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The (Neo-)Pythagorean arithmetic tradition represents an important inteliectual
current, characterised by an approach to the construction of arithmetic, alterna-
five to that of the Euclidean Elements. We take this tradition fo embrace the
following pieces of arithmetic theory:
I- The theory of even and odd numbers;
II- The theory of perfect numbers;
IH- The theory of numerical ratios;
IV- The theory of figured numbers and
V- The theory of means.

For the later three pieces, there are no analogues in Euclid’s Elements.
However, some pieces of the theory of polygonal numbers is found in
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Diophantus’ treatise On Polygonal Numbers, which follows the style of the
Euclidean tradition.

Our main sources for the Neo-Pythagorean arithmetic are:
- The Introduction to Arithmetic by Nicomachus of Gerasa (2"CI century AD).
- The Exposition of Useful Mathematical Knowledge for the Reading of Platg
by Theon of Smyrna (2™ century AD);
- lamblichus® Commentary on Nicomachus' ‘Introduction to Arithmetic’ (4t
century AD), which follows the order and the content of Nicomachus treatise,
but at times omits something' or adds new material: ‘
- The Manual of Arithmetic Introduction by Domninos of Larissa (5° century
AD);
- The Commentary on Nicomachus' ‘Introduction to Arithmetic’ by Ascleping
of Tralles;
- The Commentary on Nicomachus® ‘Introduction to Arithmetic’ by loannes
Philoponus (5™-6" century AD).
The later two are in the form of scholia to the text of Nicomachus.

The style of arithmetic in the treatises the Neo-Pythagorean authors is
strikingly different from that of the Elements. Namely, it is characterised by
the absence of proof in the Euclidean sense and a specific genetic approach to
the construction of arithmetic that we are going to describe in our paper. Lack
of mathematical sophistication has led certain historians to consider this type
of mathematics as a feature of decadence of mathematics in this period
[Tannery 1887, 11-12; Heath 1921 I, 97-99].° The alleged absence of original-
ity in these works has also given grounds to believe that “the arithmetic
presented in these works derives substantially from an ancient, primitive stage
of Pythagorean arithmetic” and to use them as “an index of the character of
arithmetic science in the 5 century” [Knorr 1975, 132].

In this paper, we take Nicomachus’ Infroduction to Arithmetic for point of
departure, because it is the richest and most well organised treatise represent-
ing this tradition [Vitrac 1994, II, 474-475]. However, we also take ©
account the works of other Neo-Pythagorean authors. We are going to :

; E.g. the topics in Nicomachus Introductionis Arithmeticae 1.vi and Il.v, Hoche.

" E.g the ‘bloom’ of Thymarithas.

° The idea of the necessary decline of Greek mathematics in view of their int 1
limitations that was reigning since the works of Zeuthen (1896) and Tannery 38
chalienged by Bashmakova [1961] and Stein [1990, 182-197).
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that the Neo-Pythagorean arithmetic might have been developed in a natural,
self-contained manner as a simple theory of counting over a domain of
concrete initial objects, designated by fixed signs. This approach can be com-
fortably realised without appealing to assumptions of axiomatic character, but
relying upon some ‘genetic’ constructions intented to be carried out by means
of the designated entities.

1- SEMIOTICS

Nicomachus’ concept of number in the context of ancient semanfic traditions

Nicomachus gives in his Infroduction to Arithmetic a general semiotic scheme
for the symbolic representation of numbers. He notes that the designation of
numbers by means of letters is conventional (voued), not natural (oU guoa
orpovTidy gotl ToU aplucl). The natural semeiosis (puot) onueicoor) of
numbers is by means of the representation of the units composing a number,
one beside the other.

First, however, we must recognise that each letter by which we designate a
number, such as iota, the sign for 10, kappa for 20, and omega for 800, signifies
that number by man’s convention and agreement, not by nafure. On the other
hand, the natural, unartificial, and therefore simplest designation of numbers
would be the setting forth one beside the other of the units contained in each.*

The concepts of convention (véupos) and nature (@Uois) go back to the pre-
Socratics (Pythagoras, Democritus) and the Sophists. For the later, the distinc-
tion between convention and nature was a central element in their philosophy.
Proclus ascribes to Democritus the view that the relation between names and
things named is conventional, rather than natural. He supposed to have set
forth four arguments, called polysemy (Tohionuov), equipolience (iodppoTov),

¢ Nicomachus, Introductionis Arithmeticae, H. vi, 2, Hoche ; D*Ooge, 1926, 832.

We follow D’Qoge’s translation except the instances otherwise stated. Here our translation
diverges from that of D*Qoge in two main points: we render the term “onueicoos” by
designation, whereas the term “cnuavTov™ by the rather neutral term signifying. By the
operation of onueicacis a sign {onusicw) is assigned to a number; this sign signifies
conventionally that number.

We also suggest another translation of the last paragraph of this passage, to avoid D*Ooge’s
tendering of povas pév @ by “the number 17, since the monad was not considered as

fumber by the Greeks.
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mefonymy (UETcowpow), and anonymy (Gueowaiov), respectively, in support of
his viewpoint. Namely the occurrence of homonyms for different things, o
existence of synonyms for one and the same thing, the possibility of renc.. g
the same thing, and the occurrence of irregularities in the words-forma
Pythagoras reportedly holds that the assignment of names to things is nc -
arbitrary operation, but is imposed upon things by some kind of na 2t
adequacy between the names and the things, so that “the name-giver can [y
be a man who contemplates the mind and the nature of being™.’ Pythage >
views are the earliest reported in favour of a particular semantic t} y
lamblichus ascribes also to Pythagoras “the symbolic and detached u
mathematical words” (Thv cuuBoliknv kai amefeveopévny Xptiow - 3y
nabnuaTikédv AéGecov)® and considers that he was the first who triedtoa |y
the naturalistic semantic viewpoint to mathematics.

The original Pythagorean ‘naturalistic’ viewpoint seems to be shar. Y
lamblichus, who accuses Philolaus for having adopted the ‘conventiona™ ¢’
viewpoint that was not shared by Pythagoras himself.” If his report is true.
have to allow certain divergence of the Neo-Pythagoreans from Pythag .as
himself as it concerns matters of semantics.

The opposition of the ‘naturalistic’ and the ‘conventionalistic’ viewpaints
is the point of departure in Plato’ Cratylus, where the ‘conventional” 'z’
semantic viewpoint is attributed to Hermogenes, while the “naturalistic’ or is
supported by Cratylus.® Therefore, it seems that Nicomachus’ conventiona 'sm
has its roots in the semantic tradition of the 5% century, yet most probzbly
cannot be reduced directly to Pythagoras himself. Tt should be noted af
historians of mathematics up to-date have neglected this relation of arithm - ic
to semantics.’

Analysis of the Nicomachean semiotic scheme for number

One can distinguish the following aspects of the Nicomachean serr
scheme:

5
Proclus, fn Platonis Cratylum commentaria, 16, p- 5,25, Pasquali.

lamblichus, De communi mathematica scientia, 67, 16, Festa

Id., In Nicomachi Arithmeticum introductionem, 19, 24, Pistelli.

Cf. Aristotle De Interpretatione.

) See, for instance, D’Ooge’s treatment of number in Nicomachus, where this relz™
15 completely overlooked [D*Ooge 1926, 111-123]. )

- h

r
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First, the description of a generating process, the setting forth one alpha beside
the other (TTapdAAnAos &kBecis). Thus, the unit is the setting forth of one
alpha; the number two is the setting forth of two alphas one beside the other;
the number three is the setting forth of three alphas one beside the other, and
so forth (see the next section). Asclepius of Thralles explains us that by
mapdhAnics EkBeots is not meant the representation in a straight line, but the
arrangement of units one beside the other.

Second, the description of a process of designating the objects counted.
This process of transformation of some initial collection of objects to a
schematic pattern, in principle, cannot be free from acts of arbitrary choice. In
this sense, Philolaus and Nicomachus are right to support the conventionalistic
viewpoint, in contrast to Pythagoras. The essential point lies in the organiza-
tion of the designata into readily identifiable wholes, so that when one is faced
with a pattern of alphas to be able to recognize one of the defined patterns and
assoctate it with the appropriate number. It should be noted, however, that
there is no pattern available to express the idea of “any number”.

Third, the patterns defined to represent numbers should have internail
associations, namely to be clear how it is possible to pass from one pattern to
the next one by performing a certain operation. This entails that each pattern
should be contained in its successor.

The unit (povds) in the Pythagorean arithmetical fradition is a “minimal
entity”"', “indivisible by nature”'? and serves as the “natural beginning of
numbers™' that is, it precedes the concept of number. It is “potentially all the
numbers”.'*

Number in Nicomachus possesses internal structure {oxifjua - ‘arrange-
ment’). It is a (finite) ‘suite’ (or a schematic pattern) of signs, unbounded in
the direction of increase and bounded below by the monas in the direction of
decrease. In Theon’s words, “a number is a collection of units, or a progression
(rpomroBicuds) of multitude beginning from a unit and a retrogression

10 Asclepius of Thralles, Commentary to Nicomachus® “Introduction to Arithmetic’, 11,
€ 1-5, Taran.
lamblichus, In Nicomachi Arithmeticum introductionem, 11,1, Pistelli.
2 Nicomachus, {nfroductionis Arithmeticae. I, viii, 4, Hoche.
:j Ibid., 1, viii, 2, Hoche.
Ibid., 1, xvi, 3, Hoche.
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(dvcxﬁo&oubg) ceasing at a unit” * Nicomachus describes number as “a Swe
of quantity made up of units” {(TTocdTrTos XUna ¢k Hovadcov Ouykelpeve )
All these descriptions Suggest an internal ‘directional’ order structure for e
notion of number.

Iamblichus writes that the notion of number as ‘collection of u >
{ovdBeov aloma) goes back to Thales who follows the Egyptian pattern'® on
this point, whereas the notion of number as ‘definite multitude’ (n)\ﬁ%c;
WPICUEVOY) was introduced by Eudoxus. Nevertheless, the characterisation of
number by means of such terms like ‘limit’ (repas) or “limiting quantity’
(mepaiveuca: TroodTns) — the later is ascribed by lamblichus to Thymarithas'” .
seems fo tally with the Pythagorean philosophical tradition of the 5% century,
particularly, Philolaus’ doctrine of the Limit and the Unlimited (Trepaivovta).

Further, the finite sequence of such simple suites can be constructed, i.e,
the sequence of the so cajled “properly ordered” (erTaxTous) numbers
a.B,y:8 €5, m, 6,1, 1B, 1y, 1B, 1e
that is the sequence (which we denote by natural numbers in italic)
1,2,3,4,5,6,7,8, 9,10, 11, 12, 13, 14, 15,
which is called the natural suire (& PuowSs oTixos) by Nicomachus'® and serves
45 pattern exemplifying the mode of construction of the kind of number
considered in each case. Although this concept is introduced in Book 11,
Nicomachus makes use of it already in Book I. The natural suite should no: he
confused with the natural series. In Nicomachus, it is a finite constructic 1al
element. The concept of the natural suite is intrinsically connected with e
notion of “properly order” In Nicomachus, the natural suite js always a suite of
“properly ordered” numbers, that is it embodies the specific regularity or nule
according to which it is constructed.

- Theon, Expositio rerum mathematicarum ad legendum Platonem ufitivm, 1, iii, t-3.
Hiller ; Dupuis 1966, 28-29.
See also [Herodotus, Historiae, [, 36, 1.18-20, Hude}].
lamblichus, Jn Nicomachi Arithmeticum introductionem, L1, xi, Pistelti.
Nicomachus, fntroductionis Arithmeticae, 11, viii, 3, Hoche.
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Number and iteration

The iterative operation of generation of successive numbers Es dgscn’be;lﬁha}s
sadvance by a unit” (kord powdda pfiPatay, £m & poxwopa),  etc. This
operation is illustrated: . ‘
- by the attachment of the sign « in a suite, or _

by the application of a specific schematic pattern (i.e. the gnomon).

The operation of attachment (or removal) of a sign is illustrated in the
well-known fragment of Epicharmus, cited by many historians [Becl.ier 1936,
Knorr 1975] as an early evidence for the pebbles-representation technique.

If to an odd number or to an even,

you would like to add a pebble or to remove it,
do you think that it will remain the same?

In no case!™

The “gnomon™ on the other hand, has a similar ﬁ'mction. in the 't'hec?ry (?f
figured numbers. The basic property of the gnomon is that _1ts application 151
closed with respect to the kind of figured number (the kind o.f pol-yf,:onrf\
number). This property is clearly stated, for instance, l?y lamblichus: “It is
called gnomon the augmentative [because] \zflhen added it prese-rves the samfi
kind of each of the polygonal [numbers]™.” Most of t!le -avallab[e ggnera
definitions of gnomon are based on the property of similarity of the wholes
after and before its placement.”

IS’Nioomachus, Introductionis Arithmeticae, 1, vii, 3, Hoche ; D’Ooge, 1926, 833.

2 b icharmus, A2, ] _

! gﬁﬁfﬁiﬁiﬁ;iﬁcﬁa&i Arithmeticum introductiore, m 58., 19-21, Plstell15.8 Crv

2 gor instance, in Aristotle Categories C, 14, }5 azt9-33,,or in I—Feronllﬁ)ef, ,ﬁnd ;;
225, Heiberg. An exception is the gnomon passage in Aristotle’s Physics, w ere “}e ind
use ’of gnomon not based on this property. Namely, the case oflthe construct;lorll;mo o ]g
numbers when the gnomons which generate them are always different [Hcat s bé
An account of the different interprctalic;;; éhzil4r21a;:5t]reen suggested for this passage can

i i s’ Aristotle , 542- .

’?hl::)c:x g;;;nﬁ?ﬁigoﬁ)ﬁls’?lgilm‘l‘gr[lomomc numbers” (yvcouowkols dapifuois) all the
successive numbers (differences) that generate triangular, square or Polygonal---nu;??fm:
[Theon, FExpositio rerum mathematicarum ad legendum Platonem utilium, 1, xxiii, Hiller ;

Dupuis 1966, 62-65].
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Iterative process and the finite

The idea of iteration entails the possibility of unlimited continuation of the
process of addition by a unit. In Theon, we find the iterative operati ' of
adding by a unit in a context vividly expressing the endless character of g
process : “The unit can increase by addition up to the infinite”.” In the « ye
fashion, Nicomachus states that “unity is the beginning cof all number .
advances unit by unit in one direction™.* Further Nicomachus stafes tha '
multitude never ceases to advance™ and lamblichus that “the multitude cap
increase to the infinite”.?® Proclus, in the second chapter of his first Prol
where he considers the Limit and the Unlimited as common ontoly;, -]
principles of mathematics states that although number can increase ad
infinitum (E &mapov, péxpls amepou), any given number is finite : “nurmr war,
beginning from the unit, can increase without limit, yet any number
[individually] is finite” ”

Thus, the property of unlimited continuability of the process of increas y
a unit is applied to number or to multitude (WATBcs). However, any _i :n
number is taken always to be ‘finite’ or ‘definite’ whereas multitude is
‘infinite’ or ‘indefinite’ in its nature and is associated by the Pythagorean
authors with the medium of the discrete (7O Smprevov).

The doctrine of the Limit and the Unlimited, to which Proclus and  er
Pythagoreans often mention, is rather obscure, insofar as it admits a. a
cosmological interpretation and, thereby, involves a cosmological interp  a-
tion of number and the generation of numbers. Use of these principles in a
sense relevant, in some respect, to mathematics should be sought for, in our
view, in the conception of the Limit as delimiting principle against the b. -
ground of the potentially infinite medium of the Unlimited, which we fin ‘n
Iamblichus and Proclus. Tamblichus, for instance, imitates the Limit w 2
defining, confining principle against the background of the advancing inft =~

(mpdaa piv ém 1O dmapov e, Opileton & UTd ToU mepaivovtes).® Moreo

n

2 Ipid., 11, xxxi, Hiller ; Dupuis 1966, 136-137.
* Nicomachus, intreductionis Arithmeticae, 11, vii, 3, Hoche ; D*Ooge, 1926 833.
2 Ibid., 1, ii, 5, Hoche.
lamblichus /n Nicomachi Arithmeticum introductionem 7,20, Pistelli.
27 Proclus, fn primum Euclidis Elementorum librum commentarii, 6.5, Friedls 1:
Morrow, 1992, 5.
® lamblichus, De communi mathematica scientia, 13, 20, Festa.

r
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proclus associates in a decisive way the Unlimited with the generative power

of the monad when he says, “If there werejgno infinity... numbers could noi;
exhibit the generative power of the monad”.” Ne_:ve_:rtheless, one c.annojc eiipec
that the principles of the Limited and the Unlfmlted were applied, in some
formal sense, to various mathematical si'@anons. They .rather reﬂect z}aln
abstract philosophical understanding of the idea of the finitude, against the

packground of a (potentially) infinite medium.

The scope of arithmetic and the finite

Nicomachus, lamblichus and Proclus seem also to agree that only finite objects
can fall under the scope of science:

The understanding from which our ideas and demonstrations proceed does not
use the infinite for the purpose of knowing it for the infinite is altogether
incomprehensible to knowledge; rather it takes it hypothetically and uses only
the finite for demonstration; that is, it assumes the infinite nor for the sake of the
infinite, but for the sake of the finite.™

Proclus explains that what he calls “infinite” in this context :s “whatevc.:r
[imagination] dismisses as something that cannot be gone _th:c.zugh >. The 'them'S
of the recognition of the infinite as incomprehensible in its 'oo-mpleuon is
usually justified by an epistemological argument, namely, that it 15 necass.arly
for the object of science to be intuitable (éuop’&cs@c’u) anc’l coimprfhenszb e
(mepthTTow) by the intellect (Eovaryxaiou B éu'rog ENCTALNS PUOI Evopdodal TO(‘;
otow).’' This viewpoint is outspokenly ascribed to the Pythagoreans by
Proclus:

The Pythagoreans consider quantity and magnitude not .in their generality,. b%xt
only as finite in each case. ... For they say that the scn_ences. study the ﬁ_mte in
abstraction from infinite quantities and magnitudes, since 1t 1S impossible to
comprehend infinity in either of them™.

2 proclus, fn primum Euclidis Elementorum librum commeniarii, 6, Friedlein;
,

Morrow, 1992, 5.
0 1hid.. 285 24, Friedlein ; Morrow, 1992,222. |
. Ia.rnl;lichus In Nicomachi Arithmeticum inroductionem,

i i ienti 1, Festa.
communi mathematica scientid, 7,31, ) _ -
2 proclus, /n primum Eunclidis Flementorum librum commentarii, 36, Friedlein;

Morrow, 1992, 30.

7, 26, Pistelli; De
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In another passage, Proclus stresses that the subject matter of
Pythagorean science is focused on the study of the Limited: “[The Pythag
sciences] exclude infinite from plurality and magnitude and concern t N

selves straightway with the Limited”.”® The same view is also share by
Nicomachus:

Since, however, all multitude and magnitude are by their own nature of nece:ily
infinite ... and since sciences are always sciences of limited things, and nes -
infinities, it is accordingly evident that science dealing either with mag e
per se, or with muititude, per se, could never be formulated, for each of th:
limitless in itself, multitude in the direction of the more, and magnitude . he
direction of the less.™

Proceeding from such assumptions, the subject of the (Neo-)Pythago

n
arithmetic should be understood as the study of finite “fragments” of the
nite: guantity (roodv), for instance, should be viewed as finite segment o' 1e
(potentially) infinite multitude. Accordingly, arithmetic as science of the
tity,” studies only finite (definite) numbers, yet multitude is potentially inf e

(indefinite). In this sense, it can be stated that arithmetic studies the Limit- _ in
an Unlimited medium.

II- PRINCIPLES OF NEO-PYTHAGOREAN ARITHMETIC
The doctrine of the absolute quantity

The first basic classification (o) of numbers is into even and odd. Nico.1a-
chus gives three different descriptions of the even and the odd.™ Tt e
definitions are not accompanied by any graphical illustration or procedure | -
their construction. However, their construction is obvious. The suite of
numbers, for instance, can be obtained from the natural suite by multiplica

P Ibid., 37, Friedlein ; Morrow, 1992, 31.

Nicomachus, fniroductionis Arithmeticae, 1, ii, 5, Hoche; D*Ooge, 1926, 812.

lamblichus, /r NMicomachi Arithmeticum introductionem, 7, 26, Pistelli ; De com -
mathematica scientia, 7, 31, Festa.

Nicomachus, /niroductionis Arithmeticae, |,
Theon, Expositio rerum mathematicarum ad lege
Dupuis 1966, 34-35. Nicomachus, Introductionis Arithmeticae, |, vii, 3, Hoche; D’Q.g¢
1926, 814. Cf. lamblichus, In Nicomachi Arithmeticum introductionem, 12, 2-9, pist:' -
Nicomachus, [arroductionis Arithmeticae, 1, vii, 4, Hoche ; D’Ooge 1926, 814.

vii, 2, Hoche; D'Ooge 1926, §14. %
rdum Platonem utilivm, 1, v, F

L
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of each term by 2. The construction of odd numbers is made by Nicomachus
when he proceeds to the construction of the even-times odd numbeljs.'

The theory of the odd and even is exposed in considerable detail in the first
Book of Nicomachus® Introduction to Arithmetic. Apart from the even anfi the
odd number, Nicomachus introduces various kinds of numbers, which are illus-
trated by means of the corresponding pattern of the natural suite and accompa-
nied by the description of an effective procedure for their constructlon._T.he
kinds of numbers are defined by means of two different basic colnce’pts: ‘dn:xd-
ing” (Sraupebijvai) or ‘partitioning’ (Leplobijvan), and_ ‘mea_surmg (HeTPEIV).
Nicomachus uses the operation of dividing for the classification of the genus of
the even and the concept of measuring for the classification of the odd num-

bers.

Classification of the genus of the even

The even number is further subdivided into three disjoint classes of numbers:
the “even-times even”, the “even times-odd”, and the “odd times-even num-
bers”. The basic concept used for classification of the even number is the
operation of “dividing’ (dixacbijvan, Sixa SiaipeTtdV).

Even-times even numbers. According to Nicomachus, an even-times even
number is a number that admits successive divisions into two equal parts that
terminate in the unit.”” Theon gives an analogous definition, but it is based on
the inverse concept of multiplication. Thus even-times even numb.ers are those
generated by the multiplication of two even numbers, have all their parts even,
and have no part homonymous to odd number.™ .

It is noteworthy that the definition of even-times even number in the Ne_o-
Pythagorean tradition differs significantly from that of E.utj,hd. The point
comes clear in Proposition [X. 34 of the Elements, where it is proved that a

37 Nicomachus, fnfroductionis Arithmeticae, |, viii., 4, Hoche ; D’Ooge 1926, 814. ‘

38 Mudtiplication itself is described by Thepn as ‘circuit” formed i‘)y numbers (Wsp:o;\gn.v
8t xahobow dpBudv Tov 5 &AARALY auTeV TTOAU"_A_GCH_GGHOU) LTheon, Expositio
rerum mathematicarum ad legendum Piaronem.ur_zhw?:. I=, vii, Hkller_; Dupuis 1.966, 40-41].
It should be noted that this definition of ‘mu!t!phcai_lon is ITOt, sm‘ctly spealung, a cl_osed
Operation, since when it is performed on one-dimensional objects, gives a two-dimensional

object
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certain kind of number is both even-times even and even-times odd. Euclid’s
definition is criticised by Asclepius® and Philoponus.*’

Nicomachus gives an effective procedure for the construction of all even.
times even numbers: beginning from the unit we proceed by the double rat*-
infinity. The pattern of this construction is exemplified by the following .
ral suite:

1,2,4,8, 16,32, 64, 128,256,512, ...
Instead of the sign of ellipsis, Nicomachus writes in words: kal £¢p’ doouv: Ty
(“and so forth™).

Moreover, Nicomachus declares that the numbers constructed in this v zy
are the only even-times even numbers that can be constructed, “so that1 ne
will escape, but all successively fall under it”.*!

We can distinguish two aspects in the above definition:

- A statement that defines the mode of construction of the even-times even
numbers;

- A statement asserting that by this method we can potentially construct alf e
successive even-times even numbers.

The pattern of the natural suite cannot be considered by itself as an expi:cit
definition of the concept of even-times even numbers for the following reason.
Since the set of even-times even numbers is infinite, such a definition thrc h
a finite segment of it would be incomplete, if not supplemented by a rule for
calculating the successive even-times even numbers. This rule is al ;
explicitly stated in words.

Even-times odd numbers. The second class of even numbers is the ev2n-
times odd numbers that is defined as “a number of which, though it adm  of
the division into two equal halves, after the fashion of the genus common it
and the even-times even, the halves are not immediately divisible into -
equal parts”. Nicomachus gives here also an effective procedure for

construction of all even-times odd numbers. This procedure is realised in 10
stages:

39 . : . . :
Asclepius of Thralles, Commentary to Nicomachus’ “Introduction to Arithmetic’

Za, Tarén.
loannes Philoponus, Commentary on Nicomachus’ ‘Introduction to Arithmetic . -

&n, Hoche.
4l Nicomachus, lntroduciionis Arithmeticae, 1, viii, 8-9, Hoche; D*Ooge 1926, §15.
2 Ipid., 1, ix, 1, Hoche ; D’Ooge 1926, 815-16.

r
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_ The natural suite of odd numbers is constructed, i.e. beginning from the unit
and proceeding with a difference of 2 to infinity; o

_The suite obtained is transformed into a new suite by multiplication of each
term of the suite of odd numbers by 2. ' -

The resulting construction is exemplified by the following natural suite:
6,10, 14, 18, 22,26, 30, ...

The sign of ellipsis above is expressed by Nicomachus in words in the follow-
ing way: “proceed as far as you wish” (kai pExp G TpoXwopey EEATE).

Odd-times even numbers. The last class of even numbers is the odd-times
even number, which is “An even number which can be divided into two equ'al
parts, whose parts also can be divided, and sometimes e—Vel.‘l thf3 parts of its
parts, but it cannot carry the division of its parts as far as umFy’j. The proce-
dure for their construction given by Nicomachus is more sophisticated than the
previous constructions. It is realised in three stages: .

First, the natural suite the odd numbers from 3 onwards is constructed:

3,5,7,9,11,13,15, ... .

Next, the natural suite of the even-times even numbers, beginning from 4 is
constructed:

4,8, 16,32, 64, 128, 256, ...

The result is obtained by a kind of composition of the two natural suites by
the following rule: each number of the first suite is multiplied by a%l the
numbers of the second suite. The cutcome is presented by Nicomachus tn the

form of table.

Odd numbers 3 5 7 g 11 13 15

Even-tumes even 4 8 i6 32 64 128 256
12 | 24 | 48 96 192 | 384 768
20 |40 | 80 160 | 320 | 640 1280

Odd-times even numbers 25 156 | 112 | 224 | 448 | 896 1792
36 |72 | 144 | 288 [ 576 | 1152 | 2304
44 |88 [ 176 | 352 | 704 | 1408 2816

Tabie 1. The construction of the odd-times even numbers

L —

43 4pid 1. x, 2, Hoche ; D*Ooge 1926, 816. Theon again gives a definition in terms of
multip]icati.;)n: that, is the odd-times even number is defined as the number generated by
multiplication of odd and even numoers.
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Nicomachus stresses again here that this procedure uniquely determine
the construction of the odd-times even numbers: “however far you go you Il
get nothing but the odd-times even numbers™;*

Classification of the genus of the odd

Now the genus of the odd number is subdivided into “prime and incompe- 9
“secondary and composite” and “that which is secondary and composite

self, but prime and Incomposite in relation to another”; This classification *
longer made by means of the concept of ‘dividing’, but that of ‘measy -
which is also undefined in Nicomachus.® Moreover, he uses two auxiliany  q.
tions: the “paronymous part” (rapcowaiov HSmov) and the “heteronymous T
(ETEpCOWILIOY Léoiov) of a number, A p-th part of unity is called the paronyr  ys
part of the number p. For instance, the number three has the third (of uni 3¢
its paronymous part. A g-th part of unity is called heteronymous part of .
ber p if g is different from p and ¢ measures p. For instance, the number § ~ a5
only one heteronymous part, the third part of unity; the number 15 has .o
heteronymous parts, the third and the fifth parts of unity.

Prime and composite numbers. The prime and incomposite number is
defined by Nicomachus as an odd number having no other parts, except the
paronymous to itself. According to this definition, these are odd numt s,
which can be measured ooly by the unit.* The secondary and composite ~ -
ber is an odd number having in addition one or more heteronymous parts, a nt
from the paronymous ore. Finally, the number which is secondary d
composite in itself, but prime and incomposite in relation to another numbe is
that which is measured, besides unity, by some other number as well. T -

 Ibid. 1, x, 8, Hoche ; DOcge 1926, 817.

Another classification is suggested by Theon, in which prime and comp: (e
numbers appear as subclasses of number, and not of the odd number, as in Nicomac s.
The principle of classification remains the nofion of measure. However, this classificc n
enables Theon to derive in a nice way the definitions of linear, plane and solid nun 3
linear numbers are taken to be the prime numbers; plane rmumbers and solid numbeis * ©
taken as subclasses of composite numbers, Plane numbers are those confained by«
numbers and solid those contained by three numbers (Theon, Expesitio »
mathematicarum ad legendum Platonem utilium, L, vi, Hiller; Dupuis 1966, 36-39].

Note that, according to this definition 2 is not prime number, in contrast 1o ¢
Euclidean concept of prime numbers (Eiements VI, Def 11]. Tamblichus foll~+ s
Nicomachus in his criticism of Euclid.

r
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fore, this number can have heteronymous part or parts as well as paronymous
part'll?hefsldt;ilsiii]flitgz;tion does not establish disjoint classes. The second f:oncept
includes the third [Nesselmann 1842, 194]. Howe.ver, the‘example given F)y
Nicomachus below suggest that the second concept is concelf/ed as characteris-
ing a number, whereas the third seems to apply rather t.o a pair of numbers. _

Nicomachus gives a unified method of construction of all the aforemez-n
tioned kinds of odd numbers by means of the siafv'e _of Er:cztosth_enes (Table 2).
The natural suite of odd numbers is set forth, beginning with 3, i.e.

3,5,7,9,11, 13,15, 17,19, 21, 23, 25, 27, 29, 31, '33, 35,37, ...

Then, starting with the first we observe that the terms it cafl measm*v_s: are by
two places apart as far as we proceed, according to the fovllowmg rule: it meas-
ures the first such number occurred, i.e. 9, by the quantity that sta.n'ds first ;n
the suite, i.e. 3 times; it measures the next such number. occurred, ie. hlS, Y
the quantity of the second in order, ie. 5 times; and aL.gam t‘{}e next suc n}lm-
ber, i.e. 21 by the quantity of the third in order, i.e. 7 times, “and so on ad infi-

] i e way’.
mtwlgc;?v,ﬂ::esfsme to} the second number 5 and observe th-‘-:l'[ it can measure all
the terms by four places apart, the first, i.e. 1_5 by a quantity of the first -1n ?)r:
der, i.e. by 3; the second, i.e. 25 by the quantity of the sec?ond in order, i.e. by
5; the third, i.e. 35 by that of the third, i.e. by 7; and so on in the same way. )

Again, the third term 7 measures all terms six places a;.Jarc, and t?le ﬁrstthy
the first quantity in order, the second, by the se.:cond c_luantlty,-the third, by the
third quantify. This process can be continued without interruption, so that

The numbers will succeed to the measuring function in accordan.oe with t_hexr
fixed position in the suite; the interval separat‘i‘ng terms 1?]eas%1red is dctermclined
by the orderly progress of the even numb_ers from 2 to mfuu_ty, or by thed c::-
bling of the position in the suite occupied by the measuring term, and the

number of times a term is measured is fixed by the orderly advance of the odd

. 4 47
numbers in the suite from 3.

a7 Nicomachus. Introductionis Arithmeticae. L, xiii, 6, Hoche ; D’Ooge 1926, 819.
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1

g v/

e~ e

35797117722222 3 3
I 3 5 7 9 1 3 5 7 9 ¢ 3 s
3 3 5 7 9 1
1
5 3 5 7
7 i3 5
g 3
44444555556666677’
13579155797357975’
1 1 1 2 2 -
5 7 9 1 3 5
9 1
3 3
7 9
5 7

I e N |

Table 2. The sieve of Eratosthenes

- Now the numbers that are measured by no nureber are prime and incc .
site, e.g. 11, 13, 17, etc. Those measured by only one number in accord
with their own quantity will have one heteronymous part in addition t
paronymous one, e.g. 9 has one third as heteronymous part in addition %
paronymous part one ninth. Those measured by only one number, but in ac

dance with the quantity of some other number, different from their ov..
measured by two numbers, will have several heteronymous parts in additior
the paronymous one, e.g. 15 that has two heteronymous parts, one third .

one fifth, in addition to its paronymous one fifteenth. These will be secon

and composite. Finally, numbers which are in itself secondary and compo:  :
but primary and incomposite in relation to another are the numbers thal

measured by some prime and incomposite number in accordance with its

quantity, if one thus constructed be compared to another of similar con:
tion. For example, the numbers ¢ and 25 that are constructed from 3 and
respectively, measuring their own quantity, when compared between e

other have no common measure except the unit.

w

9
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The theory of perfect numbers

Numbers are classified by Nicomachus into “over-perfect”, “perfect” and
“deficient”. Over-perfect number (UTepTeAT)S) is one, which is greater than
the sum of its parts; deficient number (EAA1TT}s) is that which is less than the
sum of its parts; perfect number (TEA€10s) is that which is equal to the sum of
its parts.

Nicomachus gives also an effective “neat and secure™ procedure for the
construction of perfect numbers, which “neither passes by any of the perfect
npumbers, nor fails to differentiate any of those that are not such”.*® First, he
constructs the natural suite of the even-times even numbers

1,2,4,8,16,32, 04, 128, 256, 512, 1024, 2048, 4096, ...

Then he adds them together one at a time and each time he considers their
sum. If it is prime and incomposite number, then he multiplies it by the last
number added, and the result will be perfect number. If the sum is secondary
and composite, instead of multiplying, he adds the next number and considers
the sum; if it is secondary and composite he adds the next; but if it is prime and
incomposite, he multiplies it by the last term added and the result will be

perfect number; and so on ad infinitum.

The doctrine of the relative quantity

Equality and Inequality. Equality (1o6175) and inequality (&vic6ngs) is intro-
duced by Nicomachus as the highest generic divisions of the relative quantity.
“Any thing when compared with another thing can be either equal or unequal,
tertium non datur”.* These concepts are considered to be of the same level of
abstraction as unity and the dyad for the absolute quantity.™

Inequality is further divided into two classes, the greater and the less. The
class of the greater includes multiples, superparticulars, superpartients, multi-
ple superparticulars, and multiple superpartients. The class of the less em-
braces the reciprocal ratios of the class of the greater. They are denoted as
submultiples, subsuperparticulars, subsuperpartients, submultiple-subsuperpar-

“ bid., 1, xvi, 4, Hoche; DOoge 1926, 821.
' /bid. 1. xvii, 2-3, Hoche, About this reading see Sec. 0.D’Ooge translates:

“everything viewed in comparison with another thing is either equal or unequal, and there is

o third thing besides these” [D"Ooge 1926, 822].
Nicomachus {ntroductionis Arithmeticae 1L i, 1-2, Hache; D’ Ooge 1926, §29.
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ticulars, and submultiple-subsuperpartients. In the end of Book [, Nicomai ™ i
States a general procedure for the construction of all forms of inequality of 5.
tio from a suite of three given equal terms, and conversely that equality ma: e
obtained from any given suite exemplifying a form of inequality. These proce.
dures are also described by Theon.

Equality is considered as fundamental, very first (@pX1kewTET) and
indefinable concept, inasmuch as there is no specific difference for it to b s
fined Biapopav yap oUSepiav émdéyetar).”

It is considered that equality holds when one of the compared things n
exceeds (Tmepéxm), nor falls short (EAAeimy) in ‘relation’ (rapafohn) t
other, ... either in bulk, length, weight or any kind of quantity %

lamblichus in analogous manner defines equality as “quantity, whic * »
comparison with the corresponding  [quantity] has nothing greater
smaller”.” Nicomachus gives the following examples: one hundred is equ  to
one hundred, ten is equal to ten, two is equal to two, a mina to a mina,
Thus by equality Nicomachus means primarily numerical identity.

However, number in Nicomachus has structure, it is a “suite’ or a ‘cor -
ration’. It is noticeable that his terminology — ‘exceeds’ (Umrepéxm), © ls
short® (EAAeimry), ‘relation’ (TapafoAr) — is not completely free { m
geometric connotations, A comparison of numerical values can be expr... :d
more appropriately by the terms ‘greater’ (ueilcov) and “less’ (EAAGooY) 1-
stead of ‘exceeds” (\mrepéxm) and “falls short’ {(EXAeimny). Thus, Nicomac
seems to allow an interpretation of equality as graphical equality, that is °
possibility of coincidence of the patterns serving as their designata. According
to an explanation by Iamblichus,* the process of comparison should be cons:d-
ered as “one by one” (voicov v pds & éov)® This description suggests tha. in
the case when the corresponding configurations do not coincide, then one of
them will coincide with an initial segment of the other.

vig.

et lamblichus in Nicomachi Arithmeticum introductionem 43.23, Pistelli.
32 Nicomachus /ntroductionis Arithmeticae I, xvii, 2-3, Hoche.

famblichus in Nicomacki Arithmeticum introductionem 36, 16-18, Pistell.
" lamblichus in analogous manner defines equality as “quantity which in comparison v 0
the comresponding [quantity] has nothing greater or smaller [lamblichus 7n Nicom i
Arithmeticum introductionem 36, 16-18, Pistelli].
* lamblichus /# Nicomachi Arithmelicum introductionem 43.24, Pistelli.

T
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In case equality is understood as involving a geometric pattern, the number
(‘suite’) 3, for instance, cannot be equal to the triangular I.wmber 3., for these
numbers are numerically identical, but differ in configuration, that is fhey are
not graphically equal. Hence, the fundamental trichotomy of nurr?bers ]..l’ltO lin-
ear, plane, and solid (se¢ below) demarcate th'ree 'q.rpes of objt?cts n Neo-
pythagorean arithmetic, according to the dimension of their graphical
representation. . _ ' l o

Accordingly, equality should be possibly assumed as applying only to o
jects of the same type. Nevertheless, this is not enough either. The plane num-
ber 12, for instance, is an even number, but also an oblong number (:.see
p. 133), as well as a pentagonal number (see p. 133). Consequently, e?quahty,
as graphical equality, can actually apply only to numbejrs of the same kind, that
is to numbers of similar combinatorial complexity. .Nlcomachus and the other
Neo-Pythagorean authors are not explicit on that point. Truly, they Qever state
the contrary proposition: that, for instance, the oblong number 12 1_5 equal to
the pentagonal number 12. We find, however, propositions, where Nlcomachu§
talks about polygonal numbers as ‘system of numbers of the same rank

Y a SpoTaydv)® numbers.

(GUGT;?: vag;lenessyin the definition of equality can be eliminated by the adop-
tion of the following assumption: any process of counting of_the numbers of a
collection is a process of transformation of the inifial pattern into a pattern of a
different type (presumably linear) with the same number_s. HOWT&\'?I‘, one does
not find in the texts of the Neo-Pythagoreans any stipulation of similar kind.

The theory of figured numbers

Turning back to the inquiry of properties of absolute numb_ers, Nicomachus
introduces the concepts of “plane”, “surface”, and “solid” thing, based on the
notion of dimension (SiacTnua). Accordingly, by linear, plane, and s?lld
numbers are meant those having one-, two-, or three-dimensional geometrical

configuration, respectively.

The generation of triangular numbers. Among plane numbers, the triangufar

are considered by Nicomachus the most primary and elementary. A r.riang?_zlar
number is defined as “one which, when analysed into units, shapes into

56 Nicomachus /ntroductionis Arithmeticae I, xii, 53-8, Hoche; D’ Ooge 1926, 836.
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triangular form the equilateral placement of its parts in a plane”’®’ Theg,
numbers are constructed according to the following pattern: -
_ 3,6,10,15,21,28, ... .
. Nicomachus describes the following procedure for the construction
tngngular numbers. Beginning from the natural suite: o
1,2,3,4,5,6,7,8,9,10, 11, 12, 13,14, 15

We take the first termn and have the potentially first triangular number, wh
1) :['hen adding the next term, i.e. 2) we get the actually first tliangulé;r o
3) its configuration is constructed by sefting two units, side by side, be

f)ne unit. Then by addition of the next term of the natural suite, .e. 3 ,arrar 'd!
into units, and joined to the former configuration, it gives the second ’trian Iz;
number 6. In the same way, the next term, ie. 4, arranged into units, and * - dr
to the former configuration, it gives the third triangular numl;er 16 -
proceed in the same way by adding all the successive terms of the natural -sa i
arranged into units, and joining them to the preceding configuration.>® -

> 3=142, 6=14243, 10=1+243+4, .,

1S

n(n+1)
— =142+ 4n.
, :l"heon explains that this procedure can g0 on ad infinitum k&l |Exps
QTEPOU & aUTdxs Adycs).

The generation of square and oblong numbers. Theon describes two proced:. s
for the construction of sguare numbers: by episynthesis (ko' tmoinBeon)  1d
by multiplication (xorrx TOAATTAQGIAGUOW).

The method by episynthesis runs as foliows: Beginoing from the suitz ~f
odd m_lmbers we form the sum of the first two terms; then this sum is adde @
the third term; the procedure continues by adding each new sum to the n .t
term. Thus beginning from the suite f

1,3,5 7,911, ...
We can form the successive terms of square numbers:

ST o
Nicomachus /ntroductionis Arithmeticae 11, viii. |
. ’ » 1, Hoche; D’
Nicomachus /ntroductionis Arithmeticae 1|, viii, 3, Hoch:T 3822: :gig ggg

r
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14+3=4, 4+5=9, 9+7=16, 16+9=25. ...

Theon adds again that the same reasoning can be continued ad infinitum
(xai HEXPIS dTEeipou & aUTds Adyos).

By multiplication, the square numbers are obtained as products of the same

successive numbers, that is
2:2=4, 3-3=6, 4-4=16, ....
The successive configurations of square numbers are constructed below:

a o o o

o o ala
aa‘aa
ﬂaaa

A=143+5+7,.. nt = 1+ 3+ 5+..+(2n-1)

a o a

a a a |
o :x_ia U._I(I (a
1, 2°=1+43, 3%=1+345,

It should be noted that the methods of episynthesis and multiplication are
conceived by Theon as schemes of reasoning that may apply to different
things. The later scheme applied to the suite of odd numbers as described
above generates square numbers, whereas applied to the suite of even numbers
generates the suite of oblong (¢Tepourikels) numbers.” Indeed, let

2,4,6,8,10,12, 14,16, 18, ...

The suite of even numbers; then the successive oblong numbers are

constructed in the following way
2+4=6, 6+6=12, 12+8=20, 20+10=30, ....

The generation of polygonal numbers. In analogous way, penfagonal, hexago-
nal, heptagonal, octagonal, enneagonal and decagonal numbers are
constructed. As it is noted by Nicomachus “the doctrine of these numbers is to
the highest degree in accord with their geometrical representation, and not out
of harmony with it”,*® that is the arithmetical theory develops in accordance to

>

its combinatorial model.
Like the triangular and the square numbers, which are constructed from the

terms of the natural suite that differ by 1 and 2 respectively, pentagonal
numbers are constructed from terms that differ by 3.

50 - .
Theon Expositio rerum mathematicarum ad legendum Platonem utilium, [

Xix, Hiller; Dupuis 1966, 52-57- _ )
Nicomachus fnfroductionis Arithmeticae 1L xii, 1; D'Ooge, 1926, 835.
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1,

n(3n—1)

2

Likewise, hexagonal numbers are constructed from the terms of the n;
sutte, which differ by 4, heptagonal from terms which differ by 5, octagon
6, enneagonal by 7, decagonal by 8 In general, the k-gonal pu
(dodrywovos) ® is constructed according to the following rule:

The root-number [gnomons or gnomonic numbers] of any polygonal differ

less than the number of the angles shown by the name of the polyg
by 1 in the triangle, 2 in the square, 3 i the pentagon, 4 in the hex
heptagon, and so on, with similar increase

onal — |
agon, 5

k-2 -
Consequently, a k-gonal number of # sides is n+ Lﬂ—l)—
successive gnomons are:

L i4(&-2), 142(k-2), ... I+(r-1)%-2), ... .
II- THE NEO-PYTHAGOREAN ARITHMETICAL REASONING
The genetic approach

On the grounds of the above anal

Pythagorean approach to arithmetic |
clear

ysis, we can conclude that the
s predominantly non-axiomatic. 7

—_—
o Theon Expositio rerum mat
%g’xvii, Hiller; Dupuis 1966, 68-69.
” Nicomachus Introductionis Arithmericae IL xi, 4; D'Ooge, 1926, 835. A
rule is also described by Theon [Expositio rerum mathematicarum gd ley.

Platonem ulilium, I, xxvii, Hiller; Dupuis 1966, 68-69] and lamblic s
Nicomachi drithmeticun introductionem 62.10-18, Pistelli]. Diophantus as.
this rule to Hypsicles (about 170 B.C.} [Diophantus I. 470-71 Tannery; Heath 1964, 2.

hematicarum ad legendum Platonem uti

=1+4+7+. +03n- 2.

al
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2
s,
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- From the way that the objects of the theory, that is numbers of various kinds
introduced;
?f Ifr:)r:n the lgg;cal technique used for the development of arithmetic-;.

According to the axiomatic approach, as described, fo.r mstance_, by
Aristotle, one should proceed from some initial concepts, which are eV-ldBIlt
and a set of propositions (axioms), describing relations betwe?:n these objects,
which are ftrue, immediate, more familiar, prior and causative of the theo-

63
rem;owever, in the Neo-Pythagorean arithmetic we me:at' z-_mother approach.
The point of departure of the theory is not sorme initial concepts and
statements, but a given object — the monad, desngn.atcd by a_ letter —and a
generative operation (more precisely a set of generative operatlons_,) that serve
as rules for the construction of new objects (suites or configurations) out of

. 64
given ones.

The « alphabet » of Neo-Pythagorean arithmetic ‘ .
From semiotic point of view, the ‘alphabet’ of Neo-Pythagorean arithmetic
consists of solely one object, i.e. the monad, denoted by an alpha, and taken to
be a designated object, that 1s
L ={aj.
Over this set an iterative procedure of attaching an alpha is admitted. Numbers
can be defined then as suites of the form
ke <oLone, ... o>
where = means that & is an abbreviation for the suite
oL, ... O
isti igns.
conf;ﬁ;n 'L%n([)}i)]:;ngtnto stress the difference between this concept of num!_;er and
the modern conceptualisation. In modern number theory the arithmetic cor.1-
cepts are relative to some set theory and thereby depend (.)n- set-theoretic
axtoms. Moreover, the reduction of arithmetic to set theor-y, as is 1r}1pler.nented,
for instance, by Frege and Dedekind, involves quantiﬁg.anon_over 1nﬂm_te se.ts,
since the set of natural numbers is defined as the intersection of all infinite
sets, each of which contains the empty set and the successor of each member of

* Axi i tics 1, ii, 71b.

Aristotle Posterior Analytics |, 1i, _ o
g? A general characterisation of the genetic approach to the construction of a scientific
theory can be found in [Smimov 1962].
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it. In the Neo-Pythagorean approach, on the contrary, the arithmetical cor 5
do not rely on any concept of set, but on the notion of the “suite” - 14
arithmetic depends on constructional genetic possibilities rather thar. op
axioms of set-theoretic character. Moreover, the “suite” is only poleriiudly
infinite object, whereas infinite sets, in the modern sense, are taken to be
actually infinite.

Further, the natural suite can be introduced as a sequence of the form

<1,2,3, ..., k.
and the various kinds of numbers can then be specified as suites constructed
according to certain rules.

From this point of view, Neo-Pythagorean arithmetic is an informal theory
of counting having a distinctive combinatorial character, insofar as it concerns
constructions of various finite schematic patterns, that is suites and configura-
tions. In this context, arithmetical reasoning ts conducted as theoretical infor-
mal reasoning concerning the possibility to carry out certain genetic
constructions over a domain of concrete objects. Such type of arithmetical
reasoning admits the representation by (configurations of) letters as intented
interpretation for the ultimate confirmation of the arithretical statements and
develops in accordance with its combinatorial model. However, it should be
noted that very little attention is paid by the Neo-Pythagorean authors to the
practice of representation by letters itself, that is to the ‘experimental® part of
the theory. In their works, arithmetical reasoning appears to be predominantly
contemplative activity [Vitrac 1994, IL, 483].

As we have already noted, the objects of the Neo-Pythagorean arithmetic
are divided into three levels depending on the dimension of their representa-
tion. Linear numbers are generated from the monad; plane numbers are
generated from the linear ones; solid numbers are generated from the
appropriate combination of plane and linear numbers. Such a stratification of
objects into linear, plane and solid numbers makes necessary the use of
different generative operations at cach level. At the level of linear numbers, {0
instance, the basic generative operation is that of the addition by a unit.
whereas at the level of plane numbers the use of gnomon plays the role of basic
generative operafion. Moreover, equality can apply only to abjects of the sam¢
leve!l and similar combinatorial complexity.

v
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Genetic definition of arithmetic concepts

The definitions of all kinds of numbers considered in Neo-Pythagorean arith-
metic are not given by our common set-theoretic abstraction, that is by a
property, which defines a class of numbers possessing that property. Instead,
all the arithmetic predicates are accompanied by an effective procedure for the
genetic construction of the considered set of numbers. Whence, the focus is not
on the existence of certain numbers, possessing certain property, but on the
mode of the genetic construction of the numbers. In this sense, the specifica-
tions of numbers in Neo-Pythagorean arithmetic can be considered as genetic
definitions. The genetic rule is illustrated in a number of initial cases and the
ancient author closes his reasoning by the conclusion that the construction
according to this rule can go on ad infinitum. In virtue of the constructive
nature of the objects to which this kind of reasoning is applied, these defini-
tions bear an inductive character of the type discussed in the next section.

Yet, in Neo-Pythagorean arithmetic the process of construction does not
take place in time. In the modern constructive case, that is in intuitionistic
arithmetic, the succession of stages of construction is succession in time, and
incompletability arises from the fact that the theory is a theory of an idealised
Jinite mind, which is located at some point in time and has available only what
it has constructed in the past and its intentional attitudes towards the future.
Thus, there is no stage at which all constructions are complete. Such a seman-
tic picture, however, is not found in the Neo-Pythagorean arithmetic, although
it can be characterised as arithmetic of finite mind (see section on the scope of
arithmefic and the finite, p. 121).

General features of genetic constructions

All genetic constructions of the Neo-Pythagorean arithmetic have the
following features:

(1) They begin from the same initial object, i.e. the monad;**

(2) Provided that the result of the application of certain iterative operations
(addition by a unit, application of the gnomon or other derivative operations)
generate numbers of the same kind, new numbers are constructed;

65 . . . . .

There are constructions that begin not directly from the unit, but from a natural suite.
However, in these cases the construction of that suite, beginning from the unit, is obvious or
has been realised previously and is reasonably omitted.
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(3) It is stated that the method of generation of a particular kind of number can
generate all the numbers of the kind required.

These features can be taken as essent; isti
_ ential characteristics of Neo-Pythagor
arithmetical reasoning. sorean
The first two clauses enable one to construct new numbers out of g’ .
ones. The third clause (sometimes omitted by the Neo-Pythagorean aut

1$
says that the method of construction described by the first two cl; &2
exhausts” all the numbers that have to be consfructed. Special attei oy

should be paid on the formulation of the third clause. In modern gen-y
definitions, the analogous clause is usually phrased as follows: o
(3*) There are no other objects except those generated by the application ~
first two clauses. )

Thus the clauses (1), (2), and (3*) are taken to define a sef of objects -~
are specified by means of the clauses (1) and (2). The possibility for an " - :ctj
to posses the defining property is based on clause (3*). This clause impli ly
assumes the universe of all objects as given beforehand. In virtue of the la . of
excluded middle, every object of the universe either possesses the defi 10
pn_)perty or does not. Then ciause (3*) is taken to mean that there are nz
objects in the set determined by the defining property except those that have
been constructed in the way described by (1) and (2).

However, this does not seem to be the way of thinking of the anc.-nt
authors, for whom the totality of all numbers was not considered as givon
beforehand. It could not be for one more reason: the statement “a number ¢ h
thflt.. .” (in the sense of its effective construction) was for the Neo-Pythagorean
arithmeticians an “experimental” fact, whereas the statement “there ;I‘f: 1o
numbers such that...” is not an “experimental” fact. Accordingly, clause (7 . is
never phrased by the Neo-Pythagoreans in the form of negative exister |
sentence.

_ The objects introduced in Neo-Pythagorean arithmetic by genetic dr* i-
thns are infinite sequences, usually tncompletely exemplified by a nat
sult.e or certain combinatorial configuration. Insofar as the objects discus d
(suites and combinatorial configurations) are always finite instances and ne: =
considered in their completion, what is implicitly involved here is the absyy -
tion of potential infinity that allows reasoning about however long gen ¢
processes. The realizability of the genetic constructions is taken to be
potential. The natural suites, for instance, are taken to be extendible “as far as

|
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you wish”, and the process of construction of successive combinatorial
configurations can continue ad infinitum. Moreover, the objecis introduced in
Neo-Pythagorean arithmetic are not only (potentially) infinite, but also intrinsi-
cally associated with the rule for their genetic construction from the monad. In
this sense, we can say that the Neo-Pythagorean approach to arithmetic is not

purely extensional.

Generalive operations

Insofar as natural numbers are constructed beginning from the monad by

addition of a unit, the iterative operation of transition from a number to its

successive plays a fundamental role in Neo-Pythagorean arithmetic. Defini-

tions of arithmetical concepts are reduced to the demonstration how a definite

combinatorial rule works, when one passes from a number to its successor, in

the process of construction of the considered kind of number. Arithmetic theo-

rems are ultimately reduced to the demonstration that the transition from a
number to its successor follows a definite combinatorial rule.

Starting from the fundamental iterative operation of “addition by a unit™ the
elementary operations of arithmetic — addition, subtraction, and multiplica-
tion — admit an evident interpretation by means of the genetic technique. The
addition of a number by another number can be carried out by means of the
successive attachment of the units contained in the second number to those of
the first. The subtraction of a number & from another number a, where b is less
than a, can be carried out by means of the successive removal of the units in &
until we obtain a. In a similar fashion, the multiplication of a number a by
another number & can be performed by means of the attachment of a to itself as
many times as there are units in &. Evidence about the later definition of
multiplication provides the Definition 15 in Book VII of Euclid’s Elements.

In addition to the above basic arithmetical operations, one can find in the
works of Neo-Pythagorean authors some derivative generative operations, such
as:

- Addition of parts of a number (see p.128);

- Multiplication of the terms of a suite by a number (see p. 125);

- Term by term multiplication of two natural suites (see p. 125);

- The construction by episynthesis or by multiplication (see p. 133);
as well as manipulations of constructive objects of the following kind
- Transformation of natural suites according to a rule (see p.125).
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Genetic construction vs. proof

It is ob?fious that the method outlined above is not grounded upon the idey
er)of (in the strict sense of the word). In the context of Neo-Pythago aOf
arithmetic, numbers are conceived as given and any statement about - -
a-sserts something, which is confirmed in each instance by simple com! 7
rial means. If, for example, two numbers are given, it is sufficient to co
by of the construction of the corresponding configuration (or by observs 3””
over the exemplary suite), whether what has been stated about these num’ ‘[?S
correct or not. The demonstration is performed by inspection over a )':S
fragment of a usually (potential) infinite object. In this sense, we are goi 7t-e
say that the statements of Neo-Pythagorean arithmetic have Jfinitary mean’ °
' 'I"herefore, the foundation of Neo-Pythagorean arithmetic is not 1 ;of
(m‘ro&_agfg) in the style of Euclidean Elements and the works of = er
malhema?ncians of the classical antiquity, but the idea of effective ge “tic
construction, by means of which the correctness of arithmetical statemei s
confhmed. This type of arithmetical reasoning about given numbers ca: he
refileed without assumptions of axiomatic character. The conﬁrmatiox; of
arithmetical statements is realizable by a specific ‘experiment’.

m
-

The rule of mathematical induction

The question whether mathematical induction is used in Greek mathematics
has puzzied historians of mathematics. B.L. van der Waerden [1954] ad ~its
the use of some kind of mathematical induction in Greek mathematics yet ily
“essentially”. H. Freudenttal rather cautiously ascribes to Euclid th,e kn -
edge of only a “quasi-aligemeiner [our emphasis] Induktionssct ™ 5
[Freudenttal 1953, 28]. On the other hand, J. Itard [1961] seems fo asc e
unreservedly to Euclid the use of complete induction in Propositions VIII = 4
13, 27, 36, IX 8, 9. A discussion of his claims is found in [Vitrac 1994 | 1"
.72]. A survey of various forms of mathematical induction and ’t ir
;n;]erpretations by the historians of mathematics is given by Rashed [1994. 52-
. D.D. Mordukhaj-Boltovskoj [1948-50], the editor of the Russian tra '+
tion of Euclid’s Elements, excludes the use of mathematical induction in ¢ "
mathematics, because the concept of the infinite and, particularly, the coni f
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of the (infinite) set of “all natural numbers” was alien to the Greek
mathematical thinking.®® The same view is supported by Unguru [1991, 278;
1994], who, in addition, stresses the difference between the ancieat and the
modern conceptualisation of number. Unguru proceeds from the modern
conception of the principle of mathematical induction (see the induction
scheme suggested by him in [Unguru 1991, 274]), which, however, is valid in
the context of axiomatic theory of Peano arithmetic and presupposes the
modem concept of set. Obviously, use of mathematical induction in this sense
cannot be found in Greek arithmetic. As Rashed has put it:

If we confine ourselves to a rigorous formulation — which is essential — attempts
that do not state the argument of induction — P(#) = P{(n+ 1) - for any n in
an explicit way will be rejected as outside mathematical induction. But as this
rigour is related to a complete system of axioms — known as Peano’s system —
which inciudes precisely the exact formulation of the principle of mathematical
induction, all earlier formulations are necessarily naive [Rashed 1994, 77-78].

However, Unguru seems to maintain a stronger thesis, namely that use of
mathematical induction necessarily needs the general abstract concept of
natural number (understood as independent variable), which is not true.

On the other hand, Mueller [1981] admits a pre-structural form of
mathematical induction. Fowler [1994] has suggested an actually finitary form
of mathematical induction (called by him “relaxed form of mathematical
induction™), resting on a liberate passage from one case to its next in
succession, and has argued that such a scheme could have been used by the
Greeks. Finally, Acerbi [2000] has suggested regarding the Platonic passage
Parmenides 149a7-c3, as a full-fledged example of proof by complete

induction.

A property of polygonal numbers
An interesting property of polygonal numbers is found in Theon:

From the multiples of the unit, that is, the doubles, the tiples and the subse-
quent, al! numbers which successively leave out one are square, all those which
successively leave out two are cubes, and those which successively leave out

% Concerning Mordukhaj-Boltovskoj’s viewpoint, see [Medvedev 1990].
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five are cubes and squares at once; and they have sides square numbers, being
cubes, and being square have cubic sides.®’

This statement is especially interesting, because it is the Neo-Pythagoi~a;
analogue of the Proposition IX, 8 of Euclid’s Elements. Both proposition iy
Theon and in Euclid, are proved by a mode of reasoning that we have ci 'z
“finitary form of mathematical induction”.®® The proof of Theon run-. a
follows:

That from the multiple numbers those which beginning from the unit leav. oyt
one are square, those leave out two cubes, and those leave out five cube:  §
squares at once is clear by the following: set forth the suite of double num  rs,
that is

1,2, 4, 8 16, 32, 64, 128, 256.
in this suite the first double is 2; it follows 4 which is square; then fol ;8
which is cube; then 16 which is square; then 32; after it 64 which is sque  nd
cube; then 128; then 256 which is square and the same reasoning ad infinii..
Set forth the [suite of] triple numbers, that is

1,3,9 27 81,243,729, ...
In this suite the {numbers] leave out one are square, and in the [suite of] >
fold numbers and the subsequent [suites of] multiples. In like manner, i the
[suites of] multiples it will be found that all those leave out two are cubes, ~ 3¢
leave out five are cubes and square at once.

It should be noted that Theon does not give a unified method of proc 7 for
all the multiples of the unit. He does not refer to the Euclidean concept of
“ratio” and “continuous proportion”. Instead, he constructs the correspe -
suites: the suite of doubles, the suite of triples, and so forth, and confirms
required property for each suite separately. On these grounds, he conc
that the required property holds for any suite of multiples. Thus, inductiz
used:

- On the sequence of the suites of multiples;
- To establish that the required property holds in each suite.

e
w

& Theon Exposifio rerum mathematicarum ad legendum Platonem utilium, f.
xx, Hiller; Dupuis 1966, 56-59.
For a discussion of the relevant Euclidean proposition, see [Vandoulakis 1998, 172-]
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The rule of mathematical induction

Let us elucidate how mathematical induction could be understood in the
context of Neo-Pythagorean arithinetic. Let statement P states sornething_ab(-)ut
numbers. As we have seen the Neo-Pythagorean arithmeficians, begmnfng
from the unit confirmed that the statement 2 holds for the first case. Assuming
that it holds for the first case, the next number is constructed and this statement
is confirmed for the second case. Again, provided that it holds for the second
case, they confirmed it for the next case by the construction of the next
qumber. Finally, it is concluded in one or another way that this process can be
continued ad infinitum.

What we actually encounter here is not the application of an abstract
jogical law, but a type of reasoning that establishes a conclusion as drawn from
the fact that the corresponding constructions in the successive cases folltow
certain regularity. Therefore, the establishment of a general property of num-
bers is reduced (after its confirmation that the monad possesses the considered
property) to the demonstration that the considered property is “inherita_b[e”
when passing from a number to its SUCCESSO. If every number transmits a
certain property to the next number, irrespective of any particular quality of the
numbers themselves but in virtue of the rule of their construction, then all
numbers will have the property. This mode of reasoning we are going to call
finitary form of mathematical induction or rule of mathematical induction.

Informally speaking, such a rule says that if some initial objects have some
property and this property is “hereditary”, because of a certain rule gf
construction, then any object has this property. The property of numbers is
established by a procedure of genetic construction which constructs P(1),
P(2), ... in a uniform manner that does not depend on the actual stage of the
procedure.

In modem terms this type of reasoning can be presented by the following
scheme of inference:

For the first case: P(1);
. PM& P — P2
For the second case: Q—P(é)’—(l ;
P(2) & P(2) = P(3)
F : : s
or the third case P(3)

and so on ad infinitum.




144 IOANNIS M. VANDOULAKIS

It is clear that the inferential scheme that is repeated in all these cases (§

auTos Adyos) is the following :

P(t) & P(t) —> P(S1)
P(Sr)

where ¢ stands for an arbitrary (given) number (suite) and St its successor.
inference scheme states that on the assumption that the statement P is n.
firmed for any given number ¢ it can be confirmed for the next number - * a5
well. Consequently, the statement P can be understood as asserting som¢ ™ ing
of any (m&vTes) given number.

In comparison to the modern principle of mathematical induction ii. the
axiomatic system of Peano arithmetic, we would like to stress the follc: ing
differences:

First, the modern form of mathematical induction is understood in the
context of the axiomatic system of Peano arithmetic, that presupposes the n-
cept of set (in particular, the set of natural numbers). On the contrary, the _o-
Pythagorean form neither is stated in the context of any axiomatic syster: of

arithmetic, nor the totality of natural numbers is presupposed as given b e-
hand. In the modemn case,

in each system of set theory which contains number theory, the princi : of
induction becomes a set-theoretic principle derivable from the axioms — we
systemn; and whether induction is applicable to a certain sentence of the ¢ | m

depends both on the strength of the axioims of the system and the definitic ~ or
the arithmetic notions [Wang 1970, 466].

Second, in contrast to the modem form of mathematical induction the

.0-
Pythagorean form does not use variables of any kind (number is not a va * ble
in Neo-Pythagorean arithmetic, but is always given). Accordingly, there 10
use of any quantifiers ranging over the (actual) infinite set of “all” n 1ral
numbers. The quantificational words used, for example, by Theon, d not

actually act as quantifiers, but simply express the fact that a statement Pa
something of any given number. Consequently the Neo-Pythagorean fo of
mathematical induction is, essentially, a quantifier-free form of induction.
Third, in the Neo-Pythagorean form of mathematical induction a state Nt
P about numbers is never asserted of the complete totality of natural numt .. -

r
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Generality

In the expositions of Neo-Pythagorean arithmetic, one does not find enu.ncia-
tion of universal theorems, that is formal statements beginning with quantifica-
tional words of the type “all”, “every”, etc. The problem primarily concermns the
case when a general property is asserted of an infinite (in the sense dfascnbed
above) domain of objects. In these cases the general property is established by
induction, that is by means of certain constructions of such a character that Fhe
possibility to repeat a similar reasoning so that to implement the corresponding
construction for any other given number of the same kind is evident. On that
ground one can conclude that whatever number of the kind might ha\'we been
given, it is possible to confirm (by analogous line of reasoning) that this num-
ber has the property in question. o o

A generality inferential scheme that might have been used in arithmetic is
described in Posterior Analytics by Aristotle.

An atiribute belongs to a subject universally when it can be shown to belong to
an arbitrary and primary instance of that subject (1O kafiGhou B ITT&pXE TOTE,
&raw £T1L TOU TUXAVTES KOl TR TCu BekamTan) A _

The term TuxV in this passage is usually rendered as “chance instance” or
“random instance”. This rendering is misguided by the etymological a,nalys_ls
of the word, which derives from the word Tk However, the use of TUXSV in
this context should be understocd as “arbitrary”. Such a reading is also sug-
gested by its use in Euclid’s Elements.” The focus is on the.individual subject
chosen, rather than on the random character of the act of choice.

The use of such a rule of generality is necessary for the development of
Neo-Pythagorean arithmetic, in absence of specific quantification. In this way,
the statements of Neo-Pythagorean arithmetic can be understood as gen.eral
declarations of our capability to implement certain constructions for any given
number of certain kind. _

The belief that we can implement the required construction for any given
number (combinatorial pattern) might have been rooted in the e_xpe_rlence
gained from the realization of such constructions. As a result of this kll-‘ld of
“experimentation” it becomes clear how one has to proceed in each case, L.e. at

 Atistotle Posterior Analytics 73b 25-74a. ’ i .
" See. for instance, the use of the term “arbitrary point’ (Tux3v onpeiov) and “arbitrary
angle’ ’(Tuxoﬁm yeovia) in the Elements 1, 5 and V1, 9, respectively.
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each case it is clear what we have to do. In this sense, the statements _
lished in Neo-Pythagorean arithmetic are general, that is they establish th;

“or
any number of certain kind the outcome of the construction, according | ,
definite rule, is a number possessing the required property.
Negation and tertium non datur
It is obvious from the evidence of arithmetical reasoning discussed so fa hat
Neo-Pythagorean arithmetic is about affirmative sentences stating som.. ing
‘positive” that can be confirmed by means of the construction of the ¢ Te-
sponding configuration. We do not meet in Neo-Pythagorean arithmet y
kind of ‘negative’ sentences, that is statements asserting existence of 2 nu Jer

specified by a negative property, or statements asserting impossibility - © 4
construction. Such statements are not of such straightforward “experime 3"
character. The lack of negative statements in the canonical exposition of
Pythagorean arithmetic lends to it certain peculiar semantic character s,
namely all sentences in Neo-Pythagorean arithmetic are affirmative state 115
asserting the possibility of certain constructions. Therefore, the Neo-Pyl o
rean arithmetic contains only such “experimental” truths that descri® ‘e
actual state of affairs.

Accordingly, the arithmetical Being of the Neo-Pythagoreans is a gei =tic
true Being, generated from a minimal, indivisible entity —the monas. 1 ¢
over, it is a descriptive Being, since it is based on “indication” (Bei€ig), v ich
comes to be by a timeless generation process that follows definite rules. “he
entities to which these rules are applied are finite, insofar as only [
things are comprehensible and knowable, yet they are potentially infinite he
‘universe’ of these entities is not supposed to be given beforehand, but * B
come to be as a result of construction. One does not find in the :o-
Pythagorean writings any attempt to establish a dichotomy between true nd
false Being (or between true and false statements) and, thereby no consc' 'us
use of the principle tertium non datur can be attributed to them,

The use of what we called zertium non datur in the definition of eq by
(Part T) should be understood not as an application of the abstract lav  of
excluded middle. We used the term in order to provoke the question “is ter
non datur used in Neo-Pythagorean arithmetic?” However, our answer to 15

question is negative. The aforementioned use should be understood as i 1 ct

I
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drawn from the comparison of the graphical representations of numbers of the
e.

Samigp two numbers of the same kind be given. Both of them begin_ from the

unit. If we begin to construct them carrying out the ope-ratiO{J of adfhtlon_ byha

unit (or by placing the gnomon), then the two procedures will continue in the

same way and two cases are possible:

- The two processes will stop at the same time;

- One process will continue while the other will stop. _

In the first case the corresponding suites or configurations of nu'mbers can
be get into coincidence, whereas in the second c-a__sreT _the configuration of one
number can be get into coincidence only with an initial se,gime.nt of the other.
Accordingly, in the former case the numbers are equal, while in the later, are

unequal.

CONCLUSIONS

In our understanding, the Neo-Pythagorean arithmetic is a.positive ﬁnitar:y
fragment of arithmetic that can be developed without assurr_lpt:ons of amomapc
character, but as informal theory of counting over a dOf‘l]a.!-Il qf concrete f_'mlte
objects of combinatorial character. These objects are_mtrmsmal[y a_ssocxated
with a certain rule for their construction and characterised by a specific mc..de
of organisation of a designated entity, taken for unit, into wholes possessing
re. .
mter"lr’lt?(]e Srt(;];: tLcl:f these objects for the elaboration of the arithmetical tllleory is
double: Firstly, they are combinatorial patterns, that is they_ obey certain regu-
larities of combinatorial character. Secondly, they are functional, namely, they
are, so to say, a mode of existence of number; numbers have not been yet
abstracted from their combinatorial model.

The definition of arithmetical concepts and the establishment of.theoren?s
in this type of arithmetic is reduced to the implementation of certain ge_netlc
constructions that are carried out, starting from the monad and fol[.owmg a
definite combinatorial rule described in words. Insofar as the objects {nvolved
in arithmetical reasoning are infinite, the corresponding co?structlons are
incomplete and implicitly assumed potentially .reaiisabie. To this effect, a f'm.l-
fary quantifier-free form of induction is appll?:d whein a general.prope.rty is
asserted of “all” numbers of a certain kind. This specific form of induction is
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not only compatible with the type of arithmetic developed by the Pythago: ng
and the structure of their universe, but also sufficient for the requiremer -
arithmetic elaborated.

It is important to stress that the Arabic mathematicians perceived ‘he
difference in approach between Nicomachus and Euclid. Ibn al-Haytham ¢  teg
explicitly the distinction between the two versions of arithmetic: while Nii mg
chus® arithmetic proceeds by inductive reasoning, Euclid’s version is d |-
oped by deductive reasoning.

Properties of numbers are shown in two ways: the first is by induction, sisce if
- we take the numbers one by one and if we distinguish between them, we fi oy
distinguishing and considering all their properties, and to find the number - s
way is called al-arithmatigi. This is shown in a book on al-arithi gi
[Nicomachus of Gerasa]. The other way of showing properties of nu iers
proceeds by proofs and deductions. All properties of numbers grasped by | fs
are contained in these three books [of Euclid] or in those which refer to therr '

The Nicomachean type of arithmetic was called al-arithmatiqi, which is the
phonetic Arabic transcription of the Greek term d&piBunTikn, whereas the
Euclidean variety of arithmetic was called “ilm al-‘adad, that is “the science of
numbers” [Rashed 1594, 246].
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