
strings into unison he computed the amount of tension that had to be exerted on the string of les-
ser density. The effect of thickness on pitch is explained by him in his Fifth Rule (177), in which
he computes the amount of tension required to bring strings of unequal thickness into unison.

39 On this physical definition of sound, see DURING (n. 25 above), 150151 on 8, 12. Cf. Ari-
stotle De an. 419b 21 - 27.

40 Woob (n. 2 above), 23.

41 See p. 214 above.
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For clearly, assuming other things to be equal, each of the aforesaid fac-
tors imparts its own peculiar property to the sensation, whenever and in
whatever respect it may deviate (6tav a0Td Sievéyxn ®ad’ dvtiva odv
TpOTOV).

Thus, he says, a deviation in force produces a change in loudness (DURING 7,
1 —-5); a deviation in distance, as in string length or air-column, produces a
change in pitch (DURING 8, 18ff.); and a deviation in the density or thickness
in the substance of 10 nAnttopnevov also produces a change in pitch (DURING
7, 5ff.). This latter type of change and its effect on pitch is described by
WooD in connection with the single bar of a xylophone4?:

The bars are made of hard wood, and are hit with hammers . . . If we les-
sen the stiffness we tend to slow the vibrations and flatten the pitch of
the note. On the other hand, if we thin the bar at its ends we reduce the
mass which the stiffness has to move, and so speed up the vibrations and
sharpen the pitch.

This same effect is described by Ptolemy with surpassing clarity (DURING), 7,
30-38, 8):

In the case of bronze items of similar and equal density, that which is
thinner produces the higher pitch; while in the case of strings of similar
density and equal length, the thinner produce the higher pitches; hollow
vessels produce higher pitches and, moreover, the denser and the thin-
ner the air channels, the higher are the pitches. Each of these instances
of higher pitch occurs not specifically because of the density and thin-
ness itself, but because of the elasticity (51 t0 eltovov), seeing that
items of such composition happen to be more elastic*>. And the more
elastic the item, the more agitated it becomes on percussion and this
produces a greater condensation and a higher pitch. Wherefore, if
something is otherwise more elastic, as, for example, if it be stiffer or
generally more (compact), it produces a higher pitch, since, inasmuch as
both attributes are able to produce a similar result [i. e., higher pitch],
an excess on either standard of proportion is the prevailing factor.

By referring the origin of sound to nAnyn in its active and passive aspects
and proceeding therefrom to an analysis of the properties of vibrating sy-
stems, Ptolemy accurately determined the principles underlying all vibration,
and therefore all sound — means of excitation (10 nAfittov), comprehending
striking, blowing and plucking, and motion of the affected object conditioned
by its material properties. His approach to the study of sound is one that is

42 WooD (n. 2 above), 148.
43 On the meaning of ebtovov, see DURING (n. 25 above), 150 on 8, 2.
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shared by modern theorists, who commence their analyses from an identical
point of departure®:

What kind of bodies vibrate? Let us start with solid matter and consider
first of all ‘three-dimensional’ objects, that is, objects in which no one
dimension is of a different order of magnitude from the others ... If
they are made of hard material — glass or steel — it is possible that a
note of specific pitch may be emitted if the object is struck with a ham-
mer; the characteristic ‘ring’ of an anvil is perhaps an example. The
notes of such objects are usually of relatively high pitch and, since it is

not easy to change either the shape or the state of stress, the pitch is
fixed.

Ptolemy’s recognition of the principal factors in the production of pitch
by percussion — 10 mAnttéuevov and its material properties — testifies not
only to his own insight into the nature of sound; it reveals also the fallacy un-
derlying the account in which Nicomachus describes the activities of Pythago-
ras in the smithy 5. From this initial fallacy there proceed the further absurdi-
ties in Nicomachus’s account. On one issue only is Nicomachus in agreement
with Ptolemy — the negligible effect on pitch produced by the factor force.
For he has Pythagoras reject force (Harmonikon Enchiridion 6; JAN 246,
11—18), presumably because it affects only the loudness of the sound (cf.
Harmonikon Enchiridion 4; JAN 243, 5—8). On the other hand, however,
that factor which scarcely enters into Ptolemy’s analysis of sound generation,
namely the agent of percussion or 1d nAfittov?’, becomes in Nicomachus’s
account the source from which Pythagoras derived the pertinent numerical
data. Thus the smith’s hammers or t& nAnittovta, whose function, as initia-
tors of sound, is purely trivial in percussion, are advanced by Nicomachus in
place of the anvil or t6 rAnttouevov, the actual source of the sound.

1II. tdoic

On the basis of the data obtained from the smith’s hammers, Pythagoras,
we are told by Nicomachus, devised the ingenious experiment on strings which
led him to postulate that the musical ratios were directly proportionate to the
weights of the hammers striking upon the anvil“®. The fact is, however, that

44 TAYLOR (n. 27 above), 8 —9.
45 See pp. 210— 212 above.

46 See pp. 214 above.

47 See p. 209f. above.

48 See p. 210 above.
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the experiment described by Nicomachus would not produce the results he ad-
duces, since strings stretched by weights in the proportions of 6:8:9:12 would
not yield the consonant intervals at all. Inasmuch, therefore, as Nicomachus’
account of this experiment with weighted strings was accepted without demur
by the numerous ancient authorities who transmitted it — whether verbatim
or with minor variations — down to the time of Boethius?, it is a safe infer-
ence that none of these writers attempted to reconstruct the experiment; had
they done so, they would have been unable to duplicate the findings reported
by Nicomachus30. For because the frequency of vibration productive of a
string’s pitch is directly proportional to the square root of the tension, the ten-
sion would have to be quadrupled (not doubled) in order to raise the pitch to
the higher octave note. Thus the fact that none of the writers who transmitted
the story of Pythagoras’s experiment with weighted strings expressed even a
modicum of skepticism at the results purportedly derived from it has led scho-
lars to conclude that the ancients were ignorant of the behavior of strings un-
der tension’'.

If, as Nicomachus has it, two strings are suspended by weights whose ra-
tios are 2: 1, they would be subjected to tensions in a double ratio. But the in-
terval yielded by their respective pitches would not only be less than an Oc-
tave, it would also be less than a Fifth and greater than a Fourth. Thus, if one
were to reconstruct the experiment described by Nicomachus, he would be
struck by the incompatibility between the intervals produced and the ratio of
the weights. It was not until the seventeenth century, however, that the factor,
tension, was shown, by MERSENNE, to be the source of this disparity. MER-
SENNE traced the disparity to the peculiar relation obtaining between tension

49 The account of lamblichus De vita Pyth. 115 — 120 (DEUBNER 66, 12— 69, 5) is taken verba-
tim from Nicomachus. An abridged version appears in lamblichus In Nic. Arithm. Intro.
171 - 176 (Pi1sTELLI 121, 15— 125, 13). Similar versions are given by Gaudentius Harmonike Isa-
goge 11 (JAN 340, 4 — 341, 25); Censorinus De Die Natali 10 (HuLtscH 17, 19 — 19, 2); Macrobius
Comm. in Somnium Scip. 2, 1, 8 — 14 (WILLIS 96, 16 — 97, 25); Fulgentius Mitologiae 3, 9 (HELM
75); Chalcidius Comm. in Platonis Tim. 45 (WASZINCK 93 — 94); Boethius De inst. mus. 1, 10— 11
(FRIEDLEIN 196 — 198). Cf. Plutarch De an. proc. in Tim. 1021a; Aristides Quintilianus De mus.
3, 1 (WINNINGTON-INGRAM 94, 11 —95, 7); Porphyry In Ptol. Harm. (DURING 119, 29~ 120, 7);
Isadore Etym. 3, 16, 1 (LiNDsAY); Hagiopolites (VINCENT, Notices, 266 — 268).

50 As numerous scholars have observed of this experiment, the ratio 6: 12 does not correctly
express the relation between a string’s pitch and the amount of tension required to produce the
higher octave note. See TH. H. MARTIN, Etudes sur le Timée de Platon, Paris 1841, vol. 1, 391;
A. E. CHAIGNET, Pythagore et la philosophie pythagoricienne, Paris 1873, vol. 2, 134; JAN (n. 4
above), 141; BURNET (n. 13 above), 106; B. L. vaN DER WAERDEN, Die Harmonielehre der Pytha-
goreer, Hermes 78, 1943, 179ff.; GUTHRIE (n. 7 above), 223 —224; BURKERT (n. 7 above),
375 - 376; CHERNISS (n. S above), 307, note b.

51 See BURKERT (n. 7 above), 376, note 24.
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and frequency, where the latter is the square root of the former32. This rela-
tion requires that the Octave be expressed by the ratio 4:1, the Fifth by 9:4,
the Fourth by 16:9. In order, therefore, to raise the pitch of a string to an Oc-
tave, the tension exerted upon it must be four times greater than that produc-
tive of the lower note; to produce a Fifth, the tension must be 2Y/4 times grea-
ter; to produce a Fourth, it must be 17/ times greater 53, Thus, the experiment
of Pythagoras, in which the tension is applied to four strings in the propor-
tions of 6:8:9:12, would produce a series of nondescript intervals.

In light of the unanimity with which the ancients accepted the results
derived from Pythagoras’s experiment with weighted strings, Ptolemy’s un-
equivocal rejection of these same results must be accounted as singular. No
less remarkable is the censure which he applies to those scholars who accepted
the results of such experiments (Harm. 1, 8; DURING 16, 33 -17, 2):

Representations of the aforesaid [sc. ratios] using auloi and syrinxes or
strings suspended by weights must be rejected. For such demonstrations
cannot attain to complete accuracy, but rather introduce grounds for in-
dicting the investigators (4AAd Stopoific pdaAilov EumolElv dpoppdg
TOLG TEWPWHEVOLG).

Ptolemy’s reasons for rejecting the wind instruments, auloi and syrinxes, as
proper vehicles for experimentation are the same as those lodged against
weighted strings — both methods introduce so many variables into the experi-
ments that accurate results cannot be expected 4.

Even though Ptolemy did take this strong exception to the experiment with
weighted strings as described by Nicomachus, and even though he was the
only ancient authority to have done so, his criticism is not considered by scho-
lars to reflect any advanced knowledge on his part respecting the behavior of
strings under tension. Rather, his rejection of this particular experiment is
judged important only as implying the priority of Nicomachus’ account33,
Setting aside the question of priority, however, there is noticeable in the lan-
guage which Ptolemy uses a vehemence that is disproportionate for the mere
expression of dissatisfaction with the experiment. For Ptolemy not only repu-
diates the findings adduced; he also directs his attack ad homines. That Ptole-
my would have expressed himself in this peremptory manner without good
and sufficient reasons seems unlikely. It will be argued here that lying behind

52 MERSENNE (n. 2 above), First Book of String Instruments, Prop. XVI, 59; Third Book of
String Instruments, Prop. VII, Sixth Rule, 177.
53 See WooD (n. 2 above), 91.

54 For experiments conducted by the Pythagoreans on wind instruments see Plutarch De an.

proc. in Tim. 1021a; Porphyry In Ptol. Harm. (DORING 119, 13ff.). Cf. Athenaeus 4, 184e.
55 Cf. BURKERT (n. 7 above), 376.
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the reasons he in fact offers was a greater knowledge of the problem than has
hitherto been attributed to him.

Of the various extant accounts of Pythagoras’ experiment with weighted
strings, only two can be placed in the second century A. D., the period of Pto-
lemy’s activities — those of Adrastus the Peripatetic apud Theon of Smyrna
(HILLER 57, 1-4; ¢f. 60, 7—8; 66, 22— 23) and of Nicomachus Harmonikon
Enchiridion 6 (JAN 245, 21 — 248, 26). To these accounts should be added the
comments of Theon on the factor tension (HILLER 65, 10— 24). Since other
versions now lost may have been current at the time of Ptolemy and hence
known to him, it is possible also that his polemic was directed against them.
As matters stand, however, the only available evidence against which Ptole-
my’s arguments may be weighed is that provided by Adrastus and Nicoma-
chus, other accounts coming from later than Ptolemy’s era ¢,

Adrastus omits the story of Pythagoras’s observations in the smithy, refer-
ring only to Pythagoras’s »rather well-known experiment with weighted
strings« (HILLER 57, 4): yvopiudtepov ratd v EEdptnov 1dv Bapdv.
Apart from this reference, Adrastus offers no details about the manner in
which the experiment was conducted, remarking only that tension was intro-
duced, as it was in the case of an experiment in which tuning pegs were used
(HILLER 57, 2-3): tfi¢ TAO0EW®G YIVOLEVNG KOTA THV GTPOPTV TOV KOAAA-
Bwv3’. This leaves Nicomachus’ detailed account as a likely source of infor-
mation for Ptolemy. In fact, the various points of contact between Nicoma-
chus’s account and Ptolemy’s criticism suggest very strongly that Nicomachus
may indeed have provided Ptolemy with the basis on which to frame his
argument.

In the passage cited above (pp. 210), Nicomachus described in detail the ex-
periment of Pythagoras in which four weighted strings were suspended from a
single stake. The purpose of this single stake was, he explained, to provide
against the introduction of variables which would derive from the use of mul-
tiple stakes (JAN 246, 23 —247, 1): iva uf ®dx tovtov da@opd Tig ITOPQI-
wntat fj 6Awg brovoiital Tacodiwy iStaloviwy tapariayr. Accordingly, a
single stake was implanted in the walls%8, from it the four strings were sus-
pended each by each (éxdotnv €9’ £éxdotng), and a weight was attached to
the free-hanging end of each string. Evidently, Nicomachus was under the im-
pression that the behavior of the strings thus weighted would have been in-

56 See note 49 above.

57 Such an experiment is mentioned also by Nicomachus Harmonikon Enchiridion 6 (JAN
248, 10— 13).

58 The stake was presumably implanted into the opposite angles formed by the four walls,
thus occupying the position of an hypotenuse. Accordingly, M. MEIBOM, Antiquae Musicae Auc-
tores Septem, Amsterdam 1652, Notae ad Nic., 47; Ab uno angulo transversum ad alium. Cf.
Aristides Quintilianus De mus. 3, 3 (WINNINGTON-INGRAM 99, 1 — 7).



The Harmonika of Klaudios Ptolemaios 223

fluenced variably if suspended from multiple stakes. Therefore, a single stake,
by ruling out this variability, would guarantee the validity of the final results.
The fact is, however, that the single stake neither provides against variables
nor influences the behavior of the strings at all. It merely affords a rigid sup-
port for the strings. In order properly to conduct such an experiment, the re-
searcher must focus upon the strings themselves and not upon the stake, for it
is exclusively from the weighted strings that the results must be ultimately de-
rived. Significantly, Ptolemy commences his critique by arguing this very
point; moreover, his statement to this effect appears to address the text of Ni-
comachus (DURING 17, 7 - 12):

In the case of the experiment in which weights are attached to strings,
there is no way at all to maintain the strings in a relation to one another
in which there are no variables (u)} diao@lopévov dnapaildxtwy
aAARA g Tavidanoot Tdv xopddv); when indeed the task is to discover
how each individual string behaves by itself (dndte nai npdg adthv
g¢ndomv obtwg Exovoav gbpeiv Epyov). Nor will it be possible any
longer for the ratio of the weights to harmonize with the sounds pro-
duced by the strings (oOxéT1 duvatov Eotal ToLg TV Bapdv Adyoug
¢pappooat Toig yivopévolg 8’ adt®v yéeoig) even by having denser
and thinner strings under the same tensions produce higher sounds.

The beginning of Ptolemy’s statement above apparently has reference to
the claim of Nicomachus that the use of a single stake in the experiment results
in the elimination of variables. Ptolemy points out that no such result is
achieved. For the fact is that when strings are stretched perpendicularly by
weights, as Nicomachus described, their reaction is not a function of the sup-
port from which they are suspended but, rather, of the weights by which they
are stretched. And since the diverse weights affect each string in a different
way, the experiment is influenced at the very outset by the introduction of va-
riables. These variables account for the inconsistency between the intervals
produced by the strings and the ratio of the weights. In order to isolate the
factor responsible for this inconsistency, it is necessary, according to Ptolemy,
to study the behavior of each individual string. Testing whether the inconsist-
ency could be due to the dimensions of the strings, Ptolemy first varied the
thickness and density of the strings under the same tensions and found that
the inconsistency persisted. Ptolemy therefore concluded that the pitches pro-
duced must be referred to some factor other than the dimensions of the
strings. In discrediting the experiment with weighted strings by showing that
variables are indeed introduced, Ptolemy was in effect countering Nicoma-
chus’s claim concerning the elimination of napailayn with his own py ...
araparddxtov, while at the same time treating Nicomachus’s subordination
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of each individual string (xdotv £¢’ £éxdotng) to the domination of the
supporting stake as wholly inappropriate (éxactiv ... edpeiv Epyov). These
correspondences in language between Ptolemy’s argument and the text of Ni-
comachus seem too pointed to be fortuitous.

Ptolemy next appears to address himself to Nicomachus’s stipulations
concerning the lengths of the strings used by Pythagoras. While Nicomachus
asserts that the lengths were identical, it is hard to determine from his account
whether they were equal before or after the application of the weights (JAN
247, 1-7):

[From the stake] he suspended four strings of the same material, made
of an equal number of strands, equal in thickness and of the same tor-
sion. He hung them up each by each in succession, having attached a
weight to the bottom end of each. And having contrived that the lengths
of the strings were in every respect absolutely equal, he thereupon
plucked simultaneously two strings in alternation and found the afore-
mentioned consonances.

Nicomachus appears to be saying that the four free-hanging strings, each
weighted by a different unit of measure, were somehow equalized in length
after the attachment of the weights. It is possible, however, that Nicomachus
means that the strings were to be equal in length before the attachment of the
weights — the order of the steps in his account being non-significant. In this
case, however, the problem arises that four strings of equal length would,
when submitted to four different weights, be stretched to four different
lengths*®. If, on the other hand, Nicomachus indeed meant that the strings
turned out to be equal in length after the attachment of the weights, this
would require that they were initially unequal in length and, moreover, that
their inequalities were in the correct proportions so as to allow for their all
being pulled by the different weights to the same length. It is unlikely, how-
ever, that Pythagoras had determined the lengths of string required for this re-
sult before commencing the experiment. For in order to do this he would have
had to know those facts which could only have been derived from the experi-
ment itself. In any case, Ptolemy’s critique makes it evident that the experi-
ment was to have commenced with strings of equal length (DURING 17,
12-16):

Even if one were to assume a priori that this were possible and, further,
that the lengths of the strings were equal, the heavier the weight, the
more will it increase the extension of the string attached to it owing to

59 The elongation would be proportional to the downward force exerted by the weight, ac-
cording to Hooke’s Law, for which see M. Y. CoLBY, Sound Waves and Acoustics, New York
1934, 60— 62.
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the greater tension (ti) mAgiov Tdoel); and the more dense will it make
the string (muxvwoel pdAiov). The result of this experiment therefore is
that the rise in the sounds turns out to be inconsistent with the ratio of
the weights (mapa TOv Aoyov T@V Bapdv).

This statement, by assuming that the strings were of equal length before
the application of the weights, is highly useful for the interpretation of Nico-
machus’s text. Of more significance, however, is the basis upon which it re-
futes the claims made by Nicomachus. For to argue, as Ptolemy does, that
strings of equal length cannot remain equal after the attachment of the
weights, is to challenge Nicomachus’s representation of the experiment at its
outset. And to assert, as Ptolemy does, that the pitches produced by such
weighted strings do not harmonize with the ratio of the weights is to repudiate
the final results of the experiment. The burden of Ptolemy’s argument then
was to substantiate this proposition, namely, that the ratio of the weights does
not accurately express the intervals produced by the strings (DURING 17,
9-11).

The inconsistency noted by Ptolemy between the ratios of the weights
(6:8:9:12) and the intervals produced by the four strings derives from Nico-
machus’s assumption that the musical ratios which are embodied in the weights
are necessarily parallelled by the tensions on the strings. In reality, of course,
these ratios express string length proportions, not tension®. The assumption
is evident in the following passage, where Nicomachus says (JAN 247, 7—-9):
»He [sc. Pythagoras] found that the string stretched (tewvopévnv) by the
greatest weight produced, when compared with that stretched by the smallest,
an Octave.« On the basis that the heaviest weight exerted a tension on the
string equivalent to the unit of weight (12), thereby producing the highest
note, the largest number in the series is assigned to the higher note of the Oc-
tave, Nete, the smallest number assigned to the lower note, Hypate (JAN 248,
19 —23). This is in effect to assume that the rise in pitch is consistent with the
ratio of the weights and the ratio of the weights is in direct proportion to the
tension on the strings. Therefore the ratios 6:8:9:12 are determined by Nico-
machus to represent the tension required to produce the rise in pitch from Hy-
pate through the consonances, Mese and Paramese, culminating in Nete!.

A similarly misleading assumption is made by Theon who, in rationalizing
these numerical assignments in which the larger number is allotted to the
higher note, evidently intuited that a difference obtains between the ratio of
the weights and the force of the tension. But by arguing that this difference
was somehow mutually compensatory, he convinces himself that the final re-

60 See p. 208 above.
61 See p. 210 above.
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sults of the experiment with weighted strings are consistent with those derived
from experiments based upon string length dimensions (HILLER 65, 10— 24):

He [sc. Plato] says that it is proper to assign the larger numbers to the
lower notes even though this appears not to accord with certain cases in-
volving tension, as, for example, when tension is introduced by the sus-
pension of weights. For when two strings are equal in length and thick-
ness and are alike in other respects as well, the greater weight will pro-
duce a higher note because of the greater tension. For since the greater
weight produces a greater tension, it adds extrinsically a greater force to
the higher note, which note embodies a force peculiar to itself that is less
than the weight. Conversely, it is clear that a lower note, by possessing a
force peculiar to itself that is greater than the weight, suffices to pre-
serve the proper harmonia and consonance. So that the larger number
must be assigned to the greater force. And there is agreement between
these and other factors.

Theon here apparently means that the two weighted strings produced an
Octave (dppovia) in a double ratio (¢f. HILLER 58, 3 —4), the higher note of
which he refers to the heavier weight%2. He then proceeds to argue that an in-
crease in the other factors — length and thickness (HILLER 65, 4 — 66, 5) —
produces a result that is the reciprocal of that induced by tension. Accordingly,
he says that the assignment of the larger number to the higher note must be
based upon the added force exerted by tension to the intrinsic force of the
higher pitch, while the assignment of the larger number to the lower note is
based upon the concomitantly greater intrinsic force of the lower pitch over
the increase in length and thickness. The illogicality of Theon’s argument de-
rives from his according to pitch an intrinsic force (tfv idiav ioybOv), which he
treats as independent of the factors producing it.

Theon’s tortuous attempt to provide a theoretical basis for numerical as-
signments derived from tension proceeds on the implicit acceptance of the ex-
periment with weighted strings. And it is evidently against construals of this
sort that Ptolemy levelled the charge of StapoAr (DURING 17, 2). For by so ex-
pressing himself, Ptolemy was in effect taxing the experimenters with a total
disregard for scientific procedures, the primary task of which was to provide
against the introduction of uncontrolled variables (DURING 17, 19-20):
£pydoug dvtog ndvyu tob TpEly ... drapaiiatiav. Thus he argued that
there was no way in which strings of equal length and density could be made

62 According to Nicomachus Harmonikon Enchiridion 9 (JAN 252, 5-6) dpupovia was the
Pythagorean term for Octave (10 8id nac®v). Cf. Philolaus Vors. 44 B 6 (D1eLs-KRANZ 409, 10)
= Nicomachus Harmonikon Enchiridion 9 (JaN 252, 17 - 18).
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to remain identical in these respects once the different weights were attached
to them. For in every case these dimensions were increased as the weights be-
came heavier (DURING 17, 13— 15). Therefore, although the difference in
weights played a role in producing the pitch variation, that difference, in view
of the inconsistency between the weight ratios and the pitch intervals, could
not be the determining factor. For the ultimate and real cause of the inconsist-
ency was that the tension exerted on the strings by the weights in these ratios
was insufficient to produce the postulated intervals. Faced with this inconsist-
ency, which he attributed to the as yet undetermined properties of tension,
Ptolemy advocated the use of the Canon®? in preference to experiments with
weighted strings (DURING 17, 20— 24):

A string stretched over a so-called canon will demonstrate to us more ac-
curately and with greater accessibility the ratios of the consonances, not
by admitting tension on a random basis (00 ufv G¢ ETvxe Aapoboa THv
tdaowv) but first by providing through preliminary tests against the ano-
maly that would result from the preparation of the experiment.

The inference from this statement is that Ptolemy conducted the experiment
with weighted strings and was unable to duplicate the findings advanced by
Nicomachus; that in place of the expected consonances asserted by Nicoma-
chus, he found an dvopoiia.

The consonances which Ptolemy expected to be produced by the weighted
strings are described thus by him in Harm. 1, 7 (DURING 15, 26 - 16, 6):

Of the homophones %, the fairest and the most unified is the Octave; so
that with this homophone the double ratio is in harmony (¢pappdleiv)
... After the homophones, the first consonances which most nearly di-
vide the Octave in two are the Fifth and the Fourth; so that the Fifth is
assumed by the hemiole and the Fourth by the epitrite.

Ptolemy then proceeded to carry out the experiment in accordance with the
dictates of Nicomachus®. He suspended four strings of identical length,
thickness and density. (These strings, were they to be held stationary at both
ends, would produce unisons or icdtovour)%. To these free-hanging strings he

63 See note 12 above.

64 Homophones are defined by Ptolemy Harm. 1, 7 (DURING 15, 10— 12) as intervals which
when sounded simultaneously create in the ear the impression of one note. Such intervals are Oc-
taves and combinations of Octaves (®¢ oi 3id nac®v xai oi & abTdv cuvTiBépevor).

65 See pp. 222 —223 above.

66 fsotones are defined by Ptolemy Harm. 1, 4 (DURING 10, 1 —2) as sounds »which are in-
distinguishable in pitch« from one another.

15*
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attached weights in amounts analogous to the musical ratios. When plucked
each string indeed produced a pitch which rose in proportion as the weights
increased. But the rise in pitch was, as Ptolemy observed, »inconsistent with
the ratios of the weights« (DURING 17, 15 — 16). Thus while there was a rise in
pitch (8v toig yoépoig repoyv) from string to string, it was not sufficient to
produce the Octave, Fifth and Fourth prescribed by these ratios. Since the in-
tervals thus produced were anomalous (DURING 17, 24), Ptolemy evidently
employed strings of different thickness and material (density) in an attempt to
correct this deficiency. As expected, the thinner and the denser the strings, the
higher were the pitches produced®’. But varying these factors did not elimi-
nate the anomaly. For submitting the strings to the same tensions (i.e.,
weights) as before, Ptolemy found the same anomalous intervals occurring,
only at a higher pitch register. Thus he concluded that no accord was possible
between the intervals produced and the ratios of the weights even when the
pitch range was heightened by the use of thinner and denser strings (DURING
17, 11-12): 1d %ol ruxvotépag rai Aentotépag &v Taig adtaic Taoecw
o&utépoug @BSGyyYoug mowiv. Having eliminated the factors, thickness and
density, as responsible for the deviant results, Ptolemy reached a critical stage
in the experiment. For the only recourse left to him was alteration of the
tension exerted by the weights. But this would have required him to depart
from the prescribed ratios. Since, however, he had already observed that the
weights as prescribed increased the lengths and density of the strings (DURING
17, 13 —15), it is a fair assumption that he saw the solution as implicit in the
relationship between the weights and the pitches. Thus the problem became
for him how to determine what increase of tension and consequent elongation
of the strings had to be applied in order to raise the pitches to the required
height. Having arrived at this stage in the experiment, Ptolemy was on the
brink of discovering the true proportions between tension and pitch variation.

The problem facing Ptolemy was the obverse of that dealt with by MER-
SENNE. For while Ptolemy commenced the experiment with strings of equal
length (thus with potential unisons) which he sought to convert into conso-
nances by using weights in the musical ratios, MERSENNE commenced the
experiment with strings whose lengths differed in proportion to the musical
ratios (thus with potential consonances) which he sought to convert into
unisons. Thus the problem for Ptolemy consisted in determining what weights
were necessary to make strings of equal length be at the different tensions
required for the production of the consonances. For MERSENNE »the difficulty
consists simply in knowing what weight is necessary to make the double string
be at a tension equal to that of half the length « %8, In other words, MERSENNE’s

67 See pp. 215 -218 above.
68 MERSENNE (n. 2 above), First Book of String Instruments, Prop. XVI, 59.
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task was to raise the pitch of the longer string an Octave in order to produce a
unison with the shorter string. He discovered that a fourfold weight was
necessary to put the string of double length (productive of the lower octave

note) in unison with the shorter string (productive of the higher octave note).
He thus concluded %°:

When, first of all, the strings are double in length, the force or weight
which draws the double string tight must be four times the weight which
draws the half length tight, when one wishes to put them in unison; and
if the string were quadrupled in length, there would be necessary a
weight sixteen times the size, that is to say, which would weigh sixteen
times as much as that which tightens the string one-fourth the length.
Thus the length follows the single ratio of lines and of the roots, and the
size of the weights follows the double ratio of planes or squares.

Despite the differences in their approaches, the issue for both Ptolemy and
MERSENNE was the same: how to raise the pitch of a string an Octave. For to
convert an Octave into a unison, as with MERSENNE, and to convert a unison
into an Octave, as with Ptolemy, the same solution obtained: the pitch of one
string had to be raised an Octave by a requisite increase in the tension0.
Whether Ptolemy in fact produced the desired results must remain an open
question. The fact that he had isolated the problem, however, places him at
the very threshold of discovery’!.

New York FLORA R. LEVIN

69 Loc. cit.

70 See MERSENNE (n. 2 above), Third Book of String Instruments, Prop. VII, First Rule, 176,
which pertains to the experiment as conducted by Ptolemy with strings of equal length and thick-
ness.

7! References are made to the following texts: L. DEUBNER, Iamblichi De Vita Pythagorica Li-
ber, Leipzig 1937; H. DiELs and W. KraNz, Die Fragmente der Vorsokratiker 12, Dublin/Ziirich
1966; 1. DURING, Die Harmonielehre des Klaudios Ptolemaios, Géteborg 1930; I. DURING, Por-
phyrios Kommentar zur Harmonielehre des Ptolemaios, Géteborg 1932; G. FRIEDLEIN, Anicii
Manlii Torquati Severini Boetii De Institutione Musica, Leipzig 1867; R. HELM, Fulgentii Mito-
logiarum Libri Tres, Leipzig 1898; E. HILLER, Theonis Smyrnaei Expositio rerum mathematica-
rum ad legendum Platonem utilium, Leipzig 1878; FrR. HuLTSCH, Censorini De Die Natali Liber,
Leipzig 1867; G. H. JONKER, The Harmonics of Manuel Bryennius, Groningen 1970; H. PISTEL-
L1, lamblichi In Nicomachi Arithmeticam Introductionem Liber, Leipzig 1894; A. J. H. VINCENT,
Notices et extraits des manuscrits de la bibliothéque du Roi et autres bibliothéques, vol. XVI,
part 2, Paris 1847; J. H. WasziNnk, Chalcidii Commentarii in Platonis Timaeum, London and
Leiden 1962; J. WiLLis, Macrobii Commentarii in Somnium Scipionis, Leipzig 1963; R. P.
WINNINGTON-INGRAM, Aristidis Quintiliani De Musica, Leipzig 1963; W. M. LINDsAY, Isidori Hi-
spalensis Episcopi Etymologiarum sive Originum Libri XX, Oxford 1911.
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